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Abstract
Observational evidence for the accelerated expansion of the universe requires dark energy for

its explanation if general relativity is an accurate model of gravity. However, dark energy is a

mysterious quantity and we do not know much about its nature so understanding dark energy is

an exciting scientific challenge. Cosmological dark energy models are fairly well tested in the

low and high redshift parts of the universe. The highest of the low redshift, z ∼ 2.3, region is

probed by baryon acoustic oscillation (BAO) measurements and the only high redshift probe is the

cosmic microwave background anisotropy which probes the z ∼ 1100 part of redshift space. In the

intermediate redshift range 2.3 < z < 1100 there are only a handful of observational probes and

cosmological models are poorly tested in this region.

In this thesis we constrain three pairs of general relativistic cosmological dark energy models

using observational data which reach beyond the current BAO limit. We use quasar X-ray and

UV flux measurements, the current version of these data span 0.009 ≤ z ≤ 7.5413. We have

discovered that most of these data cannot be standardized using the proposed method. However,

the lower redshift part, z ≲ 1.5 − 1.7, of these data are standardizable and can be used to derive

lower-z cosmological constraints. Another data set we use are gamma-ray burst measurements

which span 0.3399 ≤ z ≤ 8.2. Cosmological constraints derived from these data are significantly

weaker than, but consistent with, those obtained from better-established cosmological probes. We

also study and standardize 78 reverberation-measured Mg II time-lag quasars in the redshift range

0.0033 ≤ z ≤ 1.89 by using their radius-luminosity relation. Cosmological constraints obtained

using these quasars are consistent with the standard spatially-flat ΛCDM model as well as with

mild dark energy dynamics and a little spatial curvature. Similarly, we also study 118 reverberation-

measured Hβ time-lag quasars which span 0.0023 ≤ z ≤ 0.89. Cosmological constraints obtained

using these Hβ quasars are weak, more favor currently decelerated cosmological expansion, and



are ∼ 2σ inconsistent with those obtained from a joint analysis of baryon acoustic oscillation and

Hubble parameter measurements.
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Chapter 1

Introduction

1.1 Short Overview of Relevant Theoretical Cosmology

Observational astronomy has established that the universe is currently undergoing accelerated

cosmological expansion and also indicates that in the recent past the expansion was decelerated.

The universe is evolving in time and looking back in time the universe must have been denser and

hotter. Physical cosmology has some fundamental questions about the origin, evolution, and fate

of the universe and large-scale cosmological observations are being used to try to answer these

questions.

Observations are crucial to understanding the nature of our universe but theoretical cosmological

models are inevitably necessary in the interpretation of almost all cosmological observations. In

this thesis we assume general relativity is an accurate model of gravitation and we will discuss

general-relativistic cosmological models in a later chapter. The theoretical backbone of dynamical

cosmology are Einstein’s field equations (Einstein, 1916)

Rµν −
1
2

gµνR = 8πGTµν, (1.1)

where µ and ν are spacetime indices that run over 0, 1, 2, 3, G is Newton’s gravitational constant,

gµν is the metric tensor, and Rµν and R are the Ricci tensor and scalar. Tµν is the energy-momentum

tensor of the matter distribution. If we consider matter distributed like a ideal fluid, Tµν is given by
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Tµν = (P + ρ)uµuν + Pgµν, (1.2)

where ρ and P are density and pressure of this ideal fluid. For a comoving observer the 4-velocity is

given by uµ = (1, 0, 0, 0).

The Ricci tensor is given by,

Rµν =
∂Γλµν

∂xλ
−
∂Γλλµ

∂xν
+ ΓλλδΓ

δ
µν − Γ

λ
µδΓ
δ
λν, (1.3)

where Γλµν are the Christoffel symbols

Γλµν =
1
2

gλδ
(
∂gδµ
∂xν
+
∂gδν
∂xµ
−
∂gµν
∂xδ

)
, (1.4)

and the spacetime curvature scalar R = Rµµ. Data we use in this thesis are not sensitive to spatial

inhomogeneities. The metric tensor for the isotropic and homogeneous four-dimensional Friedmann-

Lemaître-Robertson-Walker (FLRW) space-time can be written as

ds2 = gµνdxµdxν = −dt2 + a2(t)γi jdxidx j, (1.5)

where t is cosmic time, a(t) is the scale factor, and γi j is the metric for the three-dimensional

spacetime hypersurface and is given by

γi jdxidx j =
dr2

1 − kr2 + r2dΩ2, (1.6)

where dΩ2 = dθ2 + sin2 θdϕ2, and k is negative, zero, and positive for open, flat, and closed spatial

geometries.

Using Einstein’s field equations, given in eq. (1.1), along with metric tensor given in eq. (1.5),

we can derive Friedmann’s equation for the expansion rate of the universe, and its solution gives

the scale factor as a function of time. From eq. (1.5), the non-zero metric tensor elements and first

derivative of the metric tensor are
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g00 = −1, g11 =
a2

1 − kr2 , g22 = a2r2, g33 = a2r2 sin2 θ,

g00 = −1, g11 =
1 − kr2

a2 , g22 =
1

a2r2 , g33 =
1

a2r2 sin2 θ
,

g11,0 =
2aȧ

1 − kr2 , g11,1 =
2kra2

(1 − kr2)2 , g22,0 = 2aȧr2,

g22,1 = 2a2r, g33,0 = 2aȧr2 sin2 θ, g33,1 = 2a2r sin2 θ,

g33,2 = 2a2r2 sin θ cos θ, (1.7)

The non-zero Christoffel symbols for the FLRW metric given in eq. (1.5) are,

Γ0
11 =

aȧ
1 − kr2 , Γ

0
22 = aȧr2, Γ0

33 = aȧr2 sin2 θ, Γ1
10 = Γ

1
01 =

ȧ
a
,

Γ1
11 =

kr
1 − kr2 , Γ

1
22 = −r(1 − kr2), Γ1

33 = −r(1 − kr2) sin2 θ, Γ2
20 = Γ

2
02 =

ȧ
a
,

Γ2
21 = Γ

2
12 =

1
r
, Γ2

33 = − sin θ cos θ, Γ3
30 = Γ

3
03 =

ȧ
a
,

Γ3
31 = Γ

3
13 =

1
r
, Γ3

32 = Γ
3
23 = cot θ, (1.8)

the time-time component of Eiensten’s field equations is

R00 −
1
2

g00R = 8πGT00, (1.9)

Using g00 = −1, R = −8πG(3P − ρ) from eq. (1.1), and T00 = ρ in eq. (1.9), we get

R00 = 4πG(3P − ρ), (1.10)

Using eq. (1.3), we can write

R00 =
∂Γλ00

∂xλ
−
∂Γλλ0
∂x0 + Γ

λ
λδΓ
δ
00 − Γ

λ
0δΓ
δ
λ0. (1.11)

Using eq. (1.8), we have
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∂Γλ00

∂xλ
= 0,

∂Γλλ0
∂x0 = −3

ä
a
+ 3

( ȧ
a

)2

,

ΓλλδΓ
δ
00 = 0, Γλ0δΓ

δ
λ0 = 3

( ȧ
a

)2

,

so

R00 = −3
ä
a
. (1.12)

Combining eq. (1.10) and eq. (1.12), we get

ä
a
= −

4πG
3

(3P + ρ). (1.13)

The space-space component of Einstein’s field equations is

R11 −
1
2

g11R = 8πGT11. (1.14)

Using g11 = a(t)2/(1 − kr2), R = −8πG(3P − ρ), and T11 = Pa(t)2/(1 − kr2) in eq. (1.14), we get

R11 = 4πG
a(t)2

1 − kr2 (ρ − P). (1.15)

Using eq. (1.3), we can write

R11 =
∂Γλ11

∂xλ
−
∂Γλλ1
∂x1 + Γ

λ
λδΓ
δ
11 − Γ

λ
1δΓ
δ
λ1. (1.16)

Using eq. (1.8), we have

4



∂Γλ11

∂xλ
=

1
1 − kr2 (aä + ȧ2) +

2k2r2

(1 − kr2)2 +
k

1 − kr2 ,

∂Γλλ1
∂x1 =

2k2r2

(1 − kr2)2 +
k

1 − kr2 −
2
r2 ,

ΓλλδΓ
δ
11 = 3

ä2

1 − kr2 +
k2r2

(1 − kr2)2 + 2
k

1 − kr2 ,

Γλ1δΓ
δ
λ1 = 2

ȧ2

1 − kr2 +
k2r2

(1 − kr2)2 +
2
r2 , (1.17)

so

R11 =
aä + 2ȧ2 + 2k

1 − kr2 . (1.18)

Combining eq. (1.15) and eq. (1.18), we get

ä
a
+ 2

( ȧ
a

)2

+ 2
k
a2 = 4πG(ρ − P). (1.19)

We get the same equation from the other two space-space components of the Einstein’s field

equations.

Eliminating ä/a from eq. (1.19) and using eq. (1.13), we get

( ȧ
a

)2

=
8πG

3
ρ −

k
a2 , (1.20)

this is a Friedmann equation. The solution of this equation gives the scale factor as a function of

time. The evolution of the scale factor, which describes the evolution of the universe, depends on

the value of k we use when solving Friedmann’s equation.

Observations show that our universe is currently accelerating and, if general relativity is an

accurate description of gravitation, we need dark energy to explain this accelerated cosmological

expansion. The simplest dark energy that can explain this observational fact is the cosmological

constant (Λ) which does not change with time. When we include the cosmological constant,

Friedmann’s equation becomes
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( ȧ
a

)2

=
8πG

3
ρ −

k
a2 +

Λ

3
, (1.21)

One of the fundamental theoretical quantities that we use in our research is the expansion rate of

the universe or the Hubble parameter H(z) = ȧ/a which can be obtained from eq. (1.21). To use this

we need to know how ρ changes with a(t) and this can be determined from the conservation of the

energy-momentum tensor. The conservation of energy-momentum is

T µν;µ = 0, (1.22)

where the semi-colon indicates the covariant derivative. Using eq. (1.2), eq. (1.22) becomes

∂(ρ + P)
∂xµ

uµuν + (ρ + P)uµ;µuν + (ρ + P)uµuν;µ +
∂P
∂xµ

gµν + Pgµν;µ = 0. (1.23)

In eq. (1.23), first term is non-zero only for µ = ν = 0, the second term is non-zero only for ν = 0,

the third and fourth terms are non-zero only for µ = 0, and gµν;µ = 0. Using these, eq. (1.23) becomes

0 =
∂(ρ + P)
∂t

+ (ρ + P)
[
∂uµ

∂xµ
+ Γ

µ
µδu
δ

]
u0 + (ρ + P)u0

[
∂uν

∂x0 + Γ
ν
0κu
κ

]
+
∂P
∂t

g00

=
∂(ρ + P)
∂t

+ (ρ + P)Γµµ0u0 + (ρ + P)Γν00u0 −
∂P
∂t

=
∂ρ

∂t
+ (ρ + P)3

ȧ
a
. (1.24)

For the widely used equation of state, P = ωρ, where ω is the equation of state parameter, eq.

(1.24) becomes
∂ρ

∂t
+ 3ρ(1 + ω)

ȧ
a
= 0. (1.25)

The solution of eq. (1.25) is

ρ = Ca−3(1+ω), (1.26)

where C is the constant of integral. At the present time, ρ = ρ0 and a = a0, so we can determine C

6



as

C =
ρ0

a−3(1+ω)
0

(1.27)

Using eq. (1.27) in eq. (1.26), we get

ρ = ρ0

(a0

a

)3(1+ω)
. (1.28)

For non-relativistic matter ω = 0, so

ρ = ρ0

(a0

a

)3
. (1.29)

Using eq. (1.29) in eq. (1.21), we have

( ȧ
a

)2

=
8πG

3
ρ0

(a0

a

)3
−

k
a2 +

Λ

3
. (1.30)

The redshift (z) and a(t) are related to each other by the equation

1 + z =
a0

a
, (1.31)

and the expansion rate of the universe is

H(z) =
ȧ
a
. (1.32)

Using eqs. (1.31) and (1.32) in eq. (1.30), we get

H2(z) =
8πG

3
ρ0(1 + z)3 −

k
a2

0

(1 + z)2 +
Λ

3

= H2
0

[
8πG
3H2

0

ρ0(1 + z)3 −
k

a2
0H2

0

(1 + z)2 +
Λ

3H2
0

]
, (1.33)

where H0 is the current value of the Hubble parameter. The fractional contribution to the current

energy budget of the universe by the current non-relativistic matter density ρ, the curvature term
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k/a2
0, and the cosmological constant Λ are

Ωm0 =
8πGρ0

3H2
0

, Ωk0 = −
k

a2
0H2

0

, ΩΛ =
Λ

3H2
0

, (1.34)

with Ωm0 + Ωk0 + ΩΛ = 1. Using eq. (1.34) in eq. (1.33), we get

H(z) = H0

√
Ωm0(1 + z)3 + Ωk0(1 + z)2 + ΩΛ. (1.35)

This is the expansion rate of the universe and is one of the important theoretical quantities that we use

in our research. We mostly use this quantity to compute distances to astronomical objects at known

redshift. The last term in the square root is the cosmological constant energy density parameter

which assumes a time-independent dark energy. However, dark energy could be dynamical so we

can replace cosmological constant energy density parameter in eq. (1.35) by a general dark energy

term. Then eq. (1.35) becomes

H(z) = H0

√
Ωm0(1 + z)3 + Ωk0(1 + z)2 + ΩDE, (1.36)

where ΩDE is the dark energy density parameter which could be a constant or time-dependent

variable depending on the nature of dark energy we consider.

1.2 Distance Measurements in Cosmology

Measuring distance to astronomical objects is not an easy task. There are some well-known

experimental methods that can be used to measure astronomical distances. One can use radar to

measure distances in our solar system. Parallax method can be used to measure distance to nearby

stars. A method that can be used to determine distance to nearby galaxies is Cepheid variable stars.

This method can be used to measure to a few tens of millions pc from us. Supernovae are very

bright and can be observed to very large distances. The absolute magnitude of Type Ia supernovae

are thought to be very well determined by their light curve decays. This method can be used to

8



determine distances up to about a billion pc.

For very far away objects, beyond 1 billion pc, direct observations cannot help us to determine

distances. So, we must combine observations with theory to determine distances. In the expanding

universe, the wavelength of a photon gets longer as it travels. This phenomenon is called redshift.

In other words, the cosmological redshift z of an object is the fractional doppler shift of its emitted

light due to radial motion caused by the expansion of the universe. The redshift z is given by

z =
λ0

λe
− 1, (1.37)

where λe and λ0 are the wavelengths of photons when they are emitted and observed respectively.

Eq. (1.37) can be expressed in terms of scale factors of the universe at the times of emission and

observation and this is given in eq. (1.31).

If we determine the redshift of an astronomical object, we can use that redshift to compute

corresponding distance to that object in a given cosmological model. In this method, cosmological

distances are a function of redshift and the cosmological parameters p of the assumed cosmological

model. Cosmological distances that we use in our research are discussed below.

1.2.1 Transverse Comoving Distance

The distance between two events at the same redshift can be inferred from the line element given in

eq. (1.5). For a photon, the line element is

ds2 = 0 = −dt2 + a2
(

dr2

1 − kr2 + r2dθ2 + r2 sin2 θdϕ2
)
. (1.38)

On large scales, the universe is isotropic so we can confine our calculation to the equatorial plane

and in a particular direction i.e. θ = π/2 and ϕ =constant. Then eq. (1.38) becomes

dr
√

1 − kr2
=

dt
a
. (1.39)

One can integrate eq. (1.39) for three different possible values of k.
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For k = 0,

r =
∫ t0

te

dt
a
=

∫ a0

ae

da
a2

a
ȧ
= −

∫ 0

ze

dz
H(z)

=
1

H0

∫ ze

0

dz
E(z)
, (1.40)

where E(z) = H(z)/H0 and H(z) is given in eq. (1.36).

For k > 0,

1
√

k
sin−1(

√
kr) =

1
H0

∫ ze

0

dz
E(z)

r =
1
√

k
sin

(
√

k
1

H0

∫ ze

0

dz
E(z)

)
, (1.41)

and for k < 0,

1
√
−k

sinh−1(
√
−kr) =

1
H0

∫ ze

0

dz
E(z)

r =
1
√
−k

sinh
(
√
−k

1
H0

∫ ze

0

dz
E(z)

)
. (1.42)

We can write eqs. (1.40), (1.41), and (1.42) now introducing c, the speed of light, and in terms

of Ωk0,

r(z) =



c
H0
√
Ωk0

sinh
(√
Ωk0

∫ ze

0
dz

E(z)

)
if Ωk0 > 0,

c
H0

∫ ze

0
dz

E(z) if Ωk0 = 0,

c
H0
√
−Ωk0

sin
(√
−Ωk0

∫ ze

0
dz

E(z)

)
if Ωk0 < 0.

(1.43)

This is the transverse comoving distance and is also denoted by DM(z).

1.2.2 Luminosity Distance

The luminosity distance DL is the measure of how far an astronomical object of absolute luminosity

L is that produces a flux F. This is given by

F =
L

4πD2
L

, (1.44)

10



where L is the absolute luminosity of the object. Flux is also given by

F =
L0

4πr2 , (1.45)

where L0 is the observed luminosity. Combining eqs. (1.44) and (1.45), we get

D2
L = r2 L

L0
. (1.46)

L and L0 are related through the equation

L = (1 + z)2L0, (1.47)

Using eq. (1.47) in (1.46), we get

DL = (1 + z)r. (1.48)

Using eq. (1.43) in eq. (1.48), the final form of the DL are

DL(z) =



(1+z)c
H0
√
Ωk0

sinh
(√
Ωk0

∫ ze

0
dz

E(z)

)
if Ωk0 > 0,

(1+z)c
H0

∫ ze

0
dz

E(z) if Ωk0 = 0,

(1+z)c
H0
√
−Ωk0

sin
(√
−Ωk0

∫ ze

0
dz

E(z)

)
if Ωk0 < 0.

(1.49)

Luminosity distance is one of the important quantities we use in this thesis.

1.2.3 Angular Diameter Distance

If the transverse size of an astronomical object is S and it subtends an angle θ on sky, then the

angular diameter distance (DA) is given by

DA =
S
θ
=

arθ
θ
= ar =

r
1 + z

. (1.50)
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Using eq. (1.43) in eq. (1.50), we get

DA(z) =



c
(1+z)H0

√
Ωk0

sinh
(√
Ωk0

∫ ze

0
dz

E(z)

)
if Ωk0 > 0,

c
(1+z)H0

∫ ze

0
dz

E(z) if Ωk0 = 0,

c
(1+z)H0

√
−Ωk0

sin
(√
−Ωk0

∫ ze

0
dz

E(z)

)
if Ωk0 < 0.

(1.51)

1.2.4 Volume Averaged Angular Diameter Distance

This is a combination of the angular diameter distance and the Hubble parameter and can be

extracted from the BAO scale. This is given by the equation

DV(z) =
[

cz
H0

D2
M(z)

E(z)

] 1
3

. (1.52)

We use this distance in some BAO data analyses.
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Chapter 2

Accelerated Expansion and Dark Energy

2.1 A Currently Accelerating Universe: An Observational Fact

Einstein’s field equations predict that the universe evolves, either expanding or contracting. This

was first shown in 1922 by Alexander Friedmann (Friedmann, 1922), a Russian cosmologist, from

solutions of the Friedmann equation in eq. (1.20). Later in 1929, Edwin Hubble, an American

astronomer, observationally found that our universe is expanding (Hubble, 1929). He measured

distances to nearby galaxies and plotted them against their recessional velocities. From this, he

discovered Hubble’s law, i.e. galaxies are moving away from us at recessional velocities proportional

to their distance. Quantitatively, this can be written as v = H0d, where v is the recessional velocity

and d is the distance. Eventually, the expansion of the universe became an established fact.

In 1998, Type Ia supernova (SNIa) apparent magnitude measurements indicated an accelerating

expansion of the universe (Riess et al., 1998; Perlmutter et al., 1999) i.e. our universe is not only

expanding but the expansion rate of our universe is increasing. This was the first convincing

observational evidence for currently accelerating cosmological expansion. This can be seen in

Fig. 2.1. In this figure, m and M are the apparent magnitude and absolute magnitude respectively.

Difference between m and M is related to the luminosity distance DL by the equation

m − M = 5 log10

(
DL

10pc

)
. (2.1)
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Figure 2.1: Left panel: figure 4 of Riess et al. (1998). Top panel shows the Hubble diagram (distance
modulus vs redshift graph) constructed using Type Ia supernovae measurements. Black points
are the observed distance moduli. Black solid line is the prediction of the flat ΛCDM model with
ΩM = 0.24 and ΩΛ = 0.76. Black dotted line is the prediction of the CDM model with non-zero
ΩM = 0.20 and ΩΛ = 0. Black dashed line is the prediction of the CDM model with non-zero
ΩM = 1 and ΩΛ = 0. Observed data are close to the black solid line and are deviate from the
other two cases showing observed data favor non-zero cosmological constant energy density i.e.
accelerated expansion of the universe. Right panel: Figure 6 of Riess et al. (1998). 1, 2, and 3σ
confidence contours for ΩM and ΩΛ. These contours are well inside the part of parameter space that
favor accelerated expansion of the universe.

So, the left panel of Fig. 2.1 shows the relation between luminosity distance and the corresponding

redshift. From this figure, the luminosity distance in a universe with a non-zero cosmological

constant energy density parameter ΩΛ = 0.76 is close to the observed data, indicating our universe

is currently accelerating. This can be directly seen in the right panel of this figure which shows

confidence contours for Ωm0 and ΩΛ. Contours derived from these data are well inside the part

of parameter space which favors an accelerating universe. Supporting evidence for accelerating

universe soon came from other cosmological probes, the most significant being cosmic microwave
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background (CMB) anisotropy data (Planck Collaboration, 2020), baryon acoustic oscillation (BAO)

distance measurements (Alam et al., 2017), and Hubble parameter H(z) observations (Moresco

et al., 2016; Farooq et al., 2017). These cosmological probes also provide evidence for a non-zero

cosmological constant energy density and so indicate that our universe is undergoing accelerated

cosmological expansion.

2.2 Dark Energy: An Explanation for the Currently Accelerat-

ing Universe

As discussed in Sec. 2.1, there is ample evidence that our universe is currently accelerating. This

is different from the attractive nature of gravity for common forms of matter. If general relativity

is an accurate description of gravitation, to explain this observed accelerated expansion we need

another component in the universe which is different from known matter components. This new and

mysterious component is called dark energy. For accelerated expansion, ä > 0. From the second

Friedmann equation i.e. eq. (1.13), we must have

3P + ρ < 0 =⇒ P < −
ρ

3
=⇒

P
ρ
= ω < −

1
3
. (2.2)

Eq. (2.2) shows that the pressure of the dark energy should be negative enough or the dark energy

equation of state parameter (ω) should be less than −1/3. There are many dark energy models and

they need to be tested against observational data. In our research we consider three different general

relativistic cosmological dark energy models and we constrain free parameters (mostly physical

parameters) of these models using observational data. Brief descriptions of these models are given

below.

2.2.1 ΛCDM Model

The simplest form of dark energy is a cosmological constant (Λ) which is independent of time with

ω = −1 (Peebles and Ratra, 2003; Peebles, 1984). This is the current standard model of cosmology.
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For this model, we have derived equation for the Hubble parameter in Sec. 1.1.

In the ΛCDM model the Hubble parameter is

H(z) = H0

√
Ωm0(1 + z)3 + Ωk0(1 + z)2 + ΩΛ, (2.3)

where H0 is the Hubble constant, and Ωm0, Ωk0, and ΩΛ are related through the equation Ωm0 + Ωk0

+ ΩΛ = 1. In the spatially non-flat ΛCDM model, the conventional choice of free parameters is Ωm0,

Ωk0, and H0 while in the spatially-flat ΛCDM model we use the same set of free parameters but

now with Ωk0 = 0. In some of our recent BAO + H(z) data analyses, in all cosmological models

considered in this thesis, we describe Ωm0 in terms of the present values of the CDM and baryonic

matter (physical) energy density parameters, and instead of Ωm0 we use Ωch2 and Ωbh2 as free

parameters. Here h is the Hubble constant in units of 100 km s−1 Mpc−1 and Ωm0 = Ωc + Ωb.

The only known energy density that remains constant with time is the quantum vacuum energy

density whose effects can be experimentally observed in various phenomena such as the Casimir

effect or the Lamb shift. The energy density of the vacuum can be roughly computed using the

Planck length scale lp and the associated energy Ep as a cut off. The vacuum energy density is then

given by

ρvac ∼
Ep

l3
p
∼ O(10113) erg cm−3. (2.4)

On the other hand, the measured value of the cosmological constant density parameter is

ΩΛ ∼ 0.7 =⇒ ρΛ ∼ O(10−10) erg cm−3. (2.5)

From eqs. (2.4) and (2.5), the discrepancy between ρvac and ρΛ is around O(10123) so a cosmological

constant is difficult to theoretically motivate. Therefore, other dynamical dark energy models are

proposed and brief descriptions of two such models are given below.
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2.2.2 XCDM Parameterization

This is a parametrization of a fluid equation of state and in this parametrization dark energy is

represented by an X-fluid whose energy density changes with time (redshift).1 The X-fluid dark

energy density parameter is given by

ΩDE = ΩX = ΩX0(1 + z)3(1+ωX), (2.6)

where ΩX0 is the present value of the X-fluid dark energy density parameter and ωX is the equation

of state parameter of the X-fluid (the ratio of the pressure to the energy density).

Using eq. (2.6) in eq. (1.36), in the XCDM dynamical dark energy parametrization the Hubble

parameter is

H(z) = H0

√
Ωm0(1 + z)3 + Ωk0(1 + z)2 + ΩX0(1 + z)3(1+ωX), (2.7)

where Ωm0, Ωk0, and ΩX0 are related through the equation Ωm0 + Ωk0 + ΩX0 = 1. In the spatially

non-flat XCDM parametrization, the conventional choice of free parameters is Ωm0, Ωk0, ωX, and

H0 while in the spatially-flat XCDM parametrization we use the same set of free parameters but

now with Ωk0 = 0. In the XCDM parameterization when ωX = −1 the ΛCDM model is recovered.

2.2.3 ϕCDM model

In the physically complete ϕCDM model the scalar field ϕ is the dynamical dark energy (Peebles

and Ratra, 1988; Ratra and Peebles, 1988; Pavlov et al., 2013).2 The scalar field potential energy

density which determines Ωϕ(z, α), the scalar field dynamical dark energy density parameter, is

1This is a widely used dynamical dark energy parametrization but it is physically incomplete. If one uses it to
describe perturbations one needs to use the square of the sound speed c2

s which turns out to be negative for the naive
XCDM parametrization and means that it is not stable, so one can either set c2

s = 1, which is somewhat arbitrary, or can
treat c2

s as another free parameter, which makes it a more complex parameterization.
2Discussions of observational constraints on the ϕCDM model can be traced back through Chen et al. (2017), Zhai

et al. (2017), Ooba et al. (2018a, 2019), Park and Ratra (2018, 2019a, 2020), Sangwan et al. (2018), Solà Peracaula
et al. (2019), Singh et al. (2019), Ureña-López and Roy (2020), Sinha and Banerjee (2021), Xu et al. (2021), and de
Cruz Perez et al. (2021).
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assumed to be an inverse power law of ϕ,

V(ϕ) =
1
2
κm2

pϕ
−α, (2.8)

where mp is the Planck mass, α is a positive parameter, and κ is a constant whose value is determined

using the shooting method to guarantee that the current energy budget equation Ωm0 + Ωk0 + Ωϕ(z =

0, α) = 1 is satisfied.

With this potential energy density, the dynamics of a spatially homogeneous scalar field and

cosmological scale factor a is governed by the scalar field equation of motion and the Friedmann

equation

ϕ̈ + 3
ȧ
a
ϕ̇ −

1
2
ακm2

pϕ
−α−1 = 0, (2.9)( ȧ

a

)2

=
8π

3m2
p

(
ρm + ρϕ

)
−

k
a2 . (2.10)

Here an overdot denotes a derivative with respect to time. Eqs. (1.20) and (2.10) are the same

equations except eq. (2.10) is expressed in terms of ρm, ρϕ, and mp. ρm is the non-relativistic matter

energy density, and ρϕ is the scalar field energy density given by

ρϕ =
m2

p

32π

[
ϕ̇2 + κm2

pϕ
−α

]
. (2.11)

The numerical solution of the coupled differential equations (2.9) and (2.10) is used to compute ρϕ

and then Ωϕ(z, α) is determined from

Ωϕ(z, α) =
8ρϕ

3m2
pH2

0

. (2.12)

The Hubble parameter in the ϕCDM model is

H(z) = H0

√
Ωm0(1 + z)3 + Ωk0(1 + z)2 + Ωϕ (z, α), (2.13)
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where Ωm0, Ωk0, and Ωϕ(0, α) are related through the equation Ωm0 + Ωk0 + Ωϕ(0, α) = 1. In the

spatially non-flat ϕCDM model, the conventional choice of free parameters is Ωm0, Ωk0, α, and

H0 while in the spatially-flat ϕCDM model we use the same set of free parameters but now with

Ωk0 = 0. When α = 0 the ϕCDM model becomes the ΛCDM model.
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Chapter 3

Motivation for this work

Any theoretical model for a physical phenomenon is just a belief until it is shown to not be

inconsistent with observations. Currently, cosmology is in the stage where many observational data

sets are available to be used to test cosmological models and this allows us to measure cosmological

parameters with some uncertainty. As better data become available, these measurements will

improve and lead to a better understanding of our universe.

Two main goals of cosmology are to establish a more accurate cosmological model and to

measure the cosmological parameters as accurately as possible. The cosmology community is trying

to accomplish these goals by using various observational data. One of the very widely used and

fairly well established cosmological data set is the cosmic microwave background anisotropy data.

These data primarily probe the z ∼ 1100 part of redshift space. To date, individually, these data

provide the most significant constraints on cosmological parameters (Planck Collaboration, 2020).

Cosmological surveys that capture the large-scale structure (LLS) of the universe, which

consist of galaxies, galaxy clusters, and super-clusters, are also another cosmological probe which

provide significant constraints on cosmological parameters. We now have significantly improved

computational power and it is possible to do fairly realistic simulations of LSS which can be

compared to observed LSS and this allows us to determine constraints on cosmological parameters.

A specific signature in LSS is the baryon acoustic oscillation (BAO). These are fluctuations in the

density of the baryonic matter of the universe caused by acoustic density waves in the primordial
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plasma of the early universe. After the recombination epoch, photons decoupled from the baryonic

matter and freely streamed leaving baryonic shells alone and these shells evolved because of gravity

and these shells can still be observed in the LSS (Eisenstein et al., 2005). The BAO matter clustering

scale provides a standard ruler for length scales in cosmology i.e. a BAO measurement can constrain

the angular diameter distance DA and the Hubble parameter H(z) which give significant constraints

on cosmological parameters. We have used BAO observations in our research and these BAO data

are listed in a later chapter.

In addition to the CMB anisotropy data and BAO observations, Type Ia supernovae (SNIa) ap-

parent magnitude measurements (Scolnic et al., 2018) and the Hubble parameter measurements H(z)

(Moresco et al., 2016; Farooq et al., 2017) are also very widely used data for cosmological purposes.

In this thesis we use Hubble parameter measurements in conjunction with BAO observations and

this combination of data provides significant constraints on cosmological parameters.

Above discussed cosmological data provide results that are consistent with each other i.e. these

data indicate, alone or in conjunction with each other, ∼ 70% of the current energy budget of the

universe is contributed by the dark energy, ∼ 25% is contributed by the cold dark matter (CDM),

and remaining ∼ 5% comes from visible baryonic matter. However, there are some aspects about

these data that we need to be concerned about. These are: (i) one of the limitations of these data is

that they probe either low or high redshift regions of cosmological redshift space. The low redshift

data probe the 0 ≤ z ≤ 2.3 part of the redshift space and these data include BAO, H(z), and SNIa.

The only high redshift cosmological probe are CMB anistropy data and they probe the z ∼ 1100 part

of cosmological redshift space. In the intermediate redshift region, 2.3 < z < 1100, cosmological

models are poorly tested. It is important to know how cosmological models behave in this poorly

explored redshift region. (ii) Another crucial point is that there are some discrepancies between the

results obtained from different cosmological data. For example, there is a well-known more than 4σ

tension between the smaller H0 value obtained from the early universe probe (Planck Collaboration,

2020) and the larger local expansion rate value of Riess et al. (2019). Another such tension is

between the value of density fluctuation power spectrum amplitude (σ8) obtained using large-scale

structure measurements and the value obtained using CMB data. This tension is more than 2σ

(Douspis et al., 2019). It is unclear whether these discrepancies correspond to new physics or are
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just a reflection of an underestimate of the systematic errors. One of the best ways to test this is to

use alternate cosmological probes which span different parts of cosmological redshift space than

the better-established cosmological probes. (iii) A number of observationally-viable cosmological

models make very similar predictions for these limited sets of cosmological data. So, if we want to

establish a more accurate standard cosmological model, we need to use other astronomical data.

We can try to address the above-mentioned three points by developing new cosmological probes.

For this, we need observations that can be used in cosmology. Quasars (QSOs) and gamma-ray burst

(GRBs) are very energetic phenomena that have been observed to high redshift, at least up to z ∼ 8.2.

So, if it is possible to standardize QSOs and GRBs, these objects could be new cosmological probes

which can be used to address the above-mentioned cosmological goals. In this thesis we study

different sets of QSO and GRB data and try to use them for cosmological purposes. In general,

for QSOs and GRBs, absolute luminosities are correlated with other spectral properties and these

correlations can be used to standardize QSOs and GRBs. For QSOs, we use LX − LUV and R − L

correlations to standardize available QSO observations. For GRBs, we use Amati, Combo, and

Dainotti correlations to standardize available GRB observations. Detailed descriptions of these

correlations, and how they allow us to standardize QSOs and GRBs, are given in the corresponding

chapters. In general, this work is a systematic effort to develop and use new intermediate redshift

cosmological probes to constrain cosmological models.
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Chapter 4

Quasar X-ray and UV flux, baryon acoustic

oscillation, and Hubble parameter

measurement constraints on cosmological

model parameters

This chapter is based on Khadka and Ratra (2020a).

4.1 Introduction

Type Ia supernova (SNIa) apparent magnitude measurements provided the first convincing evidence

for accelerated cosmological expansion (see Scolnic et al. (2018) for a recent discussion). Supporting

evidence soon came from other cosmological probes, the most significant being cosmic microwave

background (CMB) anisotropy data (Planck Collaboration, 2020), baryon acoustic oscillation (BAO)

distance measurements (Alam et al., 2017), and Hubble parameter [H(z)] observations (Moresco

et al., 2016; Farooq et al., 2017). If general relativity is an accurate model of gravitation, hypothetical

dark energy is responsible for the observed acceleration of the cosmological expansion. There are

many different dark energy models. In this paper we consider three of them and also consider flat
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and non-flat spatial hypersurfaces in each case, for a total of six cosmological models.

The simplest observationally-consistent dark energy model is the flat ΛCDM model, the current

standard model (Peebles, 1984). In this model the accelerated expansion is powered by the spatially

homogenous cosmological constant (Λ) energy density which is constant in time. This model is

consistent with most observations when about 70% of the current cosmological energy budget is

contributed by dark energy, with about 25% coming from the cold dark matter (CDM), and the

remaining 5% due to baryons. The standard model assumes flat spatial hypersurfaces. Current

observations allow a little spatial curvature,1 so we can generalise the standard model to the non-flat

ΛCDM model which allows for non-zero spatial curvature energy density.

While the ΛCDM model is consistent with many observations, its assumption of a time-

independent and spatially-homogeneous dark energy density is difficult to theoretically motivate.

Also, observations do not require that the dark energy density be time independent, and models

in which the dark energy density decreases with time have been studied. Here we consider two

dynamical dark energy models, the XCDM parametrization in which an X-fluid is the dynamical

dark energy and the ϕCDM model in which a scalar field ϕ is the dynamical dark energy. We also

study spatially flat and non-flat versions of both the XCDM parametrization and the ϕCDM model.

The main goal of our paper is to use the Risaliti and Lusso (2015) quasar (QSO) X-ray and

UV flux measurements to constrain cosmological parameters. Risaliti and Lusso (2015) consider

cosmological parameter constraints in the non-flat ΛCDM model; here we also consider cosmologi-

cal parameter constraints in five other cosmological models. In addition, we examine the effect of

different Hubble constant priors on the cosmological parameter constraints. By studying constraints

in a number of models, we are able to draw somewhat model-independent conclusions about the

QSO data constraints. We find that the Risaliti and Lusso (2015) QSO data by themselves do not

provide very restrictive constraints on cosmological parameters. However, the QSO constraints are

largely consistent with those that follow from the H(z) + BAO data, and when jointly analyzed the

QSO data slightly tighten and shift the H(z) + BAO data constraints.
1For discussion of observational constraints on spatial curvature, see Farooq et al. (2015), Chen et al. (2016), Yu and

Wang (2016), Wei and Wu (2017), Rana et al. (2017), Ooba et al. (2018a,b,c), DES Collaboration (2018a), Witzemann
et al. (2018), Yu et al. (2018), Park and Ratra (2018, 2019a, 2020, 2019b,b), Mitra et al. (2018), Penton et al. (2018),
Xu et al. (2019), Zheng et al. (2019), Ruan et al. (2019), Giambò et al. (2020), Coley (2019), Eingorn et al. (2019),
Jesus et al. (2021), Handley (2019), and references therein.
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The QSO + H(z) + BAO data are consistent with the standard flat ΛCDM cosmological model

although they mildly favor closed spatial hypersurfaces over flat ones and dynamical dark energy

over a cosmological constant.

While current QSO data by themselves do not provide restrictive cosmological parameter

constraints, the new Risaliti and Lusso (2019) compilation of 1598 QSO measurements will provide

tighter constraints, that should be improved upon by near-future QSO data. Currently, CMB

anisotropy, BAO, SNIa, and H(z) data provide the most restrictive constraints on cosmological

parameters. To test consistency, and to help tighten cosmological parameter constraints, it is

essential that additional cosmological probes, such as the QSO data studied here, be developed.

This chapter is organized as follows. In Sec. 4.2 we discuss the data that we use to constrain

cosmological parameters. In Sec. 4.3 we describe the methodology adopted for these analyses. In

Sec. 4.4 we present our results and conclude in Sec. 4.5.

4.2 Data

We use three different data sets to constrain cosmological parameters. The main purpose of our paper

is to use the 808 QSO X-ray and UV flux measurements of Risaliti and Lusso (2015),2 extending

over a redshift range of 0.061 ≤ z ≤ 6.28, to determine cosmological parameter constraints, and

to compare these QSO cosmological parameter constraints to those determined from more widely

used BAO distance measurements and H(z) observations. The BAO and H(z) data we use are listed

in Tables 1 and 2 of (Ryan et al., 2018) and consist of 11 BAO measurements over the redshift range

0.106 ≤ z ≤ 2.36 and 31 H(z) measurements over the redshift range 0.07 ≤ z ≤ 1.965.

2Also see Risaliti and Lusso (2017), Lusso and Risaliti (2017), and Bisogni et al. (2017). For a newer compilation
of QSO data see Risaliti and Lusso (2019). For cosmological parameter constraints derived from QSO data, also see
López-Corredoira et al. (2016), Lusso et al. (2019), Melia (2019), and Lazkoz et al. (2019).
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4.3 Method

As described in Risaliti and Lusso (2015), the method of analysis depends on the non-linear relation

between the X-ray and UV luminosities of quasars. This relation is

log(LX) = β + γ log(LUV), (4.1)

where log = log10 and LX and LUV are the QSO X-ray and UV luminosities. β and γ are free

parameters to be determined by using the data.

Expressing the luminosity in terms of the flux, we obtain

log(FX) = β + (γ − 1) log(4π) + γ log(FUV) + 2(γ − 1) log(DL), (4.2)

where FX and FUV are the X-ray and UV fluxes respectively. Here DL is the luminosity distance,

which is a function of redshift and cosmological parameters, which will allow us to constrain the

cosmological model parameters and is given in eq. (1.49).

We determine the best-fit values and uncertainty of the parameters for a given model by

maximizing the likelihood function. For QSO data, we have the observed X-ray flux and we can

predict the X-ray flux at given redshift as a function of cosmological parameters by using eqs. (1.49)

and (4.2). So, the likelihood function (LF) for QSO data is

ln(LF) = −
1
2

808∑
i=1

 [log(Fobs
X,i ) − log(F th

X,i)]
2

s2
i

+ ln(2πs2
i )

 , (4.3)

where ln = loge and s2
i = σ

2
i + δ

2, where σi and δ are the measurement error on Fobs
X,i and the global

intrinsic dispersion respectively. We treat δ as a free parameter to be determined by the data, along

with the other two free parameters, β and γ, which characterise the LX - LUV relation in eq. (4.1). In

eq. (4.3) F th
X,i is the corresponding model prediction defined through eq. (4.2), and is a function of

FUV and DL(zi, p).

Our determination of the BAO and H(z) data constraints follows Ryan et al. (2019). The
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likelihood function for the uncorrelated BAO and H(z) data is

ln(LF) = −
1
2

N∑
i=1

[Aobs(zi) − Ath(zi, p)]2

σ2
i

, (4.4)

where Aobs(zi) and σi are the measured quantity and error bar at redshift zi and Ath(zi, p) is the

corresponding model-predicted value. The measurements in the first six lines of Table 1 of Ryan

et al. (2019) are correlated and the likelihood function for those data points is

ln(LF) = −
1
2

[Aobs(zi) − Ath(zi, p)]TC−1[Aobs(zi) − Ath(zi, p)], (4.5)

where C−1 is the inverse of the covariance matrix C (Ryan et al., 2019) =



624.707 23.729 325.332 8.34963 157.386 3.57778

23.729 5.60873 11.6429 2.33996 6.39263 0.968056

325.332 11.6429 905.777 29.3392 515.271 14.1013

8.34963 2.33996 29.3392 5.42327 16.1422 2.85334

157.386 6.39263 515.271 16.1422 1375.12 40.4327

3.57778 0.968056 14.1013 2.85334 40.4327 6.25936



. (4.6)

For all parameters except for H0, we assume top hat priors, non-zero over 0 ≤ Ωm0 ≤ 1,

0 ≤ ΩΛ ≤ 1.3, −0.7 ≤ k ≤ 0.7, −5 ≤ ωX ≤ 5, 0 ≤ α ≤ 3 (0 ≤ α ≤ 1.2 for QSO only),

−20 ≤ ln δ ≤ 10, 0 ≤ β ≤ 11, and −2 ≤ γ ≤ 2. Here k = −Ωk0a2
0 where a0 is the current value of

the scale factor. For the Hubble constant we use two different Gaussian priors, H0 = 68 ± 2.8 km

s−1 Mpc−1 corresponding to the results of a median statistics analysis of a large compilation of H0

measurements (Chen and Ratra, 2011),3 and H0 = 73.24 ± 1.74 km s−1 Mpc−1 from a recent local

expansion rate measurement (Riess et al., 2016).4

3This is consistent with earlier median statistics analyses (Gott et al., 2001; Chen et al., 2003), as well as with many
other recent measurement of H0 (Chen et al., 2017; Yu et al., 2018; L'Huillier and Shafieloo, 2017; Wang et al., 2017;
Lin and Ishak, 2017; DES Collaboration, 2018b; Gómez-Valent and Amendola, 2018; Haridasu et al., 2018; Zhang and
Huang, 2018; Zhang, 2018; Domínguez et al., 2019).

4Other local expansion rate observations find slightly lower H0 values and have somewhat larger error bars (Rigault
et al., 2015; Zhang et al., 2017; Dhawan et al., 2018; Fernández Arenas et al., 2018; Freedman et al., 2019), but see
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Table 4.1: Unmarginalized best-fit parameters of all models for the H0 = 68 ± 2.8 km s−1Mpc−1

prior.

Model Data set Ωm0 ΩΛ Ωk0 ωX α H0
a δ β γ χ2

min AIC BIC
Flat ΛCDM H(z) + BAO 0.29 0.71 - - - 67.56 - - - 32.47 36.47 39.95

QSO 0.20 0.80 - - - 68.00 0.32 8.29 0.59 468.94 478.94 502.41
QSO + H(z) + BAO 0.30 0.70 - - - 67.97 0.32 8.53 0.58 497.01 507.01 530.74

Non-flat ΛCDM H(z) + BAO 0.30 0.70 0.00 - - 68.23 - - - 27.05 33.05 38.26
QSO 0.12 1.13−0.25 - - 68.00 0.32 8.57 0.58 466.13 478.13 506.30

QSO + H(z) + BAO 0.30 0.70 0.00 - - 68.33 0.32 8.52 0.58 496.52 508.52 536.99
Flat XCDM H(z) + BAO 0.30 0.70 - −0.96 - 67.24 - - - 27.29 33.29 38.50

QSO 0.21 0.79 - −1.69 - 68.00 0.32 8.41 0.59 468.35 480.35 508.52
QSO + H(z) + BAO 0.30 0.70 - −0.98 - 67.62 0.32 8.53 0.58 496.90 508.90 537.37

Non-flat XCDM H(z) + BAO 0.32 - −0.23−0.74 - 67.42 - - - 24.91 32.91 39.86
QSO 0.021 - −0.30−0.67 - 68.00 0.32 8.65 0.58 463.10 477.10 509.96

QSO + H(z) + BAO 0.32 - −0.19−0.78 - 67.76 0.32 8.76 0.57 494.65 508.65 541.87
Flat ϕCDM H(z) + BAO 0.32 - - - 0.10 67.23 - - - 27.42 33.42 38.63

QSO 0.2 - - - 0.07 68.00 0.32 8.31 0.59 469.04 481.04 509.21
QSO + H(z) + BAO 0.30 - - - 0.03 66.69 0.32 8.86 0.57 497.03 509.03 537.50

Non-flat ϕCDM H(z) + BAO 0.33 - −0.20 - 1.20 65.86 - - - 25.04 33.04 39.99
QSO 0.20 - −0.01 - 0.30 68.00 0.33 8.20 0.59 471.06 485.06 517.92

QSO + H(z) + BAO 0.29 - −0.18 - 0.47 69.57 0.31 9.01 0.57 494.73 508.73 541.95
a km s−1Mpc−1.

The likelihood analysis is performed using the Markov chain Monte Carlo (MCMC) method

as implemented in the emcee package (Foreman-Mackey et al., 2013) in Python 3.7. By using the

maximum likelihood value LFmax we compute the minimum χ2
min value −2 ln (LFmax). In addition to

χ2
min we also use the Akaike Information Criterion

AIC = χ2
min + 2d (4.7)

and the Bayes Information Criterion

BIC = χ2
min + d ln N (4.8)

(Ryan et al., 2018), where d is the number of free parameters, and N is the number of data points.

The AIC and BIC penalize models with a larger number of free parameters.

Yuan et al. (2019).
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Table 4.2: Unmarginalized best-fit parameters of all models for the H0 = 73.24± 1.74 km s−1Mpc−1

prior.

Model Data set Ωm0 ΩΛ Ωk0 ωX α H0
a δ β γ χ2

min AIC BIC
Flat ΛCDM H(z) + BAO 0.30 0.70 - - - 69.11 - - - 33.76 38.76 41.24

QSO 0.20 0.80 - - - 73.24 0.32 8.26 0.59 468.94 478.94 502.41
QSO + H(z) + BAO 0.30 0.70 - - - 69.09 0.32 8.53 0.58 503.30 513.30 536.76

Non-flat ΛCDM H(z) + BAO 0.30 0.78 −0.08 - - 71.56 - - - 28.80 34.80 40.01
QSO 0.12 1.13 −0.25 - - 73.24 0.32 8.55 0.58 466.13 478.13 506.30

QSO + H(z) + BAO 0.30 0.78 −0.08 - - 71.66 0.32 8.61 0.58 497.85 509.85 538.32
Flat XCDM H(z) + BAO 0.29 0.71 - −1.14 - 71.27 - - - 30.68 36.68 41.89

QSO 0.21 0.79 - −1.69 - 73.24 0.32 8.39 0.59 468.35 480.35 508.52
QSO + H(z) + BAO 0.29 0.71 - −1.14 - 71.37 0.32 8.51 0.58 499.84 511.84 540.31

Non-flat XCDM H(z) + BAO 0.32 - −0.21 −0.85 - 71.22 - - - 28.17 36.17 43.12
QSO 0.021 - −0.30 −0.67 - 68.00 0.32 8.65 0.58 463.10 477.10 509.96

QSO + H(z) + BAO 0.31 - −0.17 −0.91 - 72.14 0.32 8.72 0.58 498.07 512.07 545.29
Flat ϕCDM H(z) + BAO 0.33 - - - 0.09 69.31 - - - 33.36 39.36 44.57

QSO 0.2 - - - 0.13 73.24 0.32 8.32 0.59 469.04 481.04 509.21
QSO + H(z) + BAO 0.30 - - - 0.05 70.20 0.33 8.98 0.57 506.97 518.97 547.44

Non-flat ϕCDM H(z) + BAO 0.32 - −0.22 - 1.14 69.23 - - - 27.62 35.62 42.57
QSO 0.20 - −0.01 - 0.30 71.00 0.33 8.20 0.59 473.45 487.45 520.31

QSO + H(z) + BAO 0.32 - −0.21 - 1.17 73.51 0.32 9.99 0.53 497.58 511.58 544.80
a km s−1Mpc−1.

Table 4.3: Marginalized one-dimensional best-fit parameters with 1σ confidence intervals for all
models using BAO and H(z) data.

H0
a prior Model Ωm0 ΩΛ Ωk0 ωX α H0

a

H0 = 68 ± 2.8 Flat ΛCDM 0.29+0.01
−0.01 - - - - 67.58+0.85

−0.85
Non-flat ΛCDM 0.30+0.01

−0.01 0.70+0.05
−0.06 0.00+0.06

−0.07 - - 68.17+1.80
−1.79

Flat XCDM 0.30+0.02
−0.02 - - −0.97+0.09

−0.09 - 67.39+1.87
−1.84

Non-flat XCDM 0.32+0.02
−0.02 - −0.18+0.17

−0.21 −0.77+0.11
−0.17 - 67.42+1.84

−1.80
Flat ϕCDM 0.31+0.01

−0.01 - - - 0.20+0.21
−0.13 66.57+1.31

−1.46
Non-flat ϕCDM 0.31+0.01

−0.01 - −0.20+0.13
−0.17 - 0.86+0.55

−0.49 67.69+1.75
−1.74

H0 = 73.24 ± 1.74 Flat ΛCDM 0.31+0.01
−0.01 - - - - 69.12+0.81

−0.80
Non-flat ΛCDM 0.30+0.01

−0.01 0.78+0.04
−0.04 −0.08+0.05

−0.05 - - 71.51+1.41
−1.40

Flat XCDM 0.29+0.02
−0.01 - - −1.14+0.08

−0.08 - 71.32+1.49
−1.48

Non-flat XCDM 0.32+0.02
−0.02 - −0.17+0.16

−0.19 −0.88+0.14
−0.21 - 71.23+1.46

−1.46
Flat ϕCDM 0.31+0.01

−0.01 - - - 0.07+0.09
−0.04 68.91+0.98

−1.00
Non-flat ϕCDM 0.32+0.01

−0.01 - −0.25+0.12
−0.16 - 0.68+0.53

−0.46 71.14+1.39
−1.38

a km s−1Mpc−1.
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Table 4.4: Marginalized one-dimensional best-fit parameters with 1σ confidence intervals for all
models using QSO data.

H0
a prior Model Ωm0 ΩΛ Ωk0 ωX α H0

a δ β γ

H0 = 68 ± 2.8 Flat ΛCDM 0.26+0.17
−0.11 - - - - 68+2.8

−2.8 0.32+0.008
−0.008 8.42+0.57

−0.58 0.59+0.02
−0.02

Non-flat ΛCDM 0.24+0.16
−0.10 0.93+0.18

−0.39 −0.17+0.49
−0.34 - - 68+2.8

−2.8 0.32+0.008
−0.008 8.62+0.62

−0.62 0.58+0.02
−0.02

Flat XCDM 0.25+0.16
−0.10 - - −2.49+1.26

−1.59 - 68+2.8
−2.8 0.32+0.008

−0.008 8.65+0.55
−0.57 0.58+0.02

−0.02
Non-flat XCDM 0.29+0.26

−0.14 - 0.11+0.66
−0.31 −1.87+1.18

−2.05 - 68+2.8
−2.8 0.32+0.008

−0.008 8.52+0.64
−0.65 0.58+0.02

−0.02
Flat ϕCDM 0.26+0.18

−0.11 - - - 0.54+0.43
−0.38 68+2.8

−2.8 0.32+0.008
−0.008 8.42+0.57

−0.57 0.59+0.02
−0.02

Non-flat ϕCDM 0.34+0.24
−0.16 - −0.3+0.44

−0.61 - 0.55+0.43
−0.38 68+2.8

−2.8 0.32+0.008
−0.008 8.45+0.57

−0.58 0.59+0.02
−0.02

H0 = 73 ± 1.74 Flat ΛCDM 0.26+0.17
−0.11 - - - - 73.24+1.73

−1.73 0.32+0.008
−0.008 8.40+0.57

−0.57 0.59+0.02
−0.02

Non-flat ΛCDM 0.24+0.16
−0.10 0.93+0.18

−0.39 −0.17+0.49
−0.34 - - 73.24+1.73

−1.73 0.32+0.008
−0.008 8.59+0.62

−0.62 0.58+0.02
−0.02

Flat XCDM 0.25+0.16
−0.10 - - −2.48+1.26

−1.59 - 73.24+1.73
−1.73 0.32+0.008

−0.008 8.62+0.55
−0.56 0.58+0.02

−0.02
Non-flat XCDM 0.29+0.25

−0.14 - 0.10+0.62
−0.32 −1.83+1.15

−2.02 - 73.24+1.74
−1.74 0.32+0.008

−0.008 8.50+0.65
−0.64 0.58+0.02

−0.02
Flat ϕCDM 0.24+0.19

−0.12 - - - 0.55+0.43
−0.38 73.23+1.73

−1.73 0.32+0.008
−0.008 8.40+0.57

−0.57 0.59+0.02
−0.02

Non-flat ϕCDM 0.34+0.24
−0.17 - −0.30+0.62

−0.44 - 0.55+0.43
−0.38 73.26+1.74

−1.73 0.32+0.008
−0.008 8.42+0.57

−0.58 0.59+0.02
−0.02

a km s−1Mpc−1.

Table 4.5: Marginalized one-dimensional best-fit parameters with 1σ confidence intervals for all
models using QSO+H(z)+BAO data.

H0
a prior Model Ωm0 ΩΛ Ωk0 ωX α H0

a δ β γ

H0 = Flat ΛCDM 0.30+0.01
−0.01 0.70+0.01

−0.01 - - - 67.99+0.85
−0.84 0.32+0.008

−0.008 8.53+0.49
−0.48 0.58+0.02

−0.02
68 ± 2.8 Non-flat ΛCDM 0.30+0.01

−0.01 0.70+0.05
−0.05 0.00+0.06

−0.06 - - 68.28+1.50
−1.51 0.32+0.008

−0.008 8.51+0.49
−0.48 0.58+0.02

−0.02
Flat XCDM 0.30+0.02

−0.01 - - −0.98+0.08
−0.08 - 67.69+1.56

−1.53 0.32+0.008
−0.008 8.53+0.49

−0.48 0.58+0.02
−0.02

Non-flat XCDM 0.31+0.02
−0.02 - −0.15+0.15

−0.16 −0.80+0.11
−0.16 - 67.73+1.54

−1.52 0.32+0.008
−0.008 8.73+0.53

−0.52 0.58+0.02
−0.02

Flat ϕCDM 0.31+0.01
−0.01 - - - 0.16+0.17

−0.10 66.93+1.14
−1.22 0.32+0.008

−0.008 8.56+0.48
−0.48 0.58+0.02

−0.02
Non-flat ϕCDM 0.31+0.01

−0.01 - −0.18+0.11
−0.14 - 0.74+0.48

−0.43 67.87+1.49
−1.49 0.32+0.008

−0.008 8.77+0.52
−0.51 0.57+0.02

−0.02
H0 = Flat ΛCDM 0.31+0.01

−0.01 0.69+0.01
−0.01 - - - 69.86+0.75

−0.75 0.32+0.008
−0.008 8.54+0.48

−0.48 0.58+0.02
−0.02

73.24 ± 1.74 Non-flat ΛCDM 0.30+0.01
−0.01 0.80+0.04

−0.04 −0.10+0.05
−0.05 - - 72.26+1.09

−1.09 0.32+0.008
−0.008 8.62+0.49

−0.48 0.58+0.02
−0.02

Flat XCDM 0.29+0.01
−0.01 - - −1.18+0.07

−0.07 - 72.20+1.14
−1.13 0.32+0.008

−0.008 8.50+0.48
−0.48 0.58+0.02

−0.02
Non-flat XCDM 0.31+0.02

−0.02 - −0.14+0.13
−0.15 −0.94+0.14

−0.20 - 72.14+1.13
−1.12 0.32+0.008

−0.008 8.70+0.53
−0.52 0.58+0.02

−0.02
Flat ϕCDM 0.32+0.01

−0.01 - - - 0.05+0.06
−0.03 69.96+0.83

−0.85 0.32+0.008
−0.008 8.54+0.48

−0.48 0.58+0.02
−0.02

Non-flat ϕCDM 0.31+0.01
−0.01 - −0.22+0.09

−0.13 - 0.51+0.43
−0.33 72.02+1.07

−1.09 0.32+0.008
−0.008 8.82+0.52

−0.52 0.57+0.02
−0.02

a km s−1Mpc−1.
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4.4 Results

4.4.1 H(z) + BAO constraints

Results for the H(z) + BAO data set are listed in Tables 4.1–4.3. The unmarginalized best-fit

parameters are in Tables 4.1 and 4.2. The marginalized one-dimensional best-fit parameter values

with 1σ error bars are given in Table 4.3. These results are consistent with those of Ryan et al.

(2019). The slight differences between the two sets of results are the consequence of the different

analysis techniques used and the Gaussian priors used for the Hubble constant. Our computations

are done using the MCMC method while Ryan et al. (2019) used a grid-based χ2 technique.

The one-dimensional likelihoods and two-dimensional 1σ, 2σ, and 3σ confidence contours for

all parameters determined by using H(z) + BAO data are shown in red in Figs. 4.1–4.12. Some of

the plots for the ϕCDM model differ slightly from the corresponding plots of Ryan et al. (2019)

because of the difference we discussed above. The H(z) + BAO data reduced χ2 values are ∼

0.6–0.8, smaller than unity largely because of the H(z) data.

4.4.2 QSO constraints

Use of the QSO data to constrain cosmological parameters is based on the assumed validity of the

LX - LUV relation in eq. (4.1). This assumption is tested by Risaliti and Lusso (2015). By fitting this

relation in cosmological models we have found, in agreement with Risaliti and Lusso (2015), that

the slope γ ∼ 0.60 ± 0.02, the intercept β is between 8 and 9, and the global intrinsic dispersion δ =

0.32 ± 0.08. The global intrinsic dispersion is large and so cosmological parameter determination

done using these data is not as precise as that done by using, for example, the SNIa data. But the

main advantage of using the quasar sample is that it covers a very large redshift range and eventually

with more and better quality data it should result in tight constraints.

The QSO data determined cosmological parameter results are given in Tables 4.1, 4.2, and 4.4.

The unmarginalized best-fit parameters are given in the Tables 4.1 and 4.2 for the H0 = 68 ± 2.8

km s−1Mpc−1 and 73.24 ± 1.74 km s−1Mpc−1 priors respectively. The one-dimensional likelihoods

and the two-dimensional confidence contours are shown in grey in the left panels of Figs. 4.1–4.12.
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The cosmological parameter constraints are insensitive to the H0 prior used. Risaliti and Lusso

(2015) have determined cosmological parameters for the non-flat ΛCDM model. Our QSO data

constraints in the ΩΛ – Ωm0 sub-panels of our Figs. 4.3 and 4.4 agree well with the corresponding

constraints in Fig. 6 of Risaliti and Lusso (2015). For the non-flat ΛCDM model we find Ωm0 =

0.24+0.16
−0.10 and ΩΛ = 0.93+0.18

−0.39, also in good agreement with the corresponding Risaliti and Lusso

(2015) values of Ωm0 = 0.22+0.10
−0.08 and ΩΛ = 0.92+0.18

−0.30.

The cosmological parameters obtained by using these QSO data have relatively high uncertainty

for all models but they are mostly consistent with the results obtained by using the BAO + H(z)

data set, which are shown in red in Figs. 4.1–4.12. The QSO data reduced χ2 values are also small

∼ 0.6–0.7; it is of interest to understand why this is so. The QSO data χ2
min values do not change

significantly from model to model.

4.4.3 QSO + H(z) + BAO constraints

From Figs. 4.1–4.12 we see that the constraints from H(z) + BAO data and those from QSO data

alone are largely mutually consistent, except for the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior case in

the flat ΛCDM and flat ϕCDM models, see the bottom left sub-panels in the left panels of Figs. 4.2

and 4.10. The H(z) + BAO data constrain cosmological parameters quite tightly while the QSO

data result in very loose constraints on these parameters. Although the QSO data alone are not able

to provide restrictive constraints, they can help tighten constraints when used in combination with

H(z) + BAO data.

Given that the QSO and the H(z) + BAO constraints are mostly consistent, it is reasonable to

determine joint QSO + H(z) + BAO constraints. These results are given in Tables 4.1, 4.2, and 4.5.

The QSO + H(z) + BAO one-dimensional likelihoods and two-dimensional confidence contours

for all the cosmological parameters are shown in blue in the right panels of Figs. 4.1–4.12. These

figures also show the H(z) + BAO data constraint contours in red. Adding the QSO data to the H(z)

+ BAO data and deriving joint constraints on cosmological parameters, results in bigger effects for

the case of the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior (Figs. 4.2, 4.4, 4.6, 4.8, 4.10, & 4.12), and in

the flat ϕCDM model for both priors (Figs. 4.9 & 4.10).
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Using the combined data set we see, from Table 4.5, the non-relativistic matter density parameter

is measured to lie in the range Ωm0 = 0.30 ± 0.01 to 0.31 ± 0.01 (Ωm0 = 0.30 ± 0.01 to 0.31 ± 0.02)

for flat (non-flat) models and the H0 = 68 ± 2.8 km s−1Mpc−1 prior and to lie in the range Ωm0 =

0.29 ± 0.01 to 0.32 ± 0.01 (Ωm0 = 0.30 ± 0.01 to 0.31 ± 0.02) for flat (non-flat) models and the

H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. In some cases these results differ slightly from the H(z) +

BAO data results of Table 3. These results are consistent with those derived using other data.

The Hubble constant is found to lie in the range H0 = 66.93+1.14
−1.22 to 67.99+0.85

−0.84 (H0 = 67.73+1.54
−1.52

to 68.28+1.50
−1.51) km s−1Mpc−1 for flat (non-flat) models and the H0 = 68 ± 2.8 km s−1Mpc−1 prior and

to lie in the range H0 = 69.86 ± 0.75 to 72.20+1.14
−1.13 (H0 = 72.02+1.07

−1.09 to 72.26 ± 1.09) km s−1Mpc−1

for flat (non-flat) models and the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. As expected, for the

H0 = 73.24 ± 1.74 km s−1Mpc−1 prior case, the measured value of H0 is pulled lower than the prior

value because the H(z) and BAO data favor a lower H0.

For the non-flat ΛCDM model the curvature energy density parameter is measured to be Ωk0 =

0.00 ± 0.06 and −0.10 ± 0.05 for the H0 = 68 ± 2.8 km s−1Mpc−1 and 73.24 ± 1.74 km s−1Mpc−1

priors respectively. The curvature energy density parameter is found to be Ωk0 = −0.15+0.15
−0.16 and

−0.18+0.11
−0.14 for the non-flat XCDM and non-flat ϕCDM models for the H0 = 68 ± 2.8 km s−1Mpc−1

prior and Ωk0 = −0.14+0.13
−0.15 and −0.22+0.09

−0.13 for the non-flat XCDM and non-flat ϕCDM models for the

H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. It is interesting that in all cases closed spatial hypersurfaces

are favored, albeit just barely in the non-flat ΛCDM model with the H0 = 68 ± 2.8 km s−1Mpc−1

prior, and only at 1σ for most other cases, but at more than 2σ for the non-flat ϕCDM model and the

H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. This preference for closed spatial hypersurfaces is largely

driven by the H(z) + BAO data (Park and Ratra, 2019b; Ryan et al., 2019). Mildly closed spatial

hypersurfaces are also consistent with CMB anisotropy measurements (Ooba et al., 2018a; Park and

Ratra, 2018, 2019a; Ooba et al., 2018b,c; Park and Ratra, 2019b,c).

The cosmological constant density parameter for the flat (non-flat) ΛCDM model is determined

to be ΩΛ = 0.70±0.01(0.70±0.05) and 0.69±0.01 (0.80±0.04) for the H0 = 68±2.8 km s−1Mpc−1

and 73.24 ± 1.74 km s−1Mpc−1 priors respectively.

The parameters that govern dark energy dynamics move closer to those of a time-independent Λ

when we jointly analyze the QSO data with the H(z) + BAO data, compared to the corresponding
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QSO data alone case. From the analyses of the QSO + H(z) + BAO data the equation of state

parameter for the flat (non-flat) XCDM parametrization is determined to be ωX = −0.98 ± 0.08

(−0.80+0.11
−0.16) and −1.18 ± 0.07 (−0.94+0.14

−0.20) for the H0 = 68 ± 2.8 km s−1Mpc−1 and 73.24 ± 1.74

km s−1Mpc−1 priors respectively. The parameter α in the flat (non-flat) ϕCDM model is determined

to be α = 0.16+0.17
−0.10 (0.74+0.48

−0.43) and 0.05+0.06
−0.03 (0.51+0.43

−0.33) for the H0 = 68 ± 2.8 km s−1Mpc−1 and

73.24 ± 1.74 km s−1Mpc−1 priors respectively. Of these 8 cases, 6 favor dark energy dynamics

over a time-independent cosmological constant energy density; for the 68 ± 2.8 km s−1Mpc−1 prior

dynamical dark energy is favored at 1.3σ to 1.7σ in the flat ϕCDM and non-flat XCDM and ϕCDM

models, while for the 73.24 ± 1.74 km s−1Mpc−1 prior, dark energy dynamics is favored at 1.5σ to

2.6σ in the flat and non-flat ϕCDM models and the flat XCDM cases. Other data also favor mild

dark energy dynamics (Ooba et al., 2019; Park and Ratra, 2019b,c).

4.5 Conclusion

We have used the Risaliti and Lusso (2015) compilation of 808 X-ray and UV QSO flux mea-

surements to constrain cosmological parameters in six cosmological models. These QSO data

constraints are much less restrictive than, but mostly consistent with those obtained from the joint

analyses of 31 Hubble parameter and 11 BAO distance measurements.

We find that joint analyses of the QSO and H(z) + BAO data tightens (and in some models,

alters) constraints on cosmological parameters derived using just the H(z) + BAO data. In general,

the tightening effect is more significant in models with a larger number of free parameters. The joint

QSO + H(z) + BAO data constraints are consistent with the current standard flat ΛCDM model,

although they weakly favor closed over flat spatial hypersurfaces and dynamical dark energy over a

cosmological constant.

While cosmological parameter constraints from the QSO data we have used here are not that

restrictive, the new Risaliti and Lusso (2019) QSO data compilation (of 1598 measurements over

the redshift range 0.04 ≤ z ≤ 5.1) will result in more restrictive cosmological parameter constraints

that near-future QSO data should improve upon.
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Figure 4.1: Flat ΛCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO + H(z)
+ BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and one-dimensional
likelihoods for all free parameters. Right panel shows magnified plots for only cosmological
parameters Ωm0 and H0, without the QSO-only constraints. These plots are for the H0 = 68 ± 2.8
km s−1Mpc−1 prior.
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Figure 4.2: Flat ΛCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO + H(z) +
BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and one-dimensional likelihoods
for all free parameters. Right panel shows magnified plots for only cosmological parameters Ωm0
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Figure 4.4: Non-flat ΛCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO +
H(z) + BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and one-dimensional
likelihoods for all free parameters. Right panel shows magnified plots for only cosmological
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Figure 4.8: Non-flat XCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO +
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Figure 4.12: Non-Flat ϕCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO +
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Chapter 5

Using quasar X-ray and UV flux

measurements to constrain cosmological

model parameters

This chapter is based on Khadka and Ratra (2020b).

5.1 Introduction

It is a well-established fact that the universe is now undergoing accelerated cosmological expansion.

In general relativity, dark energy is responsible for the accelerated cosmological expansion. The

simplest cosmological model consistent with this accelerated expansion is the spatially flat ΛCDM

model, the current standard model (Peebles, 1984). In this model the accelerated expansion is

powered by the time-independent and spatially homogenous cosmological constant (Λ) energy

density. This model is consistent with many observations (Planck Collaboration, 2020; Alam et al.,

2017; Farooq et al., 2017; Scolnic et al., 2018) when dark energy contributes about 70% of the

current cosmological energy budget, approximately 25% contributed from cold dark matter (CDM),

and the remaining 5% due to baryons. The standard model assumes flat spatial hypersurfaces.

While the ΛCDM model is consistent with many observations, it is based on the assumption of

41



a spatially-homogeneous and time-independent dark energy density that is difficult to theoretically

motivate. Additionally, data do not demand a time-independent dark energy density, and models in

which the dark energy density decreases with time have been studied. In addition to the ΛCDM

model, here we consider two dynamical dark energy models, the XCDM parametrization with a

dynamical dark energy X-fluid and the ϕCDM model with a dynamical dark energy scalar field ϕ.

While cosmological models with vanishing spatial curvature are consistent with many obser-

vations, current observations do not rule out a little spatial curvature.1 So here, in addition to flat

models, we also consider non-flat models with non-zero spatial curvature energy density. In this

paper we test six different cosmological models, three spatially flat and three spatially non-flat.

These cosmological models have mostly been tested with data from low redshifts z ∼ 0 up

to redshift z ∼ 2.4 baryon acoustic oscillation (BAO) measurements, as well as with cosmic

microwave background (CMB) anisotropy data at z ∼ 1100. They are poorly tested against data

in the redshift range between ∼ 2.5 and ∼ 1100. To establish an accurate cosmological model and

tighten cosmological parameter constraints, it is important to use additional cosmological probes,

such as the quasar (QSO) flux - redshift data studied here. These QSO data probe the universe to

z ∼ 5 and are one of the few data sets that probe the z ∼ 2.5 − 5 redshift range.2

In 2015 Risaliti and Lusso published a systematic study that used quasar data to constrain

cosmological parameters. The Risaliti and Lusso (2015) quasar sample has 808 quasar measure-

ments extending over a redshift range 0.061 ≤ z ≤ 6.28 which covers a significant part of the

universe. These measurements have been used to constrain cosmological parameters (Khadka and

Ratra, 2020a; Risaliti and Lusso, 2015; López-Corredoira et al., 2016; Lazkoz et al., 2019) and

the constraints obtained are consistent with those obtained from most other cosmological probes.

However, the QSO data constraints (Khadka and Ratra, 2020a) have larger error bars than those

1Discussion of observational constraints on spatial curvature may be traced through Farooq et al. (2015), Chen
et al. (2016), Yu and Wang (2016), Rana et al. (2017), Ooba et al. (2018a,b,c), DES Collaboration (2018a), Yu et al.
(2018), Park and Ratra (2018, 2019a, 2020, 2019b,b), Wei (2018a), Xu et al. (2019), Ruan et al. (2019), Li et al. (2020),
Giambò et al. (2020), Coley (2019), Eingorn et al. (2019), Jesus et al. (2021), Handley (2019), Wang et al. (2020a),
Zhai et al. (2020), Geng et al. (2020), Kumar et al. (2021), Efstathiou and Gratton (2020), Di Valentino et al. (2021a),
and references therein.

2In the last decade or so, HII starburst galaxy data has reached to z ∼ 2.5 (Mania and Ratra, 2012; González-Morán
et al., 2019, and references therein) while gamma ray burst data reach to z ∼ 8 (Lamb and Reichart, 2000; Samushia
and Ratra, 2010; Demianski et al., 2021, and references therein).
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that result from BAO, Hubble parameter[H(z)], and some other data. This is because the empirical

relation between the quasar’s UV and X-ray luminosity, that is the basis of this method, has a large

dispersion (δ = 0.32 ± 0.008). In 2019 Risaliti and Lusso enhanced these data by compiling a

larger sample of quasars (Risaliti and Lusso, 2019). For cosmological purposes, they selected 1598

quasars from a much larger number of sources. The dispersion of the LX − LUV relation obtained

from the new set of 1598 quasar measurements is smaller (δ = 0.23±0.004) than that for the Risaliti

and Lusso (2015) data. On the other hand, these new data give a relatively higher value of the matter

density parameter in almost all models. This is one of the notable differences between the 2015

QSO and 2019 QSO data.

One major goal of our paper is to use the Risaliti and Lusso (2019) QSO data to constrain

cosmological parameters in six cosmological models. We also consider how two different Hubble

constant priors affect cosmological parameter constraints. Since we use a number of different

cosmological models here, we can draw somewhat model-independent conclusions about the QSO

constraints. We find that the QSO measurements by themselves do not restrictively constrain

cosmological parameters. However, given the larger error bars, the QSO constraints are mostly

consistent with those that follow from the BAO + H(z) observations, and when analyzed together

the 2019 QSO measurements slightly tighten BAO + H(z) data constraints in some of the models

(but less so than did the 2015 QSO data, Khadka and Ratra, 2020a) and, more significantly, shift the

matter density parameter (Ωm0) in most of the models to higher values. The QSO + BAO + H(z)

data are consistent with the standard spatially-flat ΛCDM model but mildly favor dynamical dark

energy over a cosmological constant and closed spatial hypersurfaces over flat ones.

In most of the models we study here, the 2019 QSO data favor Ωm0 ∼ 0.5 − 0.6. Risaliti and

Lusso (2019) verify that the z < 1.4 part of the QSO data are consistent with Ωm0 ∼ 0.3, which is

also favored by most data up to z ∼ 2.5, as well as by CMB anisotropy data at z ∼ 1100, in most

cosmological models. This 2019 QSO data preference for Ωm0 ∼ 0.5 − 0.6 is therefore possibly

more an indication of an issue with the z ∼ 2 − 5 2019 QSO data, and less an indication of the

invalidity of the standard ΛCDM model (Risaliti and Lusso, 2019; Lusso et al., 2019). Since the

QSO data is one of the very few probes of the z ∼ 2 − 5 part of the universe, it is important to

resolve this issue.
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This chapter is organized as follows. In Sec. 5.2 we describe the data we use to constrain

cosmological model parameters. In Sec. 5.3 we describe the techniques we use in our analyses. In

Sec. 5.4 we compare 2019 QSO and 2015 QSO data constraints and present cosmological parameter

constraints from the 2019 QSO data and the 2019 QSO + H(z) + BAO data. We conclude in Sec.

5.5.

5.2 Data

The Risaliti and Lusso (2015) QSO compilation has 808 quasar flux-redshift measurements over

a redshift range 0.061 ≤ z ≤ 6.28. In this compilation most of the quasars are at high redshift,

∼ 77% are at z > 1 and only ∼ 23% are at z < 1. These data have a larger intrinsic dispersion

(δ = 0.32 ± 0.008) in the LX − LUV X-ray and UV luminosity relation which affects the error bars

and so these data do not tightly constrain cosmological parameters. See Khadka and Ratra (2020a)

for cosmological constraints obtained from the 2015 QSO observations.

To improve upon their 2015 data set, in 2019 Risaliti and Lusso published a compilation of 1598

quasars, chosen for the purpose of constraining cosmological parameters from a large sample of

7,237 sources (Risaliti and Lusso, 2019).3 A significant portion of the QSOs in this new compilation

are at lower redshift (∼ 43% are at redshift z ≤ 1), with QSOs in this new compilation distributed

more uniformly over a smaller redshift range of 0.036 ≤ z ≤ 5.1003 in comparison to the old data.

The redshift distribution of the new quasar data is shown in Fig. 5.1. These QSOs have an LX − LUV

relation with a smaller intrinsic dispersion (δ = 0.23 ± 0.004). The main purpose of our paper is

to use the 1598 QSO X-ray and UV flux measurements of Risaliti and Lusso (2019) to determine

parameter constraints.4 We also compare the constraints from the 2019 QSO data to those that

follow from the earlier Risaliti and Lusso (2015) QSO compilation.

Additionally, we compare the 2019 QSO data cosmological constraints to those computed

from more widely used H(z) measurements and BAO distance observations. The H(z) and BAO

3We thank Elisabeta Lusso (private communication, 2019) for very kindly providing these data to us.
4For cosmological parameter constraints derived from the 2019 QSO data, see Risaliti and Lusso (2019), Lusso

et al. (2019), Melia (2019), Yang et al. (2020a), Velten and Gomes (2020), Wei and Melia (2020), Lindner et al. (2020),
Zheng et al. (2020), and Mehrabi et al. (2022).
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Figure 5.1: Redshift distribution of the Risaliti and Lusso (2019) QSO data.

measurements we use consist of 31 H(z) observations over redshift 0.07 ≤ z ≤ 1.965 and 11 BAO

observations over redshift 0.106 ≤ z ≤ 2.36. The H(z) and BAO measurements we use are given in

Table 2 of Ryan et al. (2018) and Table 1 of Ryan et al. (2019).

5.3 Method

Over the last four decades it has become clear that a quasar’s X-ray and UV luminosities are

non-linearly correlated (Tananbaum et al., 1979; Zamorani et al., 1981; Avni and Tananbaum, 1986;

Steffen et al., 2006; Just et al., 2007; Young et al., 2010; Lusso et al., 2010; Grupe et al., 2010;

Vagnetti et al., 2010). Risaliti and Lusso (2015) made use of this correlation to constrain model

parameters, as follows. The empirical relation between the quasar’s X-ray and UV luminosity is

log(LX) = β + γ log(LUV), (5.1)
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Table 5.1: Marginalized one-dimensional best-fit parameters and 1σ confidence intervals from 2019
and 2015 QSO data for the H0 = 68 ± 2.8 km s−1 Mpc−1 prior.

Data Model Ωm0 ΩΛ Ωk0 ωX α H0
a δ β γ

2019 QSO data Flat ΛCDM 0.64+0.21
−0.19 - - - - 68.00+2.80

−2.79 0.23+0.004
−0.004 7.58+0.33

−0.34 0.62+0.01
−0.01

Non-flat ΛCDM 0.64+0.20
−0.17 0.84+0.23

−0.34 −0.48+0.51
−0.43 - - 67.95+2.79

−2.76 0.23+0.004
−0.004 7.91+0.41

−0.41 0.61+0.01
−0.01

Flat XCDM 0.28+0.26
−0.14 - - −9.57+4.60

−6.31 - 68.02+2.76
−2.79 0.23+0.004

−0.004 7.78+0.31
−0.32 0.62+0.01

−0.01
Non-flat XCDM 0.42+0.26

−0.18 - −0.12+0.15
−0.19 −5.74+2.97

−6.43 - 68.01+2.81
−2.78 0.23+0.004

−0.004 8.01+0.43
−0.44 0.61+0.01

−0.01
Flat ϕCDM 0.61+0.20

−0.20 - - - 1.30+1.11
−0.94 68.01+2.81

−2.78 0.23+0.004
−0.004 7.59+0.33

−0.35 0.62+0.01
−0.01

Non-flat ϕCDM 0.57+0.22
−0.20 - −0.29+0.35

−0.27 - 1.29+1.13
−0.93 68.03+2.78

−2.76 0.23+0.004
−0.004 7.73+0.38

−0.38 0.62+0.01
−0.01

2015 QSO datab Flat ΛCDM 0.26+0.17
−0.11 - - - - 68.00+2.8

−2.8 0.32+0.008
−0.008 8.42+0.57

−0.58 0.59+0.02
−0.02

Non-flat ΛCDM 0.24+0.16
−0.10 0.93+0.18

−0.39 −0.17+0.49
−0.34 - - 68.00+2.8

−2.8 0.32+0.008
−0.008 8.62+0.62

−0.62 0.58+0.02
−0.02

Flat XCDM 0.25+0.16
−0.10 - - −2.49+1.26

−1.59 - 68.00+2.8
−2.8 0.32+0.008

−0.008 8.65+0.55
−0.57 0.58+0.02

−0.02
Non-flat XCDM 0.29+0.26

−0.14 - 0.11+0.66
−0.31 −1.87+1.18

−2.05 - 68.00+2.8
−2.8 0.32+0.008

−0.008 8.52+0.64
−0.65 0.58+0.02

−0.02
Flat ϕCDM 0.26+0.18

−0.11 - - - 0.54+0.43
−0.38 68.00+2.8

−2.8 0.32+0.008
−0.008 8.42+0.57

−0.57 0.59+0.02
−0.02

Non-flat ϕCDM 0.34+0.24
−0.16 - −0.30+0.44

−0.61 - 0.55+0.43
−0.38 68.00+2.8

−2.8 0.32+0.008
−0.008 8.45+0.57

−0.58 0.59+0.02
−0.02

a km s−1Mpc−1.
b From Khadka and Ratra (2020a).

where log = log10 and LUV and LX are the QSO UV and X-ray luminosities and γ and β are adjustable

parameters to be determined from fitting to the measurements.

What is directly observed are the fluxes and so we need a relation between the UV and X-ray

fluxes. Expressing the luminosity in terms of the flux we obtain

log(FX) = β + (γ − 1) log(4π) + γ log(FUV) + 2(γ − 1) log(DL), (5.2)

where FUV and FX are the UV and X-ray fluxes respectively. Here DL(z, p) is the luminosity

distance, which depends on the redshift and the set of cosmological model parameters, p, and is

given in eq. (1.49).

To constrain cosmological parameters we compare observed X-ray fluxes to model-predicted

X-ray fluxes at the same redshifts. The model-predicted X-ray flux of a QSO depends on the set of

cosmological model parameters, the redshift, and the observed UV flux, see eq. (5.2). We compute

the best-fit values and uncertainties of the cosmological parameters of a model by maximizing the

likelihood function. The QSO data analysis depends on the LX − LUV relation and this relation has

an observed dispersion (δ). So we are required to consider a likelihood function normalization
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Table 5.2: Marginalized one-dimensional best-fit parameters and 1σ confidence intervals from 2019
and 2015 QSO data for the H0 = 73.24 ± 1.74 km s−1 Mpc−1 prior.

Data Model Ωm0 ΩΛ Ωk0 ωX α H0
a δ β γ

2019 QSO data Flat ΛCDM 0.64+0.21
−0.19 - - - - 73.23+1.73

−1.73 0.23+0.004
−0.004 7.56+0.33

−0.34 0.62+0.01
−0.01

Non-flat ΛCDM 0.64+0.20
−0.17 0.84+0.23

−0.34 −0.48+0.51
−0.43 - - 73.25+1.72

−1.72 0.23+0.004
−0.004 7.89+0.41

−0.41 0.61+0.01
−0.01

Flat XCDM 0.28+0.26
−0.14 - - −9.48+4.59

−6.40 - 73.26+1.74
−1.74 0.23+0.004

−0.004 7.76+0.31
−0.31 0.62+0.01

−0.01
Non-flat XCDM 0.42+0.26

−0.19 - −0.12+0.14
−0.19 −5.74+2.93

−6.36 - 73.22+1.75
−1.72 0.23+0.004

−0.004 8.00+0.44
−0.45 0.61+0.01

−0.01
Flat ϕCDM 0.61+0.20

−0.20 - - - 1.34+1.12
−0.96 73.22+1.74

−1.71 0.23+0.004
−0.004 7.56+0.33

−0.34 0.62+0.01
−0.01

Non-flat ϕCDM 0.56+0.22
−0.20 - −0.34+0.37

−0.30 - 1.28+1.12
−0.91 73.21+1.73

−1.71 0.23+0.004
−0.004 7.74+0.40

−0.40 0.61+0.01
−0.01

2015 QSO datab Flat ΛCDM 0.26+0.17
−0.11 - - - - 73.24+1.73

−1.73 0.32+0.008
−0.008 8.40+0.57

−0.57 0.59+0.02
−0.02

Non-flat ΛCDM 0.24+0.16
−0.10 0.93+0.18

−0.39 −0.17+0.49
−0.34 - - 73.24+1.73

−1.73 0.32+0.008
−0.008 8.59+0.62

−0.62 0.58+0.02
−0.02

Flat XCDM 0.25+0.16
−0.10 - - −2.48+1.26

−1.59 - 73.24+1.73
−1.73 0.32+0.008

−0.008 8.62+0.55
−0.56 0.58+0.02

−0.02
Non-flat XCDM 0.29+0.25

−0.14 - 0.10+0.62
−0.32 −1.83+1.15

−2.02 - 73.24+1.74
−1.74 0.32+0.008

−0.008 8.50+0.65
−0.64 0.58+0.02

−0.02
Flat ϕCDM 0.24+0.19

−0.12 - - - 0.55+0.43
−0.38 73.23+1.73

−1.73 0.32+0.008
−0.008 8.40+0.57

−0.57 0.59+0.02
−0.02

Non-flat ϕCDM 0.34+0.24
−0.17 - −0.30+0.62

−0.44 - 0.55+0.43
−0.38 73.26+1.74

−1.73 0.32+0.008
−0.008 8.42+0.57

−0.58 0.59+0.02
−0.02

a km s−1Mpc−1.
b From Khadka and Ratra (2020a).

factor which is a function of δ. The QSO data likelihood function (LF) is (Risaliti and Lusso, 2015)

ln(LF) = −
1
2

1598∑
i=1

 [log(Fobs
X,i ) − log(F th

X,i)]
2

s2
i

+ ln(2πs2
i )

 , (5.3)

where ln = loge and s2
i = σ

2
i + δ

2, and σi and δ are the measurement error on Fobs
X,i and the global

intrinsic dispersion respectively. In eq. (5.3) F th
X,i is the corresponding theoretical model prediction

defined by eq. (5.2), and depends on the observed FUV and DL(zi, p). δ is treated as a free parameter

to be determined by the data, along with the other two free parameters, γ and β, that characterise the

LX - LUV relation in eq. (5.1). In Risaliti and Lusso (2019), also see Lusso et al. (2019), γ is not a

free parameter, β is determined by calibrating quasar distance modulus using JLA supernovae data

over the common redshift range z < 1.4, and δ is a free parameter, whereas in Wei and Melia (2020)

β is determined by calibrating quasar distance modulus using Hubble parameter measurements, and

γ and δ are free parameters. We instead follow Khadka and Ratra (2020a) and treat β, γ, and δ as

free parameters to be determined, along with the cosmological parameters, from the QSO data, in

each cosmological model. As a consequence, our QSO constraints are QSO-only constraints (they

do not make use of the supernovae or H(z) data),5 which makes them a little less constraining than

5As discussed below, we do use two different H0 priors for analysing the QSO data, however the derived QSO
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the Risaliti and Lusso (2019) results, but allows us to compare QSO-only constraints to those from

other data.

Our determination of the H(z) and BAO data constraints uses the procedure outlined in Sec. 4

of Khadka and Ratra (2020a).

For every parameter except H0, we use top-hat priors, that are non-zero over the ranges 0 ≤

Ωm0 ≤ 1, 0 ≤ ΩΛ ≤ 1.3, −0.7 ≤ k ≤ 0.7, −20 ≤ ωX ≤ 5, 0 ≤ α ≤ 3 , −10 ≤ ln δ ≤ 10, 0 ≤ β ≤ 11,

and −2 ≤ γ ≤ 2. Here k = −Ωk0a2
0 where a0 is the current value of the scale factor. For H0 we

consider two different Gaussian priors, H0 = 68±2.8 km s−1 Mpc−1, fron a median statistics analysis

of a large compilation of H0 measurements (Chen and Ratra, 2011),6 and H0 = 73.24 ± 1.74 km s−1

Mpc−1, from a recent local expansion rate measurement (Riess et al., 2016).7

The likelihood analysis is done using the Markov chain Monte Carlo (MCMC) method imple-

mented in the emcee package (Foreman-Mackey et al., 2013) in Python 3.7.

For the QSO data we use the maximum likelihood value LFmax to compute the minimum χ2
min,QSO

= −2 ln (LFmax,QSO) −
∑1598

i=1 ln(2π(σ2
i,QSO + δ

2
bestfit)).

8 The second term in the expression for χ2
min,QSO

is a consequence of the normalization factor in the QSO likelihood function, see eq. (14). The

χ2
min for the QSO + BAO + H(z) data set also accounts for the QSO normalization factor, while

in the case of the H(z) + BAO data set we compute the conventional minimum χ2
min,H(z)+BAO =

−2 ln (LFmax,H(z)+BAO). In addition to χ2
min we compute the Akaike Information Criterion

AIC = χ2
min + 2d, (5.4)

constraints on parameters, excluding that on H0, are almost insensitive to the choice of H0 prior.
6This value is very consistent with those from earlier median statistics analyses (Gott et al., 2001; Chen et al.,

2003), and with many recent measurements of H0 (Planck Collaboration, 2020; Chen et al., 2017; Yu et al., 2018;
Lin and Ishak, 2017; DES Collaboration, 2018b; Gómez-Valent and Amendola, 2018; Haridasu et al., 2018; Zhang,
2018; Domínguez et al., 2019; Martinelli and Tutusaus, 2019; Cuceu et al., 2019; Zeng and Yan, 2019; Schöneberg
et al., 2019; Zhang and Huang, 2020). While the Planck Collaboration (2020) cosmic microwave background (CMB)
anisotropy data more tightly constrains H0, these constraints depend on the cosmological model used to analyze the
CMB data.

7Other local expansion rate determinations result in somewhat lower H0 values with somewhat larger error bars
(Rigault et al., 2015; Zhang et al., 2017; Dhawan et al., 2018; Fernández Arenas et al., 2018; Freedman et al., 2019,
2020; Rameez and Sarkar, 2021).

8In Khadka and Ratra (2020a), the χ2
min for the QSO data was incorrectly computed using the conventional minimum

−2 ln (LFmax). This resulted in an incorrect, low, reduced χ2
min for the 2015 QSO data, < 0.6, see Tables 1 and 2 of

Khadka and Ratra (2020a). Including the normalization factor in the computation of χ2
min for the 2015 QSO data, the

reduced χ2
min are very close to unity in all models.
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Table 5.3: Unmarginalized best-fit parameters for the H0 = 68 ± 2.8 km s−1 Mpc−1 prior.

Model Data set Ωm0 ΩΛ Ωk0 ωX α H0
a δ β γ χ2

min dof AIC BIC
Flat ΛCDM H(z) + BAOb 0.29 0.71 - - - 67.56 - - - 32.47 40 36.47 39.95

QSO 0.60 0.40 - - - 68.00 0.23 7.57 0.62 1606.99 1593 1616.99 1643.87
QSO + H(z) + BAO 0.30 0.70 - - - 68.03 0.23 7.12 0.64 1630.00 1635 1640.00 1667.01

Non-flat ΛCDM H(z) + BAOb 0.30 0.70 0.00 - - 68.23 - - - 27.05 39 33.05 38.26
QSO 0.56 0.98−0.54 - - 68.00 0.23 7.93 0.61 1604.37 1592 1616.37 1648.63

QSO + H(z) + BAO 0.30 0.71−0.01 - - 68.77 0.23 7.11 0.64 1630.00 1634 1642.00 1674.41
Flat XCDM H(z) + BAOb 0.30 0.70 - −0.96 - 67.24 - - - 27.29 39 33.29 38.50

QSO 0.20 0.80 - −7.08 - 68.00 0.23 7.66 0.62 1603.01 1592 1615.01 1647.27
QSO + H(z) + BAO 0.30 0.70 - −0.96 - 67.30 0.23 7.13 0.64 1629.76 1634 1641.76 1674.17

Non-flat XCDM H(z) + BAOb 0.32 - −0.23−0.74 - 67.42 - - - 24.91 38 32.91 39.86
QSO 0.29 - −0.15−4.87 - 68.00 0.23 8.10 0.61 1604.29 1591 1618.29 1655.93

QSO + H(z) + BAO 0.33 - −0.40−0.66 - 67.43 0.23 7.54 0.62 1628.82 1633 1642.82 1680.64
Flat ϕCDM H(z) + BAOb 0.32 - - - 0.10 67.23 - - - 27.42 39 33.42 38.63

QSO 0.82 - - - 2.03 68.19 0.23 7.77 0.61 1589.32 1592 1601.32 1633.58
QSO + H(z) + BAO 0.30 - - - 0.09 67.62 0.23 7.21 0.64 1633.40 1634 1645.40 1677.81

Non-flat ϕCDM H(z) + BAOb 0.33 - −0.20 - 1.20 65.86 - - - 25.04 38 33.04 39.99
QSO 0.56 - −0.55 - 0.08 67.63 0.23 7.99 0.61 1626.71 1591 1640.71 1678.35

QSO + H(z) + BAO 0.32 - −0.41 - 1.51 67.81 0.23 7.54 0.62 1624.67 1633 1639.67 1676.49
a km s−1Mpc−1.
b From Khadka and Ratra (2020a).

as well as the Bayes Information Criterion

BIC = χ2
min + d ln N, (5.5)

where d is the number of free model parameters, N is the number of data points, and we define the

degrees of freedom dof = N − d. The AIC and BIC penalize models that have more free parameters.

5.4 Results

5.4.1 Comparison of 2015 and 2019 QSO data constraints

QSO constraints obtained from the 2015 QSO data (Khadka and Ratra, 2020a) and the 2019 QSO

data are largely consistent with each other but there are some differences, including some significant

49



Table 5.4: Unmarginalized best-fit parameters for the H0 = 73.24 ± 1.74 km s−1 Mpc−1 prior.

Model Data set Ωm0 ΩΛ Ωk0 ωX α H0
a δ β γ χ2

min dof AIC BIC
Flat ΛCDM H(z) + BAOb 0.30 0.70 - - - 69.11 - - - 33.76 40 38.76 41.24

QSO 0.60 0.40 - - - 73.24 0.23 7.54 0.62 1606.03 1593 1616.03 1642.91
QSO + H(z) + BAO 0.31 0.69 - - - 69.15 0.23 7.12 0.64 1636.26 1635 1646.26 1673.27

Non-flat ΛCDM H(z) + BAOb 0.30 0.78−0.08 - - 71.56 - - - 28.80 39 34.80 40.01
QSO 0.56 0.98−0.54 - - 73.24 0.23 7.91 0.61 1604.37 1592 1616.37 1648.78

QSO + H(z) + BAO 0.31 0.79 −0.1 - - 71.85 0.23 7.16 0.64 1631.48 1634 1643.48 1675.89
Flat XCDM H(z) + BAOb 0.29 0.71 - −1.14 - 71.27 - - - 30.68 39 36.68 41.89

QSO 0.20 0.80 - −7.08 - 73.24 0.23 7.64 0.62 1603.01 1592 1615.01 1647.27
QSO + H(z) + BAO 0.30 0.70 - −1.14 - 71.32 0.23 7.13 0.64 1633.16 1634 1645.16 1677.57

Non-flat XCDM H(z) + BAOb 0.32 - −0.21−0.85 - 71.22 - - - 28.17 38 36.17 43.12
QSO 0.29 - −0.15−4.87 - 73.24 0.23 8.08 0.61 1604.29 1591 1618.29 1655.93

QSO + H(z) + BAO 0.33 - −0.38−0.74 - 71.11 0.23 7.47 0.63 1632.09 1633 1646.09 1683.91
Flat ϕCDM H(z) + BAOb 0.33 - - - 0.09 69.31 - - - 33.36 39 39.36 44.57

QSO 0.61 - - - 0.26 73.11 0.23 7.53 0.62 1601.22 1592 1613.22 1645.48
QSO + H(z) + BAO 0.31 - - - 0.003 69.40 0.23 7.17 0.63 1636.87 1634 1638.87 1671.28

Non-flat ϕCDM H(z) + BAOb 0.32 - −0.22 - 1.14 69.23 - - - 27.62 38 35.62 42.57
QSO 0.49 - −0.53 - 0.01 72.98 0.23 7.78 0.61 1606.10 1591 1620.10 1657.74

QSO + H(z) + BAO 0.32 - −0.39 - 1.09 71.22 0.23 7.47 0.63 1640.19 1633 1654.19 1692.01
a km s−1Mpc−1.
b From Khadka and Ratra (2020a).

Table 5.5: Marginalized one-dimensional best-fit parameters with 1σ confidence intervals for all
models using BAO and H(z) data (from Khadka and Ratra, 2020a).

H0
a prior Model Ωm0 ΩΛ Ωk0 ωX α H0

a

H0 = 68 ± 2.8 Flat ΛCDM 0.29+0.01
−0.01 - - - - 67.58+0.85

−0.85
Non-flat ΛCDM 0.30+0.01

−0.01 0.70+0.05
−0.06 0.00+0.06

−0.07 - - 68.17+1.80
−1.79

Flat XCDM 0.30+0.02
−0.02 - - −0.97+0.09

−0.09 - 67.39+1.87
−1.84

Non-flat XCDM 0.32+0.02
−0.02 - −0.18+0.17

−0.21 −0.77+0.11
−0.17 - 67.42+1.84

−1.80
Flat ϕCDM 0.31+0.01

−0.01 - - - 0.20+0.21
−0.13 66.57+1.31

−1.46
Non-flat ϕCDM 0.31+0.01

−0.01 - −0.20+0.13
−0.17 - 0.86+0.55

−0.49 67.69+1.75
−1.74

H0 = 73.24 ± 1.74 Flat ΛCDM 0.31+0.01
−0.01 - - - - 69.12+0.81

−0.80
Non-flat ΛCDM 0.30+0.01

−0.01 0.78+0.04
−0.04 −0.08+0.05

−0.05 - - 71.51+1.41
−1.40

Flat XCDM 0.29+0.02
−0.01 - - −1.14+0.08

−0.08 - 71.32+1.49
−1.48

Non-flat XCDM 0.32+0.02
−0.02 - −0.17+0.16

−0.19 −0.88+0.14
−0.21 - 71.23+1.46

−1.46
Flat ϕCDM 0.31+0.01

−0.01 - - - 0.07+0.09
−0.04 68.91+0.98

−1.00
Non-flat ϕCDM 0.32+0.01

−0.01 - −0.25+0.12
−0.16 - 0.68+0.53

−0.46 71.14+1.39
−1.38

a km s−1Mpc−1.
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Figure 5.2: Flat ΛCDM model constraints from the 2015 QSO data (blue) and the 2019 QSO data
(red) for the H0 = 68 ± 2.8 km s−1Mpc−1 prior. Shown are 1, 2, and 3σ confidence contours and
one-dimensional likelihoods for all free parameters. The red dotted vertical straight lines in the left
column of panels are zero acceleration lines, with the current cosmological expansion accelerating
to the left of the line where Ωm0 < 0.67.
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Table 5.6: Marginalized one-dimensional best-fit parameters with 1σ confidence intervals for all
models using QSO+H(z)+BAO data.

H0
a prior Model Ωm0 ΩΛ Ωk0 ωX α H0

a δ β γ

H0 = 68 ± 2.8 Flat ΛCDM 0.30+0.01
−0.010.70+0.01

−0.01 - - - 68.04+0.84
−0.840.23+0.004

−0.0047.11+0.27
−0.270.64+0.009

−0.009
Non-flat ΛCDM0.30+0.01

−0.010.71+0.05
−0.06−0.01+0.06

−0.07 - - 68.70+1.78
−1.790.23+0.004

−0.0047.11+0.27
−0.270.64+0.009

−0.009
Flat XCDM 0.30+0.02

−0.02 - - −0.96+0.09
−0.09 - 67.41+1.88

−1.830.23+0.004
−0.0047.12+0.27

−0.270.64+0.009
−0.009

Non-flat XCDM0.33+0.02
−0.02 - −0.34+0.18

−0.18−0.69+0.07
−0.11 - 67.48+1.81

−1.770.23+0.004
−0.0047.47+0.33

−0.33 0.63+0.01
−0.01

Flat ϕCDM 0.31+0.01
−0.01 - - - 0.20+0.21

−0.1466.76+1.36
−1.490.23+0.004

−0.0047.16+0.27
−0.270.64+0.009

−0.009
Non-flat ϕCDM0.32+0.01

−0.01 - −0.32+0.16
−0.16 - 1.21+0.47

−0.5367.90+1.72
−1.730.23+0.004
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Figure 5.3: Hubble diagram of quasars using the flat ΛCDM model. Black solid line is the best-fit
flat ΛCDM model with Ωm0 = 0.60 from the 2019 QSO data. Red points are the means and
uncertainties on the mean of the distance modulus in narrow redshift bins for the quasar data. These
averages do not play a role in the statistical analysis and are shown only for visualization purposes.
The black dashed line shows a flat ΛCDM model with Ωm0 = 0.30.
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ones. Tables 5.1 and 5.2 list best-fit parameter values and 1σ error bars determined from the 2019

and 2015 QSO data, for the two different H0 priors. Best-fit values of parameters related to the

LX − LUV relation (δ, β, and γ) have changed in comparison to those obtained from the 2015 QSO

data. β and γ are the intercept and slope of the LX−LUV relation and their values do not tell how well

this relation fits the data; the value of the intrinsic dispersion (δ) quantifies how well the LX − LUV

relation fits the data. The intrinsic dispersion of the LX − LUV relation obtained from the 2015 QSO

data and 2019 QSO data are 0.32 ± 0.008 and 0.23 ± 0.004 respectively, independent of H0 prior

and cosmological model. This shows that the 2019 QSO data are described by a tighter LX − LUV

relation than that for the 2015 data. This could be the result of the modified sample filtering process

adopted in Risaliti and Lusso (2019).

In the case of cosmological parameters, the best-fit values of the equation of state parameter (ωX)

in the flat and non-flat XCDM parametrization obtained from the 2019 QSO data are significantly

more negative than those obtained from the 2015 QSO data. From Tables 5.1 and 5.2, the 2019

QSO data indicate that the dark energy density in the XCDM parametrization increases with time.

Another notable difference between the 2015 QSO data and the 2019 QSO data is that the 2015

QSO data favor a smaller value of the matter density parameter (Ωm0 ∼ 0.3), consistent with values

obtained from other cosmological probes, while the 2019 QSO data favor a larger value of the

matter density parameter (Ωm0 > 0.42), with the exception of the flat XCDM case where the 2019

data also favor Ωm0 ∼ 0.30. This can be seen in Tables 5.1 and 5.2 and Fig. 5.2 which shows the

constraints for the flat ΛCDM model with the H0 = 68 ± 2.8 km s−1Mpc−1 prior. We note that

both high redshift cosmic microwave background anisotropy data (Planck Collaboration, 2020)

and low redshift, z < 2.5, data (Park and Ratra, 2019a; Chen et al., 2003) are both consistent with

Ωm0 ∼ 0.30 in a variety of different cosmological models, so it is somewhat surprising that the 2019

QSO data at z ∼ 2 − 5 largely favor Ωm0 ∼ 0.4 − 0.6.9 It is probably more likely that this larger Ωm0

9We note that our result differs significantly from Melia (2019), Table 5.1, who finds Ωm0 = 0.31 ± 0.05 in the flat
ΛCDM model from the 2019 QSO data (which is identical to the Risaliti and Lusso (2019) value of Ωm0 = 0.30 ± 0.05
determined from the z < 1.4 2019 QSO data with the JLA supernovae data). The more approximate analyses of Yang
et al. (2020a) and Velten and Gomes (2020) find larger Ωm0 values, as does the analyses of Wei and Melia (2020) in
which they use H(z) data to calibrate the 2019 QSO data. From their more approximate analyses Velten and Gomes
(2020) conclude that the 2019 QSO data are incompatible with a currently accelerating cosmological expansion, Our
more accurate analyses shows that while part of the probability lies in the non-accelerating region of cosmological
parameter space, in most models we study here a significant part of the probability lies in the accelerating part of
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is a reflection of something related to the 2019 QSO data than an indication of the invalidity of the

ΛCDM scenario. A larger value of the matter density parameter gives a lower distance modulus for

an astrophysical object at any redshift. So the Hubble diagram of quasars obtained from the 2019

QSO data lies below the Hubble diagram obtained from the concordance model (flat ΛCDM) with

non-relativistic matter density parameter Ωm0 = 0.30 and the difference increases with increasing

redshift. This can be seen in Fig. 5.3. Qualitatively, Fig. 5.3 shows that QSO data at z ≲ 2 are

consistent with an Ωm0 = 0.30 model while the QSO data at z ≳ 2 favor the Ωm0 = 0.60 model. This

is qualitatively consistent with the findings of Risaliti and Lusso (2019).

5.4.2 2019 QSO constraints

The observed correlation between a quasar’s X-ray and UV measurements, eq. (5.1), provides an

opportunity to use QSO measurements to constrain cosmological parameters. The global intrinsic

dispersion (δ) obtained here is smaller than that of Khadka and Ratra (2020a) for the 2015 QSO

data but it still is large and so parameter determination performed using these measurements is

not as precise as that done using other data such as BAO or H(z) measurements. But the main

advantage of using the QSO data is that it covers a very large range of redshift, part of which is not

well probed by other data, so it provides the opportunity of testing cosmological models in a new,

higher, redshift range, and it is likely that future, improved, QSO data will provide significant and

interesting constraints on cosmological parameters.

The QSO measurements determined cosmological model parameter results are listed in Tables

5.1–5.4. The unmarginalized best-fit parameters are listed in the Tables 5.3 and 5.4 for the H0 =

68 ± 2.8 km s−1Mpc−1 and 73.24 ± 1.74 km s−1Mpc−1 priors respectively. The two-dimensional

confidence contours and the one-dimensional likelihoods are shown in grey in the left panels of Figs.

5.4–5.15. The cosmological parameter constraints are almost insensitive to the H0 prior used. For

the QSO data, from Tables 5.1 and 5.2, the non-relativistic matter density parameter is measured to

lie in the range Ωm0 = 0.28+0.26
−0.14 to 0.64+0.21

−0.19 (0.42+0.26
−0.18 to 0.64+0.20

−0.17) for flat (non-flat) models and the

H0 = 68 ± 2.8 km s−1Mpc−1 prior and to lie in the range Ωm0 = 0.28+0.26
−0.14 to 0.64+0.21

−0.19 (0.42+0.26
−0.19 to

cosmological parameter space, see Fig. 5.2 for the flat ΛCDM case and later figures for other models, and so it is
incorrect to claim that the 2019 QSO data are incompatible with currently accelerated cosmological expansion.
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0.64+0.20
−0.17) for flat (non-flat) models and the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. While the errors

are large, the values of Ωm0 obtained from the 2019 QSO data in most models are larger than those

obtained from other cosmological probes.

From Tables 5.1 and 5.2, for the non-flat ΛCDM model the curvature energy density parameter

is measured to be Ωk0 = −0.48+0.51
−0.43 (−0.48+0.51

−0.43) for the H0 = 68 ± 2.8 km s−1Mpc−1(73.24 ± 1.74

km s−1Mpc−1) prior. For the non-flat XCDM model we find Ωk0 = −0.12+0.15
−0.19 (−0.12+0.14

−0.19) for the

H0 = 68 ± 2.8 km s−1Mpc−1(73.24 ± 1.74 km s−1Mpc−1) prior. For the non-flat ϕCDM model we

find Ωk0 = −0.29+0.35
−0.27 (−0.34+0.37

−0.30) for the H0 = 68 ± 2.8 km s−1Mpc−1(73.24 ± 1.74 km s−1Mpc−1)

prior. In all models closed spatial hypersurfaces are weakly favored.

From Tables 5.1 and 5.2, for the flat (non-flat) ΛCDM model the dark energy density parameter

is ΩΛ = 0.36+0.19
−0.21 (0.84+0.23

−0.34) for both H0 = 68 ± 2.8 km s−1Mpc−1 and 73.24 ± 1.74 km s−1Mpc−1

priors.

The equation of state parameter for the flat (non-flat) XCDM model is ωX = −9.57+4.60
−6.31

(−5.74+2.97
−6.43) for the H0 = 68±2.8 km s−1Mpc−1 prior and −9.48+4.59

−6.40 (−5.74+2.93
−6.36) for the 73.24±1.74

km s−1Mpc−1 prior. For both priors ωX is very low in comparison to the 2015 QSO data values

obtained in Khadka and Ratra (2020a). In the XCDM parametrization the 2019 QSO data favors

dark energy density that increases with time. The α parameter in the flat (non-flat) ϕCDM model is

α = 1.30+1.11
−0.94 (1.29+1.13

−0.93) for the H0 = 68 ± 2.8 km s−1Mpc−1 prior and 1.34+1.12
−0.96 (1.28+1.12

−0.91) for the

73.24 ± 1.74 km s−1Mpc−1 prior. In both models dynamical dark energy is favored.

From the χ2
min, AIC, and BIC values for the QSO data listed in Tables 5.3 and 5.4, independent

of H0 prior, the flat ϕCDM model is most favored while the non-flat ϕCDM model is least favored.

However, given the issue raised above about the 2019 QSO data, it is inappropriate to give much

weight to these findings.

The cosmological parameters obtained by using the 2019 QSO data have relatively high uncer-

tainty for all models so they are mostly consistent with the results obtained by using the BAO +

H(z) data set, as can be seen from Figs. 5.4–5.15.
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5.4.3 QSO + H(z) + BAO constraints

Results for the H(z) + BAO observations are given in Tables 5.3–5.5 and one-dimensional dis-

tributions and two-dimensional contours are shown in red in Figs. 5.4–5.15. Figures 5.4–5.15

show that constraints from the QSO data alone and those from the BAO + H(z) data are mostly

consistent with each other. So it is not unresonable to do joint analyses of the QSO + H(z) +BAO

data. Results from this joint analysis are listed in Tables 5.1, 5.2, and 5.6. The QSO + H(z) + BAO

one-dimensional likelihoods and two-dimensional confidence contours for all free parameters are

shown in blue in Figs. 5.4–5.15. The updated QSO data don’t significantly tighten the BAO + H(z)

data contours except in the cases of the non-flat XCDM parametrization and the non-flat ϕCDM

model (Figs. 5.10, 5.11, 5.14, and 5.15). Another noticeable result is that adding the QSO data to

the BAO + H(z) data results in the shifting of one-dimensional likelihood distribution of the matter

density parameter towards higher values in most cosmological models studied here.

From joint analyses of the QSO + H(z) + BAO data, from Table 5.6, the matter density parameter

lies in the range Ωm0 = 0.30±0.02 to 0.31±0.01 (Ωm0 = 0.30±0.01 to 0.33±0.02) for flat (non-flat)

models and the H0 = 68± 2.8 km s−1Mpc−1 prior and lies in the range Ωm0 = 0.30+0.02
−0.01 to 0.31± 0.01

(Ωm0 = 0.31± 0.01 to 0.33± 0.02) for flat (non-flat) models and the H0 = 73.24± 1.74 km s−1Mpc−1

prior. In a few cases these results slightly differ from the BAO + H(z) data results in Table 5.5,

being shifted to slightly larger values. These results are consistent with those results determined

from other cosmological data.

The Hubble constant lies in the range H0 = 66.76+1.36
−1.49 to 68.04+0.84

−0.84 (H0 = 67.48+1.81
−1.77 to 68.70+1.78

−1.79)

km s−1Mpc−1 for flat (non-flat) models and the H0 = 68 ± 2.8 km s−1Mpc−1 prior and lies in the

range H0 = 69.09+1.01
−1.02 to 71.38+1.51

−1.50 (H0 = 71.17+1.45
−1.43 to 71.79+1.40

−1.39) km s−1Mpc−1 for flat (non-flat)

models and the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. Not unexpectedly, for the H0 = 73.24 ± 1.74

km s−1Mpc−1 prior case the measured value of H0 is reduced below the prior value because the

BAO and H(z) observations prefer a lower H0. In most cases the H0 error bars have increased in

comparison to those derived using the 2015 QSO + BAO + H(z) data in Khadka and Ratra (2020a).

In all models, except for non-flat ΛCDM with the H0 = 68 ± 2.8 km s−1Mpc−1 prior, closed

spatial hypersurfaces are favored at about 2σ. For the non-flat ΛCDM model the curvature energy
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density parameter is Ωk0 = −0.01+0.06
−0.07 and −0.09 ± 0.05 for the H0 = 68 ± 2.8 km s−1Mpc−1 and

73.24±1.74 km s−1Mpc−1 priors respectively. Values of curvature energy density parameter obtained

for non-flat dynamical dark energy cosmological models are significantly higher than those obtained

in the non-flat ΛCDM model. The curvature energy density parameter is Ωk0 = −0.34 ± 0.18 and

−0.32±0.16 for the non-flat XCDM and non-flat ϕCDM models for the H0 = 68±2.8 km s−1Mpc−1

prior and Ωk0 = −0.31+0.17
−0.18 and −0.35 ± 0.15 for the non-flat XCDM and non-flat ϕCDM models for

the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. This preference for closed spatial geometries is largely

driven by the BAO + H(z) data (Park and Ratra, 2019a; Ryan et al., 2019).

From Table 5.6, for the flat (non-flat) ΛCDM model the dark energy density parameter is ΩΛ =

0.70 ± 0.01 (0.71+0.05
−0.06) for the H0 = 68 ± 2.8 km s−1Mpc−1 prior and ΩΛ = 0.69 ± 0.01 (0.78 ± 0.04)

for the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior.

The equation of state parameter for the flat (non-flat) XCDM parametrization isωX = −0.96±0.09

(−0.69+0.07
−0.11) for the H0 = 68±2.8 km s−1Mpc−1 prior and −1.14±0.08 (−0.77+0.09

−0.15) for the 73.24±1.74

km s−1Mpc−1 prior. So this set of data suggests decreasing XCDM dark energy density with time,

except for the flat XCDM parametrization with 73.24 ± 1.74 km s−1Mpc−1 prior, where it favors at

almost 2σ, a XCDM dark energy density that increases with time. The value of the α parameter in

the flat (non-flat) ϕCDM model is α = 0.20+0.21
−0.14 (1.21+0.47

−0.53) for the H0 = 68 ± 2.8 km s−1Mpc−1 prior

and 0.06+0.09
−0.05 (0.98+0.44

−0.50) for the 73.24 ± 1.74 km s−1Mpc−1 prior. All eight XCDM and ϕCDM cases

favor dynamical dark energy over a Λ at between 0.4σ and 4.4σ. Other data also favor mild dark

energy dynamics (Ooba et al., 2018b; Park and Ratra, 2019b,c).

Unlike the case for the 2019 QSO only data, for the QSO + BAO H(z) data the χ2
min, AIC, and

BIC values are relatively similar for all models.

5.5 Conclusion

Following Risaliti and Lusso (2019) we have used the correlation between X-ray and UV monochro-

matic luminosities in selected z ∼ 0 − 5 quasars to constrain cosmological model parameters in

six different models. These selected quasars can be used as standard candles for cosmological

model testing at redshifts z ∼ 2.5 − 5 that are not yet widely accessible through other cosmological
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probes. Our analyses of these data in six different cosmological models shows that parameters of

the LX − LUV relation, i.e., the intercept β, the slope γ, and the intrinsic dispersion δ, are only weakly

dependent on the cosmological model assumed in the analysis. This reinforces the finding of Risaliti

and Lusso (2015) that carefully-selected quasar flux measurements can be used as standard candles.

The 2019 QSO data constraints are mostly consistent with joint analysis of BAO distance and

Hubble parameter measurements, as also found in Khadka and Ratra (2020a) for the 2015 QSO

data. We find that combined analysis of 2019 QSO and BAO + H(z) measurements slightly tightens

the H(z) + BAO data constraints in the non-flat XCDM paramerization and the non-flat ϕCDM

model but not in the other four models. Overall, adding the 2019 QSO measurements to the BAO +

H(z) observations has a less significant tightening effect than what was found for the 2015 QSO

data (Khadka and Ratra, 2020a).

The value of the matter density parameter obtained by using the 2019 QSO data is typically

greater than 0.5, Tables 5.1 and 5.2, which is significantly larger than values obtained using other

cosmological probes, such as BAO, H(z), Type Ia supernovae, and CMB anisotropy observations.

Due to the larger Ωm0 from the QSO data, in joint analyses of the QSO + BAO + H(z) measurements

the matter density parameter shifts to slightly larger values than the H(z) + BAO data Ωm0 values in

a number of the models. The larger 2019 QSO data Ωm0 values are likely the cause of the tension

between the 2019 QSO data and the Ωm0 = 0.3 flat ΛCDM model that is discussed in Risaliti and

Lusso (2019) and Lusso et al. (2019). It is probably more likely that this tension has to do with

the z ∼ 2 − 5 2019 QSO data than with the invalidity of the Ωm0 = 0.3 flat ΛCDM model. This is

because almost all cosmological data, at z ∼ 0 − 2.5 and at z ∼ 1100, are consistent with Ωm0 � 0.3.

It is of great interest to understand why the 2019 QSO observations favour a larger value of Ωm0.

The joint QSO + BAO + H(z) measurements constraints are consistent with the current standard

spatially-flat ΛCDM model, but weakly favour dynamical dark energy over a cosmological constant

and closed over flat spatial hypersurfaces. Since they probe a little-studied, higher redshift region of

the universe, future, improved QSO data will likely provide very useful, more restrictive, constraints

on cosmological parameters, and should help to measure the dynamics of dark energy and the

geometry of space.
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likelihoods for all free parameters. The red dotted curved line in the ωX − Ωm0 panel is the zero
acceleration line with currently accelerated cosmological expansion occurring below the line. Right
panel shows magnified plots for only cosmological parameters Ωm0, ωX, and H0, without the QSO-
only constraints. These plots are for the H0 = 68± 2.8 km s−1Mpc−1 prior. The green dotted straight
lines represent ωx = −1.
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Figure 5.9: Flat XCDM parametrization constraints from QSO (grey), H(z) + BAO (red), and QSO
+ H(z) + BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and one-dimensional
likelihoods for all free parameters. The red dotted curved line in the ωX − Ωm0 panel is the zero
acceleration line with currently accelerated cosmological expansion occurring below the line. Right
panel shows magnified plots for only cosmological parameters Ωm0, ωX, and H0, without the QSO-
only constraints. These plots are for the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. The green dotted
straight lines represent ωx = −1.
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Figure 5.10: Non-flat XCDM parametrization constraints from QSO (grey), H(z) + BAO (red),
and QSO + H(z) + BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and
one-dimensional likelihoods for all free parameters. The red dotted curved lines in the ωK0 −Ωm0,
ωX−Ωm0, and ωX−Ωk0 panels are the zero acceleration lines with currently accelerated cosmological
expansion occurring below the lines. Each of the three lines are computed with the third parameter
set to the QSO data only best-fit value of Table 3. Right panel shows magnified plots for only
cosmological parameters Ωm0, Ωk0, ωX, and H0, without the QSO-only constraints. These plots
are for the H0 = 68 ± 2.8 km s−1Mpc−1 prior. The black dashed straight lines and the green dotted
straight lines are Ωk0 = 0 and ωx = −1 lines.

66 69 72 75 78H0

1
0.5

0
0.5

k0

Acceleration

Deceleration

4
3
2
1

X

Acceleration

Deceleration

0.216
0.232
0.248

0.6
0.65

6.4
7.2

8
8.8
9.6

0.20.40.60.8

m

66
69
72
75
78

H 0

Acceleration
Deceleration

1.0 0.50.0 0.5

k0

4 3 2 1

X 0.2
16

0.2
32

0.2
48 0.6
0

0.6
5 6.47.28.08.89.6

QSO
QSO + H(z) + BAO
H(z) + BAO

67.570.072.575.0
H0

0.75

0.25

0.25

k0

2
1.6
1.2
0.8

X

0.24
0.28

0.32
0.36

0.40
m

67.5
70

72.5
75

H 0

0.75
0.25

0.25

k0

2.0 1.6 1.2 0.8
X

QSO + H(z) + BAO
H(z) + BAO

Figure 5.11: Non-flat XCDM parametrization constraints from QSO (grey), H(z) + BAO (red),
and QSO + H(z) + BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and
one-dimensional likelihoods for all free parameters. The red dotted curved lines in the ωK0 −Ωm0,
ωX−Ωm0, and ωX−Ωk0 panels are the zero acceleration lines with currently accelerated cosmological
expansion occurring below the lines. Each of the three lines are computed with the third parameter
set to the QSO data only best-fit value of Table 4. Right panel shows magnified plots for only
cosmological parameters Ωm0, Ωk0, ωX, and H0, without the QSO-only constraints. These plots are
for the H0 = 73.24 ± 1.74 km s−1Mpc−1 prior. The black dashed straight lines and the green dotted
straight lines are Ωk0 = 0 and ωx = −1 lines.
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Figure 5.13: Flat ϕCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO +
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Figure 5.14: Non-flat ϕCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO +
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likelihoods for all free parameters. The red dotted curved lines in the ωK0−Ωm0, α−Ωm0, and α−ΩK0

panels are the zero acceleration lines with currently accelerated cosmological expansion occurring
below the lines. Each of the three lines are computed with the third parameter set to the QSO data
only best-fit value of Table 3. Right panel shows magnified plots for only cosmological parameters
Ωm0, Ωk0, α, and H0, without the QSO-only constraints. These plots are for the H0 = 68 ± 2.8
km s−1Mpc−1 prior. The black dashed straight lines are Ωk0 = 0 lines.
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Figure 5.15: Non-Flat ϕCDM model constraints from QSO (grey), H(z) + BAO (red), and QSO +
H(z) + BAO (blue) data. Left panel shows 1, 2, and 3σ confidence contours and one-dimensional
likelihoods for all free parameters. The red dotted curved lines in the ωK0−Ωm0, α−Ωm0, and α−ΩK0

panels are the zero acceleration lines with currently accelerated cosmological expansion occurring
below the lines. Each of the three lines are computed with the third parameter set to the QSO data
only best-fit value of Table 4. Right panel shows magnified plots for only cosmological parameters
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Chapter 6

Determining the range of validity of quasar

X-ray and UV flux measurements for

constraining cosmological model parameters

This chapter is based on Khadka and Ratra (2020c).

6.1 Introduction

Observational astronomy has established that the universe is currently under going accelerated

cosmological expansion (Ratra and Vogeley, 2008; Martin, 2012; Coley and Ellis, 2020). If general

relativity is an accurate description of gravitation, to explain this observational fact we need dark

energy. In general relativistic cosmological models dark energy contributes ∼ 70% of the current

energy budget. The simplest cosmological dark energy model is the spatially-flat ΛCDM model

(Peebles, 1984), which is consistent with most observational data (Planck Collaboration, 2020;

Farooq et al., 2017; Scolnic et al., 2018; eBOSS Collaboration, 2021). In this model, spatial

hypersurfaces are flat, the dark energy density is the spatially-homogeneous and time-independent

cosmological constant (Λ), cold dark matter (CDM) contributes ∼ 25% of the current energy budget,

with baryonic matter contributing most of the remaining ∼ 5%.

65



While many different cosmological observations are consistent with a constant Λ and flat

spatial hypersurfaces, these data do not yet strongly rule out mildly dynamical dark energy density

or weakly curved spatial hypersurfaces,1 so in this paper we consider cosmological models that

incorporate these phenomena.

Two main goals of cosmology are to establish the most accurate cosmological model and to

tighten the cosmological parameter constraints as much as possible. To accomplish these we should

use all observational data. Observational data to date have largely been restricted to two parts of

redshift space. More widely used low redshift observational data lie in the redshift range 0 ≤ z ≤ 2.3,

which include baryon acoustic oscillation (BAO) measurements, Type Ia supernova data, and Hubble

parameter [H(z)] observations, while higher redshift cosmic microwave background anisotropy data

probe redshift space at z ∼ 1100.

In the intermediate redshift range 2.3 ≤ z ≤ 1100 cosmological models are poorly tested. In

this range there are a handful of data sets. These include HIIG starburst galaxy data that reach to

z ∼ 2.4 (Mania and Ratra, 2012; González-Morán et al., 2019; Siegel et al., 2005; Plionis et al.,

2009; Chávez et al., 2014; Cao et al., 2021a,b), quasar angular size measurements that reach to

z ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021a,b; Gurvits et al., 1999; Chen and Ratra, 2003; Cao et al.,

2017), and gamma-ray burst observations that reach to z ∼ 8.2 (Lamb and Reichart, 2000; Samushia

and Ratra, 2010; Demianski et al., 2021; Khadka and Ratra, 2020c; Cao et al., 2021b; Wang et al.,

2016; Amati et al., 2019; Fana Dirirsa et al., 2019; Muccino, 2020; Luongo and Muccino, 2020).

Quasar (QSO) X-ray and UV flux measurements that reach to z ∼ 7.5 provide another set of data

that probe this intermediate redshift region (Risaliti and Lusso, 2019; Khadka and Ratra, 2020a;

Risaliti and Lusso, 2015; Khadka and Ratra, 2020b; Yang et al., 2020a; Velten and Gomes, 2020;

Wei and Melia, 2020; Lindner et al., 2020; Zheng et al., 2020; Mehrabi and Basilakos, 2020; Lusso

1Discussion of observational constraints on spatial curvature may be traced through Farooq et al. (2015), Chen
et al. (2016), Yu and Wang (2016), Rana et al. (2017), Ooba et al. (2018a,b,c), Yu et al. (2018), Park and Ratra
(2018, 2019a, 2020, 2019b,b), Wei (2018a), DES Collaboration (2019a), Coley (2019), Jesus et al. (2021), Handley
(2019), Zhai et al. (2020), Li et al. (2020), Geng et al. (2020), Kumar et al. (2021), Efstathiou and Gratton (2020), Di
Valentino et al. (2021a), Gao et al. (2020), Abbassi and Abbassi (2020), Yang and Gong (2021), Agudelo Ruiz et al.
(2020), Velasquez-Toribio and Fabris (2020), Vagnozzi et al. (2021a), Vagnozzi et al. (2021b), and references therein.
These papers discuss constraints determined using various combinations of data, including baryon acoustic oscillation,
Hubble parameter, cosmic microwave background anisotropy, supernova apparent magnitude, growth factor, and other
measurements.
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et al., 2020; Rezaei et al., 2020; Speri et al., 2021).

In this paper we study the new QSO compilation (Lusso et al., 2020) containing 2421 QSO

measurements (of which 2038 are of higher quality, which are what we use here). These QSOs reach

to z ∼ 7.5 and are thought to be standardizable through a phenomenological relation between the

QSO X-ray and UV luminosities, the LX − LUV relation. In this paper, we examine these 2038 QSO

measurements and investigate their reliability as standard candles. We find that for the full (2038)

QSO data set, the LX − LUV relation parameter values can depend significantly on the cosmological

model used in the analysis of these data. This could mean that some of these quasars are not properly

standardized and implies that the full QSO data set should not be used to constrain cosmological

parameters.2

To examine this issue more carefully we separately analyze the low-redshift and high-redshift

halves of the full QSO data set, containing 1019 QSOs at z < 1.479 and 1019 at z > 1.479. We

find somewhat significantly different LX − LUV relation parameters for the higher-z and lower-z

data subsets for the same cosmological model and in the z > 1.479 data subset we find significant

differences in the LX −LUV relation parameters for different models. However, for the z < 1.479 data

subset (and somewhat less so for the z < 1.75 QSO data subset) the LX − LUV relation parameters

are independent of cosmological model and so these smaller, lower-z, QSO data subsets appear to

mostly contain standardized candles and so are suitable for the purpose of constraining cosmological

parameters.

While the z < 1.479 and z < 1.75 QSO data subsets favor larger current non-relativistic matter

density parameter (Ωm0) values (as did the 2019 QSO data, see Khadka and Ratra (2020b), and as

do the full (2038) QSO data here), the uncertainties on Ωm0 are larger for these smaller QSO data

subsets, so these Ωm0 values do not that significantly disagree with values determined using other

cosmological probes. Additionally the cosmological parameter constraints from the z < 1.479 and

z < 1.75 QSO data subsets are largely consistent with those from BAO + H(z) data (unlike for the

full (2038) QSO data constraints), so it is reasonable to jointly analyze a lower-z QSO data subset

with the BAO + H(z) data. However, the statistical weight of the smaller lower-z QSO data subsets

2There are some curious patterns in the differences between LX − LUV relation parameters for pairs of cosmological
models. See Sec. 5.1.
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Figure 6.1: Redshift distribution of the 2038 QSO that we use in our analyses.

are low compared to that of the BAO + H(z) data and so adding the QSO data to the mix does not

significantly alter the BAO + H(z) data cosmological constraints.

This chapter is organized as follows. In Sec. 6.2 we describe the data we test and use. In Sec.

6.3 we outline the techniques we use in our analyses. In Sec. 6.4 we present the results of the QSO

consistency tests and the cosmological parameter constraints from all the data used in this paper.

We conclude in Sec. 6.5.

6.2 Data

Since 2015, Lusso, Risaliti, and collaborators have worked on trying to standardize high redshift

quasars by using the X-ray and UV fluxes of QSOs and the LX − LUV relation (Risaliti and Lusso,

2019, 2015; Lusso et al., 2020). We have previously studied the cosmological consequences of the

2015 and 2019 QSO data and noted that the 2019 QSO data favor a higher value for Ωm0 than do
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Table 6.1: BAO data. DM
(
rs,fid/rs

)
and DV

(
rs,fid/rs

)
have units of Mpc. H(z)

(
rs/rs,fid

)
has units of

km s−1Mpc−1 and rs and rs,fid have units of Mpc.

z Measurement Value Ref.
0.38 DM

(
rs,fid/rs

)
1512.39 Alam et al. (2017)

0.38 H(z)
(
rs/rs,fid

)
81.2087 Alam et al. (2017)

0.51 DM
(
rs,fid/rs

)
1975.22 Alam et al. (2017)

0.51 H(z)
(
rs/rs,fid

)
90.9029 Alam et al. (2017)

0.61 DM
(
rs,fid/rs

)
2306.68 Alam et al. (2017)

0.61 H(z)
(
rs/rs,fid

)
98.9647 Alam et al. (2017)

0.122 DV
(
rs,fid/rs

)
539 ± 17 Carter et al. (2018)

0.81 DA/rs 10.75 ± 0.43 DES Collaboration (2019b)
1.52 DV

(
rs,fid/rs

)
3843 ± 147 Ata et al. (2018)

2.334 DM/rs 37.5 du Mas des Bourboux et al. (2020)
2.334 DH/rs 8.99 du Mas des Bourboux et al. (2020)

most other cosmological probes (Khadka and Ratra, 2020a,b).

The 2020 compilation (Lusso et al., 2020) contains 2421 quasar measurements over the redshift

range 0.009 ≤ z ≤ 7.5413. In these data, the wanted 2500 Å UV fluxes for some z < 0.7 QSOs are

determined by extrapolation from the optical, which is less reliable because of possible host-galaxy

contamination. At z < 0.7, 15 local QSOs, whose 2500 Å flux are determined from the UV spectra

without extrapolation, provide higher quality data than the other z < 0.7 sources (Lusso et al., 2020).

So in this paper we use 2038 quasar measurements, 2023 QSOs at z > 0.7 and the 15 higher quality

ones at z < 0.7, to constrain the cosmological and LX − LUV relation parameters in six different

cosmological dark energy models. The redshift distribution of these data is shown in Fig. 6.1.

We find that the full 2038 QSO sample has LX − LUV relation parameters that depend on the

cosmological model used in the analysis and this suggests that some of the QSOs in the full QSO

sample are not standard candles. To study this issue, we first divide the full QSO sample into two

equal groups, a low redshift half with z < 1.479 (hereafter QSO−z < 1.479) and a high redshift half

with z > 1.479 (hereafter QSO−z > 1.479), each containing 1019 QSO measurements. We chose

this redshift because these two subsets contain an equal number of measurements. Additionally,

z ∼ 1.5 is close to the upper limit of redshift space that has been reasonably accurately probed

by other data, such as SNIa, BAO, and H(z) measurements and it is of interest to see whether the

z < 1.5 QSO data constraints are consistent with those from the other measurements. We find that
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the LX − LUV relation parameters determined from the QSO−z < 1.479 sample are independent

of the cosmological model used in the analysis, however the QSO−z > 1.479 LX − LUV relation

parameters are quite model dependent. To estimate the highest redshift of QSOs in this compilation

(Lusso et al., 2020) that obey the LX − LUV relation in a model-independent manner, and thus are

potentially standardizable candles, we also consider three other QSO data subsamples with redshifts

up to z < 1.75 (hereafter QSO−z < 1.75), z < 2 (hereafter QSO−z < 2), and z < 2.25 (hereafter

QSO−z < 2.25). QSO−z < 1.75, QSO−z < 2, and QSO−z < 2.25 contain 1313, 1534, and 1680

QSO measurements, respectively.

In this paper we also use 11 BAO measurements spanning the redshift range 0.0106 ≤ z ≤ 2.33

and 31 H(z) measurements spanning the redshift range 0 ≤ z ≤ 1.965. The BAO measurements

are given in Table 6.1 of this paper and include the first 9 of Table 1 of Cao et al. (2021a) and the

two new measurements of du Mas des Bourboux et al. (2020) (see the following section for BAO

covariance matrices), and the 31 H(z) measurements are given in Table 2 of Ryan et al. (2018).

The QSO−z < 1.479 (and less so the QSO−z < 1.75) data have almost cosmological-model-

independent LX − LUV relation parameters and so seem to be potentially safely standardizable, and

the QSO−z < 1.479 data constraints are quite consistent with those from the BAO + H(z) data, so

we also use the QSO−z < 1.479(/1.75) data in combination with BAO + H(z) data to constrain

cosmological and LX − LUV relation parameters.

6.3 Methods

Quasar X-ray and UV luminosities of selected quasars are known to be correlated through the

non-linear LX −LUV relation (Risaliti and Lusso, 2019; Khadka and Ratra, 2020a; Risaliti and Lusso,

2015; Khadka and Ratra, 2020b). This relation is

log(LX) = β + γ log(LUV), (6.1)

where log = log10 and γ and β are free parameters to be determined from the data. For the 2015 and

2019 QSO compilations (Risaliti and Lusso, 2019, 2015), the values of γ and β determined from
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the data are independent of the cosmological model used in the determination (Khadka and Ratra,

2020a,b).

Luminosities and fluxes are related through the luminosity distance so eq. (6.1) can be rewritten

as

log(FX) = β + (γ − 1) log(4π) + γ log(FUV) + 2(γ − 1) log(DL), (6.2)

where FUV and FX are the quasar UV and X-ray fluxes. Here DL(z, p) is the luminosity distance,

which is a function of redshift z and a set of cosmological parameters p and is given by (1.49).

Given a cosmological model, eqs. (1.49) and (6.2) can be used to predict X-ray fluxes of quasars

at known redshift. We compare these predicted fluxes with observations by using the likelihood

function (Khadka and Ratra, 2020a)

ln(LF) = −
1
2

N∑
i=1

 [log(Fobs
X,i ) − log(F th

X,i)]
2

s2
i

+ ln(2πs2
i )

 , (6.3)

where ln = loge, s2
i = σ

2
i + δ

2, where σi and δ are the measurement error on the observed flux Fobs
X,i

and the global intrinsic dispersion respectively and F th
X,i(p) is the predicted flux at redshift zi. The

QSO data cannot constrain H0 because in the LX − LUV relation β and H0 have a degeneracy. In this

paper we use H0 as a free parameter in order to allow us to determine the complete allowed region

of β.

The BAO and H(z) data sets from Alam et al. (2017) and du Mas des Bourboux et al. (2020) are

each correlated and the likelihood function for these is

ln(LF) = −
1
2

[Aobs(zi) − Ath(zi, p)]T C−1[Aobs(zi) − Ath(zi, p)], (6.4)

where Aobs(zi) and Ath(zi, p) are the measured and theoretically predicted quantities respectively.

For the BAO data from Alam et al. (2017), the covariance matrix C is given in eq. (4.6) and the

covarience matrix for the du Mas des Bourboux et al. (2020) data is

C =

 1.3225 −0.1009

−0.1009 0.0380

 .
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The remaining three BAO measurements from Carter et al. (2018), DES Collaboration (2019b), and

Ata et al. (2018), and the H(z) measurements, are uncorrelated and the corresponding likelihood

function is

ln(LF) = −
1
2

N∑
i=1

[Aobs(zi) − Ath(zi, p)]2

σ2
i

. (6.5)

To determine joint BAO and H(z) constraints, we multiply the likelihoods to get a joint data

likelihood. The same procedure is used to determine the joint QSO, BAO, and H(z) data constraints.

In our previous analyses (Khadka and Ratra, 2020a,b,c; Cao et al., 2021b), in the case of the BAO

data analyses, we assumed values of Ωbh2 for the six different cosmological models from Park and

Ratra (2018, 2019a,c) that were determined using CMB anisotropy data. In this paper we do not

use these values of Ωbh2 from the CMB determination, rather we let Ωbh2 be a free parameter to be

determined from the data we use in this paper.

The likelihood analyses are done using the Markov chain Monte Carlo (MCMC) method

implemented in the MONTEPYTHON code (Brinckmann and Lesgourgues, 2019). Convergence of

MCMC chains for each parameter is confirmed using the Gelman-Rubin criterion (R − 1 < 0.05).

We use a flat prior for each free parameter, non-zero over the ranges 0 ≤ Ωbh2 ≤ 1, 0 ≤ Ωch2 ≤ 1,

0 ≤ Ωm0 ≤ 1, −2 ≤ Ωk ≤ 1, −5 ≤ ωX ≤ 0.33, 0 ≤ α ≤ 10 , 0 ≤ δ ≤ 10, 0 ≤ β ≤ 11, and

−5 ≤ γ ≤ 5.3 For model comparison, we compute the AIC and the BIC values,

AIC = −2 ln(LFmax) + 2d, (6.6)

BIC = −2 ln(LFmax) + d ln N, (6.7)

where d is the number of free parameters and N is the number of data points. We define the degree
of freedom do f = N − d.

3These prior ranges are sufficiently large to give stable constraints on each parameter. Constraints obtained by using
QSO data are especially sensitive to the Ωk0 prior range. We have performed analyses of QSO data with a smaller prior
range on Ωk0 (these results are not included in the paper) and found that in many cases this changes the constraints
obtained.
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Table 6.4: LX − LUV relation parameters (and δ) differences between different models for the full
QSO data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.88σ 4.00σ 4.00σ
Flat ΛCDM vs flat XCDM 0.18σ 0.63σ 0.59σ
Flat ΛCDM vs non-flat XCDM 0.88σ 4.00σ 4.07σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.02σ
Flat ΛCDM vs non-flat ϕCDM 0.53σ 1.56σ 1.55σ
Non-flat ΛCDM vs flat XCDM 0.71σ 3.47σ 3.49σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.00σ 0.00σ
Non-flat ΛCDM vs flat ϕCDM 0.88σ 4.00σ 3.98σ
Non-flat ΛCDM vs non-flat ϕCDM 0.35σ 2.50σ 2.53σ
Flat XCDM vs non-flat XCDM 0.71σ 3.47σ 3.55σ
Flat XCDM vs flat ϕCDM 0.18σ 0.63σ 0.56σ
Flat XCDM vs non-flat ϕCDM 0.35σ 0.97σ 0.99σ
Non-flat XCDM vs flat ϕCDM 0.88σ 4.00σ 4.06σ
Non-flat XCDM vs non-flat ϕCDM 0.35σ 2.50σ 2.57σ
Flat ϕCDM vs non-flat ϕCDM 0.53σ 1.56σ 1.53σ

6.4 Results

6.4.1 QSO data consistency tests

Cosmological model and LX − LUV relation parameter constraints from the full (2038) QSO data

are listed in Tables 6.2 and 6.3 (these are in the lines labeled "QSO" in the second column of these

tables) and one-dimensional likelihoods and two-dimensional constraint contours are plotted in Figs.

6.2–6.4. Constraints from various subsets of QSO data are also listed in these tables and plotted in

Figs. 6.5–6.7.

In most of the cosmological models, the full QSO data favor very high values of Ωm0. The values

range from > 0.569 to > 0.865 at the 2σ lower limit. Surprisingly, in the flat XCDM parametrization

the Ωm0 value is determined to be < 0.247 at the 2σ upper limit. These values are not consistent

with estimates from other well established cosmological probes (Planck Collaboration, 2020; Chen

and Ratra, 2003). This was also an issue with the 2019 (Risaliti and Lusso, 2019) data compilation

(Khadka and Ratra, 2020b)

Comparing the γ and β values listed in the last two columns of Table 6.3, for each of the six

cosmological models, for the full QSO data set lines, we see that these are significantly model
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Table 6.5: LX − LUV relation parameters (and δ) differences between different models and different
QSO redshift data sets.

Model ∆δ ∆γ ∆β

Between QSO−z < 1.479 and QSO−z > 1.479
Flat ΛCDM 4.23σ 0.04σ 0.12σ

Non-flat ΛCDM 4.87σ 2.06σ 2.03σ
Flat XCDM 3.89σ 0.09σ 0.15σ

Non-flat XCDM 4.87σ 2.23σ 2.27σ
Flat ϕCDM 4.23σ 0.05σ 0.05σ

Non-flat ϕCDM 4.48σ 0.59σ 0.68σ
Between QSO−z < 1.479 and QSO

Flat ΛCDM 1.66σ 1.59σ 1.64σ
Non-flat ΛCDM 2.36σ 1.15σ 1.16σ

Flat XCDM 2.23σ 1.45σ 1.51σ
Non-flat XCDM 2.08σ 1.35σ 1.34σ

Flat ϕCDM 1.66σ 1.77σ 1.74σ
Non-flat ϕCDM 2.08σ 0.71σ 0.65σ

Between QSO−z > 1.479 and QSO
Flat ΛCDM 3.28σ 1.98σ 2.10σ

Non-flat ΛCDM 3.28σ 1.13σ 1.10σ
Flat XCDM 2.77σ 1.49σ 1.61σ

Non-flat XCDM 3.28σ 1.07σ 1.21σ
Flat ϕCDM 3.28σ 1.98σ 2.05σ

Non-flat ϕCDM 3.12σ 1.57σ 1.56σ

Table 6.6: LX − LUV relation parameters (and δ) differences between different models for QSO−z <
1.479 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.00σ 0.16σ 0.19σ
Flat ΛCDM vs flat XCDM 0.00σ 0.00σ 0.01σ
Flat ΛCDM vs non-flat XCDM 0.00σ 0.04σ 0.05σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.08σ 0.05σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.12σ 0.08σ
Non-flat ΛCDM vs flat XCDM 0.00σ 0.16σ 0.16σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.13σ 0.13σ
Non-flat ΛCDM vs flat ϕCDM 0.00σ 0.08σ 0.05σ
Non-flat ΛCDM vs non-flat ϕCDM 0.00σ 0.04σ 0.11σ
Flat XCDM vs non-flat XCDM 0.00σ 0.04σ 0.04σ
Flat XCDM vs flat ϕCDM 0.00σ 0.08σ 0.04σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.12σ 0.06σ
Non-flat XCDM vs flat ϕCDM 0.00σ 0.04σ 0.00σ
Non-flat XCDM vs non-flat ϕCDM 0.00σ 0.08σ 0.03σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.04σ 0.03σ
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Table 6.7: LX − LUV relation parameters (and δ) differences between different models for QSO−z >
1.479 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.71σ 2.46σ 2.43σ
Flat ΛCDM vs flat XCDM 0.00σ 0.05σ 0.06σ
Flat ΛCDM vs non-flat XCDM 0.71σ 2.41σ 2.49σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.02σ
Flat ΛCDM vs non-flat ϕCDM 0.28σ 0.76σ 0.71σ
Non-flat ΛCDM vs flat XCDM 0.64σ 2.32σ 2.28σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.05σ 0.11σ
Non-flat ΛCDM vs flat ϕCDM 0.71σ 2.46σ 2.45σ
Non-flat ΛCDM vs non-flat ϕCDM 0.42σ 1.67σ 1.61σ
Flat XCDM vs non-flat XCDM 0.64σ 2.27σ 2.34σ
Flat XCDM vs flat ϕCDM 0.00σ 0.05σ 0.08σ
Flat XCDM vs non-flat ϕCDM 0.26σ 0.68σ 0.63σ
Non-flat XCDM vs flat ϕCDM 0.71σ 2.41σ 2.51σ
Non-flat XCDM vs non-flat ϕCDM 0.42σ 1.62σ 1.69σ
Flat ϕCDM vs non-flat ϕCDM 0.28σ 0.76σ 0.73σ

Table 6.8: LX − LUV relation parameters (and δ) differences between different models for QSO−z <
1.75 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.00σ 0.61σ 0.68σ
Flat ΛCDM vs flat XCDM 0.14σ 0.00σ 0.03σ
Flat ΛCDM vs non-flat XCDM 0.00σ 0.47σ 0.57σ
Flat ΛCDM vs flat ϕCDM 0.14σ 0.00σ 0.02σ
Flat ΛCDM vs non-flat ϕCDM 0.14σ 0.19σ 0.21σ
Non-flat ΛCDM vs flat XCDM 0.14σ 0.61σ 0.65σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.13σ 0.10σ
Non-flat ΛCDM vs flat ϕCDM 0.14σ 0.61σ 0.67σ
Non-flat ΛCDM vs non-flat ϕCDM 0.14σ 0.41σ 0.48σ
Flat XCDM vs non-flat XCDM 0.14σ 0.47σ 0.54σ
Flat XCDM vs flat ϕCDM 0.00σ 0.00σ 0.02σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.19σ 0.18σ
Non-flat XCDM vs flat ϕCDM 0.14σ 0.47σ 0.55σ
Non-flat XCDM vs non-flat ϕCDM 0.14σ 0.27σ 0.36σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.19σ 0.20σ

79



Table 6.9: LX−LUV relation parameters (and δ) differences between different models for QSO−z < 2
data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.31σ 1.36σ 1.46σ
Flat ΛCDM vs flat XCDM 0.00σ 0.00σ 0.06σ
Flat ΛCDM vs non-flat XCDM 0.14σ 1.21σ 1.32σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.02σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.44σ 0.42σ
Non-flat ΛCDM vs flat XCDM 0.31σ 1.36σ 1.40σ
Non-flat ΛCDM vs non-flat XCDM 0.15σ 0.10σ 0.10σ
Non-flat ΛCDM vs flat ϕCDM 0.35σ 1.36σ 1.45σ
Non-flat ΛCDM vs non-flat ϕCDM 0.31σ 0.94σ 1.05σ
Flat XCDM vs non-flat XCDM 0.14σ 1.21σ 1.26σ
Flat XCDM vs flat ϕCDM 0.00σ 0.00σ 0.04σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.44σ 0.36σ
Non-flat XCDM vs flat ϕCDM 0.16σ 1.25σ 1.31σ
Non-flat XCDM vs flat ϕCDM 0.14σ 0.81σ 0.92σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.40σ 0.40σ

Table 6.10: LX − LUV relation parameters (and δ) differences between different models for QSO−z <
2.25 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.53σ 1.98σ 2.11σ
Flat ΛCDM vs flat XCDM 0.00σ 0.06σ 0.12σ
Flat ΛCDM vs non-flat XCDM 0.53σ 1.90σ 2.01σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.02σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.06σ 0.12σ
Non-flat ΛCDM vs flat XCDM 0.53σ 1.92σ 1.95σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.00σ 0.03σ
Non-flat ΛCDM vs flat ϕCDM 0.53σ 1.98σ 2.09σ
Non-flat ΛCDM vs flat ϕCDM 0.35σ 1.36σ 1.47σ
Flat XCDM vs non-flat XCDM 0.53σ 1.90σ 1.86σ
Flat XCDM vs flat ϕCDM 0.00σ 0.06σ 0.10σ
Flat XCDM vs non-flat ϕCDM 0.18σ 0.59σ 0.50σ
Non-flat XCDM vs flat ϕCDM 0.53σ 1.90σ 1.99σ
Non-flat XCDM vs non-flat ϕCDM 0.35σ 1.30σ 1.39σ
Flat ϕCDM vs non-flat ϕCDM 0.18σ 0.65σ 0.61σ
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dependent. This means that the LX − LUV relation of eq. (6.1) depends on the cosmological model,

which means that these QSOs cannot be used to constrain cosmological parameters. This is more

clearly illustrated in Table 6.4 which lists the differences between pairs of γ, β, and δ values

determined in each of the 15 pairs of models, in terms of the quadrature sum of the two error

bars in each pairs. The difference between δ values (∆δ) ranges between (0 – 0.88)σ which is not

statistically significant. The difference between γ values (∆γ) ranges between (0 – 4)σ. Also, the

difference between β values (∆β) from model to model ranges between (0 – 4.1)σ. These differences

in γ and β values show that for the full QSO data the determined γ and β values are model dependent.

Consequently, the LX − LUV relation cannot standardize all QSOs in the full (2038) QSO data set.

We note that γ and β values determined from the 2015 and 2019 QSO compilations (Risaliti and

Lusso, 2019, 2015) are independent of the cosmological model used in the analysis (Khadka and

Ratra, 2020a,b).

It is extremely curious that ∆γ and ∆β are quite small for four pairs of models, the flat ΛCDM-

XCDM, ΛCDM-ϕCDM, and XCDM-ϕCDM pairs (only two of which are independent) and the

non-flat ΛCDM-XCDM pair. Perhaps the first three spatially-flat pairs agreements might be

understandable if the QSO standardization only worked in a spatially-flat geometry, which could

explain the large differences for flat and non-flat model pairs, but this explanation does not seem

to be consistent with the good agreement between non-flat ΛCDM and XCDM and the large

discrepancy between non-flat ΛCDM and ϕCDM or between non-flat ϕCDM and XCDM. These

patterns are not exclusive to just the full (2038) QSO data set; they hold also for most of the other

QSO data subsets.

In Table 6.5, we compare δ, γ, and β values from the QSO, QSO−z < 1.479, and QSO−z > 1.479

data sets. The first group contains all 2038 quasars, and other two contain the 1019 low and 1019

high redshift quasars. The QSO−z < 1.479 and QSO−z > 1.479 δ, γ, and β values are listed in Table

6.3 in the correspondingly labeled lines (see second column in the table). In the QSO−z < 1.479

and QSO−z > 1.479 comparison, the difference between δ values (∆δ) ranges between (3.9 – 4.9)σ

which is a very large difference. The difference between γ values (∆γ) ranges between (0.04 – 2.2)σ

which can be a significant difference. The difference between β values (∆β) ranges between (0.05 –

2.3)σ which can be a significant difference. These results indicate that, depending on model, the
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LX − LUV relation can be significantly different for QSOs at z < 1.479 and at z > 1.479.4, 5 We

note that the differences are more significant in the non-flat cases. The ∆γ and ∆β values for the

QSO−z < 1.497 and QSO comparison, and for the QSO−z > 1.479 and QSO comparison, listed

in the bottom two-thirds of Table 6.5, are for illustrative purposes only, as there are correlations

between the two data sets in each pair.

These results indicate that the LX − LUV relation parameters can be cosmological-model de-

pendent as well as redshift dependent. Fortunately, the LX − LUV relation parameters are not

model-dependent for the QSO−z < 1.479 data subset (Table 6.6), so this part of the current version

of these QSO data might be a valid and useful cosmological probe. We note that, from the relevant

lines in Table 6.3, all three data sets, QSO, QSO−z < 1.479, and QSO−z > 1, 479, favor Ωm0 values

that are not consistent with most other determinations that favor Ωm0 ∼ 0.3.6 However, because of

the smaller number of QSOs in the z < 1.479 and z > 1.479 subsets compared to the full QSO data

set, the Ωm0 error bars (or limits) are less restrictive for the smaller data subsets, and consequently

these two Ωm0 determination are in less significant conflict with Ωm0 ∼ 0.3. In Fig. 6.8 we have

compared the QSO−z < 1.479 flat ΛCDM best-fit model that has Ωm0 = 0.670 with the Ωm0 = 0.3

flat ΛCDM model and the Hubble diagram of the full QSO data set. This figure shows that QSOs at

z ≲ 1.5 are in comparatively less conflict with the Ωm0 = 0.3 flat ΛCDM model than is the full QSO

data set.

For the QSO−z < 1.479 data subset, from Table 6.6, the difference between δ values (∆δ) from

model to model is zero. The difference between γ values (∆γ) ranges between (0 – 0.16)σ which is

not statistically significant. The difference between β values (∆β) ranges between (0 – 0.19)σ which

is not statistically significant. From these results we can conclude that QSOs in the QSO−z < 1.479

subset are all potentially standardizable quasars. For the QSO−z > 1.479 data subsets, from the

Table 6.7, the difference between δ values (∆δ) from model to model ranges between (0–0.71)σ

4We thank Guido Risaliti for pointing out that this could be a reflection of the inadequacy of the cosmological
models we use here, and not an indication of the redshift dependence of the LX − LUV relation. Also, we note that this
QSO sample has been compiled from 7 different samples (Lusso et al., 2020) and so is highly heterogeneous. It will be
valuable to determine whether or not the heterogeneous nature of these data is related to the issues we have found in
this paper. We hope that further study of the quasar measurements will resolve this issue.

5For a possibly related issue, see Banerjee et al. (2021).
6Except in the flat XCDM parametrization where QSO−z > 1.479 does not constrain Ωm0, and in the non-flat

XCDM parameterization where QSO−z < 1.479(> 1.479) require Ωm0 > 0.285(> 0.333) at 2σ.
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which is not statistically significant. The difference between γ values (∆γ) ranges between (0 –

2.5)σ which can be statistically significant. The difference between β values (∆β) ranges between

(0.02 – 2.4)σ which can be statistically significant. From Table 6.7, the QSO−z > 1.479 data subset

appears to include QSOs that are not standard candles.

It is of interest to determine the highest redshift to which we can retain QSOs in the current

compilation and still have LX − LUV relation parameters that are model independent. To examine

this issue, we consider three additional QSO data subsets, QSO−z < 1.75, QSO−z < 2, and

QSO−z < 2.25 with 1313, 1534, and 1680 QSOs. Results from these analysis are listed in Tables

6.2, 6.3, and 6.8–6.10. From Table 6.3, for some of these data subgroups, values of δ, γ, and β are

model dependent.

For the QSO−z < 1.75 data, from Table 6.8, the difference between δ values (∆δ) from model to

model ranges between (0–0.14)σ which is not statistically significant. The difference between γ

values (∆γ) ranges between (0 – 0.61)σ which is mostly not statistically significant. The difference

between β values (∆β) ranges between (0.02 – 0.68)σ which is mostly not statistically significant.

These results could be interpreted as suggesting that the QSO−z < 1.75 data contain QSOs that are

all potentially standardizable, but this is likely to be incorrect since some of the QSO−z < 1.75 β

and γ differences are significantly larger than those for QSO−z < 1.479 (Table 6.6) and these large

changes have been caused by the addition of just 294 (relative to 1019) more QSOs.

For the QSO−z < 2 data, from Table 6.9, the difference between δ values (∆δ) from model to

model ranges between (0–0.4)σ which is not statistically significant. The difference between γ

values (∆γ) ranges between (0 – 1.4)σ which can be statistically significant. The difference between

β values (∆β) ranges from (0.02 – 1.5)σ which can be statistically significant. For QSO−z < 2.25

data, from Table 6.10, the difference between δ values (∆δ) from model to model ranges between (0–

0.53)σ which is not statistically significant. The difference between γ values (∆γ) ranges between

(0 – 2.0)σ which can be statistically significant. The difference between β values (∆β) ranges

between (0.02 – 2.1)σ which can be statistically significant. The QSO−z < 2 and QSO−z < 2.25

data subsets probably should not be used to constrain cosmological parameters.

In Figs. 2–7, we plot lines corresponding to parameter values for which the current cosmological

expansion is unaccelerated for each model. From these figures, in spatially-flat models, the full
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QSO data completely favor currently decelerating cosmological expansion, strongly contradicting

constraints from most other cosmological data. In non-flat models, for the full QSO data, part of

the two-dimensional confidence contours lie in the currently accelerating region and part lie in

the currently decelerating region, depending on cosmological model, so results from the full QSO

data in non-flat models are in less conflict with the currently accelerated cosmological expansion

that is favored by most other data. Similarly, the higher redshift QSO data subsets also mostly

favor currently decelerating expansion in spatially-flat models, while results from spatially non-flat

models are in less conflict with currently accelerated cosmological expansion. On the other hand,

the lower redshift QSO data subsets, QSO−z < 1.479 and QSO−z < 1.75, results are relatively

more consistent with currently accelerated expansion. It is somewhat concerning that the higher

redshift QSO data, in spatially-flat models, favor currently decelerating cosmological expansion.

On the whole it appears that most QSOs in the QSO−z < 1.479 data subset of the Lusso et al.

(2020) compilation obey an LX − LUV relation that is independent of cosmological model; and that

many (but not all) of the QSOs in the QSO−z < 1.75 data subset also obey an LX − LUV relation

that is independent of cosmological model. Consequently it is reasonable to use QSO−z < 1.479

data (as well as possibly QSO−z < 1.75 data) to constrain cosmological parameters. We emphasize,

however, that it seems incorrect to use the higher redshift (z ≳ 1.5 − 1.7) part of these QSO data to

constrain cosmological parameters, and it might also be better to carefully examine whether current

QSO data at z ∼ 1.4 − 1.5 might need to be rejected for this purpose.

6.4.2 Cosmological constraints from the QSO−z < 1.479 and QSO−z < 1.75

data subsets

From the analysis of the full QSO data, it appears that it includes QSOs that are not standardizable.

However, QSOs in the QSO−z < 1.479 and QSO−z < 1.75 data subsets appear to be mostly

standardizable and so we use these data subsets to constrain cosmological and LX − LUV relation

parameters. Results are given in Table 6.2 and 6.3 and shown in Fig. 6.2–6.7.

For the QSO−z < 1.479 data, the value of Ωm0 ranges from 0.600+0.340
−0.170 to 0.670+0.300

−0.130. The

minimum value is obtained in the flat ϕCDM model and the maximum value in the flat ΛCDM
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model. For the QSO−z < 1.75 data, the minimum value of Ωm0, > 0.306, is for the non-flat XCDM

parametrization and the maximum value of Ωm0, > 0.466, is for the flat ΛCDM model. These Ωm0

values are larger than those favored by other data, but have large uncertainties.

In the flat ΛCDM model, ΩΛ are 0.330+0.130
−0.300 and < 0.534 using the QSO−z < 1.479 and

QSO−z < 1.75 data subsets respectively. In the non-flat ΛCDM model, ΩΛ are 0.810+0.810
−0.340 and

1.300+0.350
−0.099 for the QSO−z < 1.479 and QSO−z < 1.75 data subsets respectively.

Among all three non-flat models, for these two data subsets, the minimum value of Ωk0,

−1.040+0.210
−0.350, is obtained in the non-flat ΛCDM model using the QSO−z < 1.75 data and the

maximum value of Ωk0, −0.110+0.330
−0.330, is obtained in the non-flat ϕCDM model for the QSO−z <

1.479 data.7 From the Table 6.3 results we see that these QSO data subsets tend to favor closed

geometries.

In the flat XCDM parameterization, ωX are determined to be < −0.137 and < −0.013 using

QSO−z < 1.479 and QSO−z < 1.75 data. In the non-flat XCDM parameterization, ωX are

−0.230+0.520
−0.450 and −0.740+0.560

−0.440 for the QSO−z < 1.479 and QSO−z < 1.75 data subsets. In the flat

ϕCDM model, the values of the scalar potential parameter α are 5.200+3.800
−2.500 and 5.300+4.200

−1.900 using

the QSO−z < 1.479 and QSO−z < 1.75 data subsets respectively. In the non-flat ϕCDM model,

QSO−z < 1.479 and QSO−z < 1.75 data cannot constrain α.

From Table 6.2, for the QSO−z < 1.479 data subset, from both the AIC and BIC values, the

most favored model is the flat ΛCDM model and the least favored model is the non-flat ϕCDM

model. For QSO−z < 1.75 data, from the AIC values, the most favored model is the non-flat ΛCDM

model and the least favored model is the flat ϕCDM model, and from the BIC values, the most

favored model is the flat ΛCDM model and the least favored model is the non-flat ϕCDM model.
7In the non-flat ΛCDM model and the non-flat XCDM parametrization, the current value of the dark energy

density parameter is determined from the chosen values of Ωm0 and Ωk0. So, there is no restriction on the dark energy
density parameter. In the non-flat ϕCDM model, the value of the dark energy density parameter Ωϕ(z, α) is determined
numerically by solving the dynamical equations and it’s value always lies in the range 0 ≤ Ωϕ(0, α) ≤ 1. In the non-flat
ϕCDM model plots, this restriction on Ωϕ(0, α) can be seen in the Ωm0 − Ωk0 sub-panel in the form of straight line
boundaries.
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6.4.3 Cosmological constraints from the BAO + H(z) data

The constraints obtained using the BAO + H(z) data are given in Table 6.2 and 6.3 and the one-

dimensional likelihoods and two-dimensional constraint contours are plotted in Figs. 6.2–6.7.

From Table 6.3, the minimum value of Ωbh2, 0.024+0.003
−0.003, is obtained in the flat ΛCDM model

while the maximum value of Ωbh2, 0.032+0.006
−0.003, is obtained in the flat ϕCDM model. The minimum

value of Ωch2, 0.081+0.017
−0.017, is for the flat ϕCDM model and the maximum value of Ωch2, 0.119+0.008

−0.008,

is for the flat ΛCDM model. The minimum value of Ωm0, 0.266+0.023
−0.023, is obtained in the flat ϕCDM

model while the maximum value of Ωm0, 0.299+0.015
−0.017, is obtained in the flat ΛCDM model. These

Ωm0 values are reasonably consistent with those determined using other data.

Form Table 6.3, for the BAO + H(z) data, the value of H0 is determined to lie in the range

65.100+2.100
−2.100 to 69.300+1.800

−1.800 km s−1Mpc−1. The minimum value is for the spatially-flat ϕCDM model

while the maximum value is in the spatially-flat ΛCDM model. These values are more consistent

with the Planck Collaboration (2020) and median statistics (Chen et al., 2003) results than with the

larger local expansion rate value of Riess et al. (2016).8

The value of ΩΛ in the flat and non-flat ΛCDM model is measured to be 0.701+0.017
0.015 and

0.667+0.093
−0.081 respectively.

In the non-flat ΛCDM model, the value of Ωk0 is found to be −0.014±0.075 while in the non-flat

XCDM parametrization and ϕCDM model, the values of Ωk0 are −0.120±0.130 and −0.080±0.100

respectively. These are consistent with flat spatial hypersurfaces but do not rule out mildly curved

geometry.

In the flat (non-flat) XCDM parametrization, ωX is measured to be −0.744+0.140
−0.097(−0.693+0.130

−0.077).

In the flat (non-flat) ϕCDM model, the scalar potential enrgy density parameter (α) is found to

be 1.530+0.620
−0.850(1.660+0.670

−0.830). These values of ωX and α favor dynamical dark enery models over the

8Other local expansion rate determinations have slightly lower central values with slightly larger error bars (Rigault
et al., 2015; Zhang et al., 2017; Dhawan et al., 2018; Fernández Arenas et al., 2018; Freedman et al., 2020; Rameez and
Sarkar, 2021; Breuval et al., 2020; Efstathiou, 2020; Khetan et al., 2021). Our H0 measurements are consistent with
earlier median statistics estimates (Gott et al., 2001; Chen et al., 2003) and a number of recent H0 measurements made
using a variety of techniques (Planck Collaboration, 2020; Chen et al., 2017; DES Collaboration, 2018a; Lin and Ishak,
2017; Gómez-Valent and Amendola, 2018; Zhang, 2018; Domínguez et al., 2019; Martinelli and Tutusaus, 2019; Cuceu
et al., 2019; Zeng and Yan, 2019; Schöneberg et al., 2019; Blum et al., 2020; Lyu et al., 2020; Philcox et al., 2020;
Zhang and Huang, 2021; Birrer et al., 2020; Denzel et al., 2021; Pogosian et al., 2020; Boruah et al., 2021; Kim et al.,
2020).
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cosmological constant at a statistical significance of between (1.8-4)σ.

From Table 6.2, from both the AIC and BIC values, the most favored model is the spatially-flat

ϕCDM model while non-flat ΛCDM model is the least favored.

6.4.4 Cosmological constraints from the QSO + BAO + H(z) data

The QSO−z < 1.479 (and slightly less so, the QSO−z < 1.75) data constraints are consistent with

the BAO + H(z) constraints. So, it is reasonable to perform joint analyses of these data subsets in

combination with the BAO + H(z) data. The constraints obtained using QSO−z < 1.497 + BAO +

H(z) and QSO−z < 1.75 + BAO + H(z) data are given in the corresponding lines of Tables 6.2 and

3 while the one-dimensional likelihoods and two-dimensional contours are shown in Figs. 6.9–6.11.

These QSO data subsets do not significantly tighten the BAO + H(z) data contours and so do not

significantly alter the cosmological parameter values determined from the BAO + H(z) data.

From Table 6.2, for the QSO−z < 1.497 + BAO + H(z) data set, from the AIC values, the

most-favored model is the spatially-flat ϕCDM model while the least favored is the non-flat ΛCDM

model, and from the BIC values, the most-favored model is the spatially-flat ΛCDM model and the

least favored is the non-flat ϕCDM model. For the QSO−z < 1.75 + BAO + H(z) data set, from

the AIC values, the most-favored model is the non-flat ϕCDM model while the least favored is

the non-flat ΛCDM model, and from the BIC values, the most-favored model is the spatially-flat

ΛCDM model and the least favored is the non-flat ΛCDM model.

6.5 Conclusion

The first large compilation and detailed study of (∼ 800) quasars as a cosmological probe was

described in Risaliti and Lusso (2015). Cosmological constraints obtained using these data were in

agreement with those obtained using other cosmological probes (Khadka and Ratra, 2020a; Risaliti

and Lusso, 2015). In 2019, Risaliti and Lusso (2019) updated their data set to include ∼ 1600 QSO

measurements. The Hubble diagram of this updated data set was somewhat inconsistent with that

of a flat ΛCDM model with Ωm0 = 0.3; basically these updated QSO data favored a value of Ωm0
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larger than 0.3, but this tension was mild (Khadka and Ratra, 2020b).

More recently, in 2020, Lusso et al. (2020) released an updated, larger, QSO data set of 2038

higher-quality (out of 2421) measurements. For the full 2038 QSO data set, we find that the LX−LUV

relation parameter values depend on the cosmological model assumed in the determination of these

parameters. If instead we use the lower redshift part of this compilation, with z ≲ 1.5 − 1.7 (and

with ∼ 1000 − 1300 QSO measurements), then the resulting LX − LUV relation parameter values are

almost independent of the assumed cosmological model and so these smaller, lower redshift, QSO

data subsets can be used as cosmological probes. However they still favor higher Ωm0 values than

do most other cosmological probes. While the cosmological constraints from these lower redshift,

smaller, QSO data subsets are consistent with those that follow from the BAO + H(z) data (which

is not true of the cosmological constraints that follow from the full (2038) QSO data set), these

smaller QSO data subsets do not significantly alter the BAO + H(z) cosmological constraints when

they are jointly analysed with the BAO + H(z) data.

While our results here indicate the QSOs with z ∼ 1.5 − 1.7 and larger in the latest Lusso et al.

(2020) compilation do not obey the LX − LUV relation in a cosmological-model independent manner,

a more careful study is needed to discover the reason(s) for this. If higher redshift quasars, with

z ∼ 2 − 8, can be standardized, they should be very valuable cosmological probes.
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Figure 6.2: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using QSO−z < 1.497 (green), QSO−z > 1.497 (magenta), QSO (blue),
and BAO + H(z) (red) data for all free parameters. Left panel shows the flat ΛCDM model. The
black dotted vertical lines are the zero acceleration lines with currently accelerated cosmological
expansion occurring to the left of the lines. Right panel shows the non-flat ΛCDM model. The black
dotted sloping line in the Ωk0 −Ωm0 panel is the zero acceleration line with currently accelerated
cosmological expansion occurring to the lower left of the line. The black dashed horizontal or
vertical line in the Ωk0 subpanels correspond to Ωk0 = 0.
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Figure 6.3: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using QSO−z < 1.497 (green), QSO−z > 1.497 (magenta), QSO (blue), and
BAO + H(z) (red) data for all free parameters. Left panel shows the flat XCDM parametrization.
The black dotted curved line in the ωX − Ωm0 panel is the zero acceleration line with currently
accelerated cosmological expansion occurring below the line and the black dashed straight lines
correspond to the ωX = −1 ΛCDM model. Right panel shows the non-flat XCDM parametrization.
The black dotted lines in the Ωk0 −Ωm0, ωX −Ωm0, and ωX −Ωk0 panels are the zero acceleration
lines with currently accelerated cosmological expansion occurring below the lines. Each of the three
lines is computed with the third parameter set to the BAO + H(z) data best-fit value of Table 6.2.
The black dashed straight lines correspond to the ωx = −1 ΛCDM model. The black dotted-dashed
straight lines correspond to Ωk0 = 0.
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Figure 6.4: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using QSO−z < 1.497 (green), QSO−z > 1.497 (magenta), QSO (blue), and
BAO + H(z) (red) data for all free parameters. The α = 0 axes correspond to the ΛCDM model.
Left panel shows the flat ϕCDM model. The black dotted curved line in the α −Ωm0 panel is the
zero acceleration line with currently accelerated cosmological expansion occurring to the left of
the line. Right panel shows the non-flat ϕCDM model. The black dotted lines in the Ωk0 − Ωm0,
α − Ωm0, and α − Ωk0 panels are the zero acceleration lines with currently accelerated cosmological
expansion occurring below the lines. Each of the three lines is computed with the third parameter
set to the BAO + H(z) data best-fit value of Table 6.2. The black dashed straight lines correspond to
Ωk0 = 0.
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Figure 6.5: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using QSO−z < 1.497 (green), QSO−z < 1.75 (magenta), QSO (blue),
and BAO + H(z) (red) data for all free parameters. Left panel shows the flat ΛCDM model. The
black dotted vertical lines are the zero acceleration lines with currently accelerated cosmological
expansion occurring to the left of the lines. Right panel shows the non-flat ΛCDM model. The black
dotted sloping line in the Ωk0 −Ωm0 panel is the zero acceleration line with currently accelerated
cosmological expansion occurring to the lower left of the line. The black dashed horizontal or
vertical line in the Ωk0 subpanels correspond to Ωk0 = 0.
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Figure 6.6: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using QSO−z < 1.497 (green), QSO−z < 1.75 (magenta), QSO (blue), and
BAO + H(z) (red) data for all free parameters. Left panel shows the flat XCDM parametrization.
The black dotted curved line in the ωX − Ωm0 panel is the zero acceleration line with currently
accelerated cosmological expansion occurring below the line and the black dashed straight lines
correspond to the ωX = −1 ΛCDM model. Right panel shows the non-flat XCDM parametrization.
The black dotted lines in the Ωk0 −Ωm0, ωX −Ωm0, and ωX −Ωk0 panels are the zero acceleration
lines with currently accelerated cosmological expansion occurring below the lines. Each of the three
lines is computed with the third parameter set to the BAO + H(z) data best-fit value of Table 6.2.
The black dashed straight lines correspond to the ωx = −1 ΛCDM model. The black dotted-dashed
straight lines correspond to Ωk0 = 0.
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Figure 6.7: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using QSO−z < 1.497 (green), QSO−z < 1.75 (magenta), QSO (blue), and
BAO + H(z) (red) data for all free parameters. The α = 0 axes correspond to the ΛCDM model.
Left panel shows the flat ϕCDM model. The black dotted curved line in the α −Ωm0 panel is the
zero acceleration line with currently accelerated cosmological expansion occurring to the left of
the line. Right panel shows the non-flat ϕCDM model. The black dotted lines in the Ωk0 − Ωm0,
α − Ωm0, and α − Ωk0 panels are the zero acceleration lines with currently accelerated cosmological
expansion occurring below the lines. Each of the three lines is computed with the third parameter
set to the BAO + H(z) data best-fit value of Table 6.2. The black dashed straight lines correspond to
Ωk0 = 0.
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Figure 6.8: Hubble diagram of quasars. Magenta dashed line is the best-fit flat ΛCDM model with
Ωm0 = 0.670 from the QSO-z < 1.479 QSO data. Cyan points are the determined QSO distance
moduli and uncertainties (Lusso et al., 2020) and red points are the means and uncertainties of these
distance moduli, in narrow redshift bins which roughly represent a fifth order cosmographic fit of
the whole QSO data (Lusso et al., 2020). The black solid line shows a flat ΛCDM model with Ωm0

= 0.30.
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Figure 6.9: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using QSO−z < 1.497 + BAO + H(z) (blue), QSO−z < 1.75 + BAO + H(z)
(olive), BAO + H(z) (red) data for all free parameters. Left panel shows the flat ΛCDM model and
right panel shows the non-flat ΛCDM model. Dotted sloping line in the Ωm0 −ΩΛ subpanel in the
right panel is the Ωk0 = 0 line.
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Figure 6.10: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using QSO−z < 1.497 + BAO + H(z) (blue), QSO−z < 1.75 + BAO
+ H(z) (olive), BAO + H(z) (red) data for all free parameters. Left panel shows the flat XCDM
parametrization. The black dashed straight lines correspond to the ωX = −1 ΛCDM model. Right
panel shows the non-flat XCDM parametrization. The black dashed straight lines correspond to the
ωx = −1 ΛCDM model. The black dotted straight lines correspond to Ωk0 = 0.
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Figure 6.11: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using QSO−z < 1.497 + BAO + H(z) (blue), QSO−z < 1.75 + BAO +
H(z) (olive), BAO + H(z) (red) data for all free parameters. Left panel shows the flat ϕCDM model
and right panel shows the non-flat ϕCDM model. The α = 0 axes correspond to the ΛCDM model.
The black dotted straight lines in the Ωk0 subpanels in the right panel correspond to Ωk0 = 0.
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Chapter 7

Do quasar X-ray and UV flux measurements

provide a useful test of cosmological models?

This chapter is based on Khadka and Ratra (2022).

7.1 Introduction

Currently our universe is undergoing accelerated cosmological expansion (Planck Collaboration,

2020; Farooq et al., 2017; Scolnic et al., 2018; eBOSS Collaboration, 2021). General relativistic

cosmological models interpret this observational fact as a consequence of dark energy. The simplest

cosmological model that is consistent with most observations is the standard spatially-flat ΛCDM

model (Peebles, 1984). In this model, at the current epoch, the cosmological constant (Λ) contributes

about 70% of the cosmological energy budget, non-relativistic cold dark matter (CDM) contributes

about 25%, and ordinary non-relativistic baryons contributes almost all of the remaining ∼ 5%.

This model assumes time-independent dark energy density and flat spatial hypersurfaces and is not

inconsistent with most observational constraints.1 However, observational data do not rule out a

small amount of spatial curvature nor do they rule out mildly dynamical dark energy. So in this

paper we also consider spatially non-flat models and dynamical dark energy models.

1For recent reviews see Di Valentino et al. (2021b) and Perivolaropoulos and Skara (2021).
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Cosmological models are largely tested using low and high redshift data. The low redshift data

probe the 0 ≤ z ≤ 2.3 part of cosmological redshift space and include baryon acoustic oscillation

(BAO), Hubble parameter [H(z)], and Type Ia supernova (SNIa) apparent magnitude measurements.

The only high cosmological redshift space probe are cosmic microwave background anisotropy data

at z ∼ 1100. In the intermediate redshift range, 2.3 < z < 1100, cosmological models are poorly

tested. There are a handful of astronomical data sets in this range that are starting to be used in

cosmology. These data sets include HII starburst galaxy observations reaching to z ∼ 2.4 (Mania and

Ratra, 2012; González-Morán et al., 2019; Chávez et al., 2014; Cao et al., 2021a; González-Morán

et al., 2021; Cao et al., 2020, 2022; Johnson et al., 2021), quasar (QSO) angular size observations

reaching to z ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021b, 2017, 2020; Zheng et al., 2021; Lian

et al., 2021), gamma-ray burst observations reaching to z ∼ 8.2 (Wang et al., 2022a; Samushia and

Ratra, 2010; Demianski et al., 2021; Khadka and Ratra, 2020c; Wang et al., 2016; Amati et al.,

2019; Fana Dirirsa et al., 2019; Amati et al., 2008; Khadka et al., 2021a; Cao et al., 2022), and

recently Vagnozzi et al. (2021c) has used old astrophysical objects in the redshift range 0 ≤ z ≤ 8 to

constrain cosmological parameters.

Quasar X-ray and UV flux observations reaching to z ∼ 7.5 (Risaliti and Lusso, 2019, 2015;

Lusso et al., 2020) is another such data set that could be used to constrain cosmological model

parameters.2 QSO X-ray and UV luminosities are correlated through a non-linear relation, the

LX − LUV relation LX = 10βLγUV where β and γ are parameters. This correlation enables us to

standardize and so use these QSO data3 to derive cosmological parameter constraints. Basic

assumptions underlying the use of the LX − LUV relation for the standardization of QSO data are:

(i) the LX − LUV relation parameters, intercept (β) and slope (γ), should not evolve with redshift;

and, (ii) these parameters should be independent of the cosmological model used to measure them.

While great effort has been made to standardize these QSO data using the LX −LUV relation the most

recent QSO data compilation of Lusso et al. (2020) violate both assumptions underpinning QSO

standardization via the LX − LUV relation (Khadka and Ratra, 2021). So at least some of the QSOs in
2For recent applications and discussions of these data see Yang et al. (2020a), Wei and Melia (2020), Lindner et al.

(2020), Khadka and Ratra (2020a,b, 2021), Rezaei et al. (2020), Hu et al. (2020a), Banerjee et al. (2021) Speri et al.
(2021), Zheng et al. (2021), Zhao and Xia (2021), Li et al. (2021a), Lian et al. (2021), and references therein.

3We can employ the LX − LUV relation to measure the luminosity distance or distance modulus of quasars that obey
this correlation. So if the LX − LUV correlation relation is valid these quasars are standard candles.
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Table 7.1: Subsets of the full QSO (2421 QSOs) data compilation.

Data set Redshift range Number of QSOs
SDSS-4XMM 0.131 ≤ z ≤ 3.412 1644
SDSS-Chandra 0.489 ≤ z ≤ 3.981 608
XXL 0.2436 ≤ z ≤ 1.9247 106
Local AGN 0.009 ≤ z ≤ 0.0866 13
High-z 4.01 ≤ z ≤ 7.5413 35
XMM-Newton∼ 3 3.028 ≤ z ≤ 3.296 14
XMM-Newton∼ 4 4.109 1

the Lusso et al. (2020) compilation are not standardizable through the LX −LUV relation. These QSO

data are a possibly heterogeneous compilation of seven different sub-samples that are summarized

in Table 7.1. In this paper, we study these QSO data more granularly to try to determine whether

some of the sub-samples are more responsible for the redshift-dependent and model-dependent

behavior of β and γ values discovered by Khadka and Ratra (2021).

The largest sub-sample in the Lusso et al. (2020) QSO compilation are SDSS-4XMM QSOs.

Our analyses here show that the β and γ values measured for this sub-sample depend on the

cosmological model used and change with redshift. On the other hand, other large sub-samples,

such as SDSS-Chandra QSOs, have model-independent β and γ values. So the main issues are

mostly related with the SDSS-4XMM QSOs and these need to be resolved if these QSOs are to

be used for cosmological purposes. We note that there has been a recent claim of a larger than

4σ tension between these QSO data and the standard spatially-flat ΛCDM model with Ωm0 = 0.3

(Lusso et al., 2020). We believe that this is more properly interpreted as an indirect indication that

these QSOs are not standard candles and so cannot be used for cosmological purposes (Khadka and

Ratra, 2021). While we have discovered an issue with the SDSS-4XMM data, it is at present not

known if this was generated during the original compilation process or whether the SDSS-4XMM

QSOs have an LX − LUV relation that evolves with z and so are non-standardizable. We also note

that other, somewhat lower z, reverberation-measured Mg II, radius-luminosity standardized, QSO

constraints are consisitent with the standard flat ΛCDM model (Martínez-Aldama et al., 2019;

Czerny et al., 2021; Zajaček et al., 2021; Yu et al., 2021; Khadka et al., 2021b).

This chapter is organized as follows. In Sec. 7.2 we summarize the data sub-sets, and compila-

tions of these, that we analyze. In Sec. 7.3 we describe analysis methods we use. We present our
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Table 7.2: Subsets of the better QSO (2036 QSOs) data compilation.

Data set Redshift range Number of QSOs
SDSS-4XMM 0.703 ≤ z ≤ 3.412 1355
SDSS-Chandra 0.7031 ≤ z ≤ 3.981 542
XXL 0.7061 ≤ z ≤ 1.9247 76
Local AGN 0.009 ≤ z ≤ 0.0866 13
High-z 4.01 ≤ z ≤ 7.5413 35
XMM-Newton∼ 3 3.028 ≤ z ≤ 3.296 14
XMM-Newton∼ 4 4.109 1

results in Sec. 7.4 and conclude in Sec. 7.5.

7.2 Data

We use the better 2036 (of 2421) QSOs sample4 from the Lusso et al. (2020) compilation. These

better QSO data consist of seven different QSO sub-samples that are listed in Table 7.2. In Khadka

and Ratra (2021) we discovered that the LX − LUV relation parameters for the complete better QSO

sample are model dependent as well as redshift dependent. This means that some of the QSOs

in the complete sample are not standardizable through the LX − LUV relation. In this paper, we

analyse the individual QSO sub-samples, as well as some combinations of these sub-samples, in an

attempt to determine which QSO sub-samples are more responsible for the problem we discovered

in Khadka and Ratra (2021). In addition to the larger individual sub-samples of Table 7.2, we also

consider combinations of sub-samples that are listed in Table 7.3. In all, we study 11 different QSO

sub-samples, the eight sub-samples listed in Table 7.3 and the SDSS-4XMM, SDSS-Chandra, and

XXL sub-samples of Table 7.2.

In this paper, we also use constraints on cosmological parameters obtained from joint analyses

of 11 BAO and 31 H(z) measurements to compare with the cosmological constraints obtained using

the QSO sub-groups. These data are described in Khadka and Ratra (2021).

4For some of the QSOs at z < 0.7 in the 2421 QSO sample the 2500 Å UV flux was determined by extrapolation
from the optical which is less reliable because of possible host-galaxy contamination (Lusso et al., 2020) and so these
QSOs are excluded from the 2036 QSO sample.
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Table 7.3: Combinations of subsets of better QSO (2036 QSOs) data.

Data set Redshift range Number of QSOs
SDSS-4XMM-la 0.703 ≤ z ≤ 1.4615 678
SDSS-4XMM-hb 1.4655 ≤ z ≤ 3.412 677
Chandra + Newton-3 0.7031 ≤ z ≤ 3.981 556
High-z + Newton-4 4.01 ≤ z ≤ 7.5413 36
Chandra + XXL 0.7031 ≤ z ≤ 3.981 618
Chandra + High-z + Newton-4 0.7031 ≤ z ≤ 7.5413 578
Chandra + XXL + Newton-3 0.7031 ≤ z ≤ 3.981 632
QSOc 0.7031 ≤ z ≤ 7.5413 668

a Lower z half of SDSS-4XMM.
b Higher z half of SDSS-4XMM.
c SDSS-Chandra + XXL + High-z + Newton-3 + Newton-4.

7.3 Methods

The non-linear LX − LUV relation relates the X-ray and UV luminosities of selected QSOs. This

relation is

log(LX) = β + γ log(LUV), (7.1)

where log = log10 and γ and β are free parameters to be measured from the data.

If we express luminosities in terms of fluxes, eq. (7.1) becomes

log(FX) = β + (γ − 1) log(4π) + γ log(FUV) + 2(γ − 1) log(DL). (7.2)

Here FX and FUV are the quasar X-ray and UV fluxes and DL(z, p) is the luminosity distance. The

luminosity distance can be computed in each cosmological model at a given redshift z and for a

given set of cosmological model parameters p and is given in eq. (1.49).

Once we compute predicted X-ray fluxes using eqs. (1.49) and (7.2) in a given model, we

compare these predicted fluxes with observations by using the likelihood function (D’Agostini,

2005)

ln(LF) = −
1
2

N∑
i=1

 [log(Fobs
X,i ) − log(F th

X,i)]
2

s2
i

+ ln(2πs2
i )

 . (7.3)

Here ln = loge, s2
i = σ

2
i + δ

2, where σi and δ are the measurement error on the observed flux Fobs
X,i
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Table 7.4: Non-zero flat prior parameter ranges.

Parameter Prior range
Ωbh2 [0, 1]
Ωch2 [0, 1]
Ωm0 [0, 1]
Ωk0 [−2, 2]
ωX [−5, 0.33]
α [0, 10]
δ [0, 10]
β [0, 11]
γ [−5, 5]

and the global intrinsic dispersion5 respectively, and F th
X,i(p) is the predicted flux at redshift zi. In the

LX − LUV relation, β and H0 are degenerate so QSO data alone cannot constrain H0. We allow H0 to

be a free parameter to determine the complete allowed range of β. To avoid the QSO data circularity

problem we simultaneously determine the LX −LUV relation parameters and the cosmological model

parameters when analyzing data. By studying a number of different cosmological models we are

able to determine whether the LX − LUV relation parameters are independent of the cosmological

model in which they were measured. If the parameters of the LX − LUV relation depend on the

cosmological model then the corresponding QSOs are not standardized candles and so cannot be

used for cosmological parameter estimation.

The BAO + H(z) data constraints used in this paper are from Khadka and Ratra (2021). A

detailed description of the method used for these data is given in Sec. 4 of Khadka and Ratra (2021).

We use the Markov chain Monte Carlo (MCMC) method, as implemented in the MontePython

code (Brinckmann and Lesgourgues, 2019), to perform the likelihood analyses. For each free

parameter, we use the Gelman-Rubin criterion (R − 1 < 0.05) to determine the convergence of the

MCMC chains. For each of the free parameter we use a flat prior non-zero over the range listed in

Table 7.4.
5The intrinsic dispersion of the LX−LUV relation quantifies unaccounted errors in the measurements. The larger value

of the intrinsic dispersion for current QSO data is one of the reasons they are unable to provide precise cosmological
constraints. The source of this dispersion is unknown and could include quasar variability and unknown systematics in
the measurements (Risaliti and Lusso, 2015).
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7.4 Results

The BAO + H(z) data results are listed in Table 7.5. These are from Khadka and Ratra (2021) and

are discussed in Sec. 5.3 of that paper. In this paper we use these BAO + H(z) results to compare

with the cosmological constraints obtained using the QSO sub-group samples to see whether the

QSO sub-group sample results are consistent or not with the better-established BAO + H(z) ones.

These BAO + H(z) results are shown in red in all figures. Results for QSO sub-group samples

are given in Table 7.5. The QSO one-dimensional likelihood distributions and two-dimensional

likelihood contours are shown in blue or green in Figs. 7.1–7.10.

The LX − LUV relation parameters values depend on the QSO data sub-set studied. The intercept

β ranges from 7.290+0.400
−0.400 to 10.240+0.600

−0.600. The minimum value is obtained using the SDSS-4XMM

QSO sample in the flat ΛCDM case while the maximum value is obtained using the SDSS-4XMM-h

sample (the higher redshift half of the SDSS-4XMM sub-set) in the non-flat XCDM case. The

difference between maximum and minimum values is 4.1σ and statistically significant. The slope γ

ranges from 0.536+0.012
−0.019 to 0.630+0.013

−0.013. The minimum value is obtained using the SDSS-4XMM-h

QSO sample in the non-flat XCDM case while the maximum value is obtained using the SDSS-

4XMM QSO sample in the spatially-flat ΛCDM model. The difference between maximum and

minimum values is 5.3σ and statistically significant. The intrinsic dispersion (δ) is the third free

parameter of the LX − LUV relation. For all data sub-sets, values of δ lie in the range ∼ 0.2–0.24.

The SDSS-4XMM and SDSS-Chandra sub-samples are large sub-sets containing 1355 and 542

QSOs respectively, and when one of these sub-groups is part of the data under analysis it effectively

determines the LX − LUV relation parameter values.

For the SDSS-4XMM QSOs, comparing β and γ values listed in the last two columns of Table 7.5

for each of the six cosmological models, we see that these are significantly model-dependent. This

means that the LX − LUV relation for the SDSS-4XMM QSOs depends on the cosmological model in

which it is estimated. This indicates that current SDSS-4XMM QSOs are not standardizable through

the LX − LUV relation and so cannot be used for cosmological parameter estimation purposes. This

is similar to the result found in Khadka and Ratra (2021) for the complete QSO sample. Given that

the SDSS-4XMM sub-set is by far the largest QSO sub-set, our finding here establishes that the
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SDSS-4XMM sub-set is a significant driver of the earlier result for the complete QSO compilation

(Khadka and Ratra, 2021). The SDSS-4XMM QSO sample quantitative differences between β and

γ values for different pairs of cosmological model are listed in Table 7.6. The difference between

γ values (∆γ) from model to model ranges over (0 − 3.54)σ which is statistically significant. The

difference between β values (∆β) from model to model ranges over (0− 3.82)σ which is statistically

significant.

In an attempt to track down the cause of this effect, we divide SDSS-4XMM QSOs into two

sub-sets, the lower redshift half, SDSS-4XMM-l, with QSOs at z ≤ 1.4615 and the higher redshift

half, SDSS-4XMM-h, with QSOs at z > 1.4615. For a given cosmological model, these two data

sub-sets give different β and γ values. The differences in β and γ values for the two data sub-sets,

for six different cosmological models, are listed in Table 7.7. In the six models, the difference

between γ values (∆γ) range over (1.55 − 2.50)σ and that between β values (∆β) range over

(1.62 − 2.14)σ. These are statistically significant and show that in their current form SDSS-4XMM

QSOs in different redshift regions follow different LX − LUV relations. Whether this is because

the SDSS-4XMM QSO LX − LUV relation physically evolves, or some other effect causes this,

remains to be established. Another possibly significant result of our analyses of these lower and

higher redshift sub-sets is that both low and high z SDSS-4XMM QSOs follow model-independent

(but different) LX − LUV relations. This can be seen from Tables 7.8 and 7.9. This indicates that

narrower-redshift bins of SDSS-4XMM QSOs obey model-independent LX − LUV relations and that

possibly the model-dependency and the redshift-dependency of β and γ values for these are related.
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For the SDSS-4XMM QSOs, beside the model- and redshift-dependent β and γ values, in the

flat models especially, as shown in Fig. 7.1, these QSO data strongly favor currently decelerating

cosmological expansion, contradicting constraints from most other cosmological data. Figure 7.1

also shows that even when the SDSS-4XMM constraints are consistent with currently accelerating

cosmological expansion they pick out a different part of parameter space compared to what is

favored by BAO + H(z) data. Figure 7.2 shows that the lower and higher redshift halves of the

SDSS-4XMM sub-sample result in somewhat different cosmological constraints.

For the SDSS-Chandra QSOs, which is the second largest sub-sample, comparing β and γ

values for each of the six cosmological models, we see that these β and γ values are almost model-

independent. For these QSOs, quantitative differences between β and γ values for different pairs of

cosmological models are listed in Table 7.10. The difference between γ values (∆γ) from model

to model ranges over (0.04 − 0.96)σ while that between β values (∆β) ranges over (0.01 − 0.99)σ,

both of which are almost statistically insignificant. This shows that SDSS-Chandra QSOs are

standardizable via the LX − LUV relation. For the XXL QSOs, which is the third largest sub-group,

β and γ values are model-independent. For these QSOs, differences between β and γ values for

different pair of cosmological model are listed in Table 7.11 and are almost negligible. This shows

that the XXL sub-sample is standardizable through the LX − LUV relation. Figure 7.3 shows that the

SDSS-Chandra QSO constraints are largely consistent with those that follow from BAO + H(z) data,

while Fig. 7.4 shows that the much smaller XXL sub-group results in less-restrictive cosmological

constraints that are consistent with those that follow from the BAO + H(z) measurements.

We have also analysed some combinations of sub-groups to see whether these combinations

have model-independent LX − LUV relations and so can be used to measure cosmological model

parameters. Results for β and γ for these combinations of QSOs are listed in Table 7.5. From

this Table and Table 7.12, for the High-z + Newton-4 combination, β and γ values do not show

significant model-dependency. This small sub-sample of 36 QSOs results in weak cosmological

parameter constraints, see Fig. 7.5. For the larger SDSS-Chandra + XXL combination of 618 QSOs,

Table 7.13, the difference between γ values (∆γ) from model to model range over (0 − 1.04)σ and

that between β values (∆β) range over (0.01 − 1.14)σ, which are almost statistically insignificant.

The cosmological constraints from this larger sub-sample are more restrictive, and largely consistent
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Figure 7.1: One-dimensional likelihood distributions and two-dimensional likelihood contours
at 1σ, 2σ, and 3σ confidence levels using SDSS-4XMM (blue) and BAO + H(z) (red) data for
all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization, and
flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration lines.
The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.
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Figure 7.2: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using SDSS-4XMM-l (blue), SDSS-4XMM-h (green), and BAO
+ H(z) (red) data for all free parameters. Left column shows the flat ΛCDM model, flat XCDM
parametrization, and flat ϕCDM model respectively. The black dotted lines in all plots are the zero
acceleration lines. The black dashed lines in the flat XCDM parametrization plots are the ωX = −1
lines. Right column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat
ϕCDM model respectively. Black dotted lines in all plots are the zero acceleration lines. Black
dashed lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the
non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat
XCDM parametrization plots are the ωX = −1 lines.
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Figure 7.3: One-dimensional likelihood distributions and two-dimensional likelihood contours
at 1σ, 2σ, and 3σ confidence levels using SDSS-Chandra (blue) and BAO + H(z) (red) data for
all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization, and
flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration lines.
The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.
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Figure 7.4: One-dimensional likelihood distributions and two-dimensional likelihood contours at 1σ,
2σ, and 3σ confidence levels using XXL (blue) and BAO + H(z) (red) data for all free parameters.
Left column shows the flat ΛCDM model, flat XCDM parametrization, and flat ϕCDM model
respectively. The black dotted lines in all plots are the zero acceleration lines. The black dashed
lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right column shows the non-flat
ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM model respectively. Black
dotted lines in all plots are the zero acceleration lines. Black dashed lines in the non-flat ΛCDM
and ϕCDM model plots and black dotted-dashed lines in the non-flat XCDM parametrization plots
correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM parametrization plots are the
ωX = −1 lines.
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Figure 7.5: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using High-z + Newton-4 (blue) and BAO + H(z) (red) data
for all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization,
and flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration
lines. The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.

115



6.4 7.2 8.0 8.8 9.6

60
70
80

H 0

Acceleration
Deceleration

0.21

0.24

0.57
0.6

0.63
0.66

0.2 0.4 0.6 0.8

m

6.4
7.2

8
8.8
9.6

60 70 80

H0 0.2
1

0.2
4

0.5
7

0.6
0

0.6
3

0.6
6

Chandra + XXL
BAO + H(z)

6.47.28.08.89.6

3
1.5

0

X

Acc
ele

rat
ion

De
cel

era
tio

n

60
70
80

H 0

0.21

0.24

0.54
0.57

0.6
0.63
0.66

0.20.40.60.8
m0

6.4
7.2

8
8.8
9.6

3.0 1.50.0
X

60 70 80
H0 0.21

0.24
0.54

0.57
0.60

0.63
0.66

Chandra + XXL
BAO + H(z)

7 8 9 10

2
4
6
8

Acc
ele

rat
ion

De
cel

era
tio

n

60
70
80

H 0

0.21

0.24

0.54
0.57

0.6
0.63
0.66

0.20.40.60.8
m0

7
8
9

10

2 4 6 8 60 70 80
H0 0.21

0.24
0.54

0.57
0.60

0.63
0.66

Chandra + XXL
BAO + H(z)

7 8 9 10 11

1.6
0.8

0
0.8k DecelerationAcceleration

60
70
80

H 0

0.21

0.24

0.52
0.56

0.6
0.64

0.20.40.60.8
m0

7
8
9

10
11

1.60.80.00.8
k

60 70 80
H0 0.21

0.24
0.52

0.56
0.60

0.64

Chandra + XXL
BAO + H(z)

7.5 9.0 10.
5

0.8
0

0.8k0 Acceleration

Deceleration

3
1.5

0

X

Acceleration

Deceleration

60
70
80

H 0

0.21
0.24

0.52
0.56

0.6
0.64

0.2 0.4 0.6 0.8

m0

7.5
9

10.5

Acceleration
Deceleration

0.80.0 0.8
k0

3.0 1.5 0.0

X

60 70 80H0 0.2
1

0.2
4

0.5
2

0.5
6

0.6
0

0.6
4

Chandra + XXL
BAO + H(z)

7 8 9 10

1.2
0.8
0.4

0
0.4

k0 Acceleration

Deceleration

1
2
3
4

Acceleration
Deceleration

60
70
80

H 0

0.21

0.24

0.54
0.57

0.6
0.63
0.66

0.2 0.4 0.6 0.8

m0

7
8
9

10

Acceleration
Deceleration

1.20.80.40.00.4

k0

1 2 3 4 60 70 80H0 0.2
1

0.2
4

0.5
4

0.5
7

0.6
0

0.6
3

0.6
6

Chandra + XXL
BAO + H(z)

Figure 7.6: One-dimensional likelihood distributions and two-dimensional likelihood contours
at 1σ, 2σ, and 3σ confidence levels using Chandra + XXL (blue) and BAO + H(z) (red) data
for all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization,
and flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration
lines. The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.
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Figure 7.7: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Chandra + Newton-3 (blue) and BAO + H(z) (red) data
for all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization,
and flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration
lines. The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.
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Figure 7.8: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Chandra + XXL + Newton-3 (blue) and BAO + H(z) (red)
data for all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization,
and flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration
lines. The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.
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Figure 7.9: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Chandra + High-z + Newton-4 (blue) and BAO + H(z) (red)
data for all free parameters. Left column shows the flat ΛCDM model, flat XCDM parametrization,
and flat ϕCDM model respectively. The black dotted lines in all plots are the zero acceleration
lines. The black dashed lines in the flat XCDM parametrization plots are the ωX = −1 lines. Right
column shows the non-flat ΛCDM model, non-flat XCDM parametrization, and non-flat ϕCDM
model respectively. Black dotted lines in all plots are the zero acceleration lines. Black dashed
lines in the non-flat ΛCDM and ϕCDM model plots and black dotted-dashed lines in the non-flat
XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the non-flat XCDM
parametrization plots are the ωX = −1 lines.
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Figure 7.10: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Chandra + XXL + High-z + Newton-3 + Newton-4 (blue)
and BAO + H(z) (red) data for all free parameters. Left column shows the flat ΛCDM model, flat
XCDM parametrization, and flat ϕCDM model respectively. The black dotted lines in all plots are
the zero acceleration lines. The black dashed lines in the flat XCDM parametrization plots are the
ωX = −1 lines. Right column shows the non-flat ΛCDM model, non-flat XCDM parametrization,
and non-flat ϕCDM model respectively. Black dotted lines in all plots are the zero acceleration lines.
Black dashed lines in the non-flat ΛCDM and ϕCDM model plots the black dotted-dashed lines
in the non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black dashed lines in the
non-flat XCDM parametrization plots are the ωX = −1 lines.
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with those that follow from BAO + H(z) data, see Fig. 7.6. For the SDSS-Chandra + Newton-3

combination, Table 7.14, the difference between γ values (∆γ) from model to model range over

(0− 1.21)σ and that between β values (∆β) range over (0.00− 1.26)σ, which are almost statistically

insignificant. Figure 7.7 shows that the cosmological constraints from this larger sub-sample of

556 QSOs are more restrictive and largely consistent with those that follow from BAO + H(z) data.

For the SDSS-Chandra + XXL + Newton-3 combination of 632 QSOs, Table 7.15, the difference

between γ values (∆γ) from model to model range over (0.05 − 1.44)σ and that between β values

(∆β) range over (0.00 − 1.49)σ, which could both be statistically significant. This means that

the SDSS-Chandra + XXL and Newton-3 sub-samples might not be mutually consistent. Figure

7.8 shows the resulting cosmological constraints. For the SDSS-Chandra + High-z + Newton-4

combination of 578 QSOs, Table 7.16, the difference between γ values (∆γ) from model to model

range over (0.04−1.78)σ and that between β values (∆β) range over (0.00−1.89)σ, which could both

be statistically significant. This means that the SDSS-Chandra and High-z + Newton-4 sub-samples

might not be mutually consistent. The resulting joint cosmological constraints are shown in Fig. 7.9.

For the SDSS-Chandra + XXL + High-z + Newton-3 + Newton-4 combination of 668 QSOs, Table

7.17, the difference between γ values (∆γ) from model to model range over (0.00 − 2.07)σ and that

between β values (∆β) range over (0.00 − 2.16)σ, which could both be statistically significant. This

suggests that the SDSS-Chandra + XXL and High-z + Newton-3 + Newton-4 sub-samples might

not be mutually consistent. The resulting joint cosmological constraints are shown in Fig. 7.10.

While there are combinations of QSO sub-sets with model-independent LX − LUV relations,

perhaps the current best QSO LX − LUV compilation for the purpose of constraining cosmological

parameters is the z ≲ 1.5 sub-set of about half the Lusso et al. (2020) QSOs used in Khadka

and Ratra (2021) that provides relatively weak constraints which are consistent with those from

better-established cosmological probes.

7.5 Conclusion

Khadka and Ratra (2021) discovered that Lusso et al. (2020) QSO data had LX − LUV relation pa-

rameters that are cosmological-model as well as redshift dependent. These data are the compilation
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Table 7.6: LX − LUV relation parameters (and δ) differences between different models for the SDSS-
4XMM data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.47σ 3.44σ 3.53σ
Flat ΛCDM vs flat XCDM 0.14σ 0.37σ 0.33σ
Flat ΛCDM vs non-flat XCDM 0.85σ 3.54σ 3.78σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.00σ
Flat ΛCDM vs non-flat ϕCDM 0.28σ 0.94σ 0.91σ
Non-flat ΛCDM vs flat XCDM 0.71σ 3.01σ 3.16σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.09σ 0.27σ
Non-flat ΛCDM vs flat ϕCDM 0.85σ 3.44σ 3.57σ
Non-flat ΛCDM vs non-flat ϕCDM 0.57σ 2.49σ 2.62σ
Flat XCDM vs non-flat XCDM 0.71σ 3.10σ 3.40σ
Flat XCDM vs flat ϕCDM 0.14σ 0.37σ 0.33σ
Flat XCDM vs non-flat ϕCDM 0.14σ 0.56σ 0.57σ
Non-flat XCDM vs flat ϕCDM 0.85σ 3.54σ 3.82σ
Non-flat XCDM vs non-flat ϕCDM 0.57σ 2.59σ 2.87σ
Flat ϕCDM vs non-flat ϕCDM 0.28σ 0.94σ 0.92σ

Table 7.7: LX − LUV relation parameters (and δ) differences between different models and lower and
higher redshift halves of the SDSS-4XMM data set.

Model ∆δ ∆γ ∆β

Between SDSS-4XMM-l and SDSS-4XMM-h
Flat ΛCDM 2.82σ 1.58σ 1.69σ

Non-flat ΛCDM 3.15σ 2.5σ 2.14σ
Flat XCDM 2.63σ 1.55σ 1.62σ

Non-flat XCDM 3.25σ 2.31σ 2.12σ
Flat ϕCDM 2.82σ 1.58σ 1.67σ

Non-flat ϕCDM 2.93σ 1.83σ 1.87σ
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of seven different sub-samples. In this paper, we analysed these sub-groups, and some combination

of sub-groups, to try to determine which QSO sub-groups are responsible for the issues pointed out

in Khadka and Ratra (2021).

From our sub-sample analyses here it is clear that β and γ values for the large SDSS-4XMM

sub-sample are model as well as redshift dependent and that the SDSS-4XMM QSOs are responsible

for the cosmological-model-dependent LX − LUV relation found in Khadka and Ratra (2021) for the

complete Lusso et al. (2020) QSO data. This finding indicates that current SDSS-4XMM QSOs are

not standardizable candles and that this issue needs to be resolved if one is to use SDSS-4XMM

QSOs for cosmological purposes. We are not sure why these current SDSS-4XMM QSOs are not

standardizable but possibly a more careful examination of their X-ray and UV spectra might be able

to provide an explanation for this.

Additionally, when High-z + Newton-4 data are combined with other sub-samples, this results

in model-dependent β and γ parameters (see Tables 7.16 and 7.17), which indicates that the

higher-redshift High-z and Newton-4 sub-sample might be inconsistent with the lower-redshift

sub-samples.

On the other hand, analyses of other big sub-samples, SDSS-Chandra and SDSS-Chandra +

XXL, show that for these sub-samples the LX − LUV relation parameters are almost independent of

cosmological model. This indicates that current versions of these sub-samples can be standardized

via the LX − LUV relation and used for cosmological purposes. However, they provide only weak

cosmological parameter constraints, constraints consistent with those determined using data obtained

from better-established cosmological probes.

Given that some of the sub-samples can be standardized through the LX − LUV relation, it is not

impossible that a more careful study of the SDSS-4XMM sample might find an underlying issue

that when corrected makes the SDSS-4XMM QSOs a valuable cosmological probe.

Additionally SDSS-Chandra + XXL QSOs, as well as reverberation-measured Mg II radius-

luminosity relation QSOs (Khadka et al., 2021b), are standardizable candles and useful cosmological

probes, so future detection of more such quasars will help establish QSO data as a useful probe of

the as yet largely unstudied 1.5 ≲ z ≲ 4 part of cosmological redshift space.
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Table 7.8: LX − LUV relation parameters (and δ) differences between different models for the SDSS-
4XMM-l data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.10σ 0.18σ 0.18σ
Flat ΛCDM vs flat XCDM 0.00σ 0.030σ 0.04σ
Flat ΛCDM vs non-flat XCDM 0.00σ 0.24σ 0.25σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.01σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.03σ 0.02σ
Non-flat ΛCDM vs flat XCDM 0.10σ 0.15σ 0.14σ
Non-flat ΛCDM vs non-flat XCDM 0.10σ 0.05σ 0.07σ
Non-flat ΛCDM vs flat ϕCDM 0.10σ 0.18σ 0.19σ
Non-flat ΛCDM vs non-flat ϕCDM 0.10σ 0.15σ 0.16σ
Flat XCDM vs non-flat XCDM 0.00σ 0.22σ 0.21σ
Flat XCDM vs flat ϕCDM 0.00σ 0.03σ 0.05σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.00σ 0.02σ
Non-flat XCDM vs flat ϕCDM 0.00σ 0.25σ 0.26σ
Non-flat XCDM vs non-flat ϕCDM 0.00σ 0.22σ 0.23σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.03σ 0.03σ

Table 7.9: LX − LUV relation parameters (and δ) differences between different models for the SDSS-
4XMM-h data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.47σ 1.12σ 0.86σ
Flat ΛCDM vs flat XCDM 0.00σ 0.034σ 0.01σ
Flat ΛCDM vs non-flat XCDM 0.43σ 1.02σ 0.89σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.04σ 0.04σ
Flat ΛCDM vs non-flat ϕCDM 0.12σ 0.23σ 0.19σ
Non-flat ΛCDM vs flat XCDM 0.43σ 1.03σ 0.80σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.05σ 0.01σ
Non-flat ΛCDM vs flat ϕCDM 0.47σ 1.16σ 0.89σ
Non-flat ΛCDM vs non-flat ϕCDM 0.35σ 0.87σ 0.68σ
Flat XCDM vs non-flat XCDM 0.43σ 0.83σ 0.04σ
Flat XCDM vs flat ϕCDM 0.00σ 0.00σ 0.02σ
Flat XCDM vs non-flat ϕCDM 0.11σ 0.25σ 0.18σ
Non-flat XCDM vs flat ϕCDM 0.47σ 1.07σ 0.92σ
Non-flat XCDM vs non-flat ϕCDM 0.35σ 0.79σ 0.72σ
Flat ϕCDM vs non-flat ϕCDM 0.35σ 0.28σ 0.22σ
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Table 7.10: LX − LUV relation parameters (and δ) differences between different models for the
SDSS-Chandra data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.18σ 0.96σ 0.99σ
Flat ΛCDM vs flat XCDM 0.00σ 0.08σ 0.09σ
Flat ΛCDM vs non-flat XCDM 0.09σ 0.79σ 0.8σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.04σ 0.01σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.27σ 0.23σ
Non-flat ΛCDM vs flat XCDM 0.18σ 0.89σ 0.92σ
Non-flat ΛCDM vs non-flat XCDM 0.09σ 0.15σ 0.16σ
Non-flat ΛCDM vs flat ϕCDM 0.18σ 0.92σ 0.98σ
Non-flat ΛCDM vs non-flat ϕCDM 0.18σ 0.70σ 0.78σ
Flat XCDM vs non-flat XCDM 0.09σ 0.72σ 0.72σ
Flat XCDM vs flat ϕCDM 0.00σ 0.04σ 0.08σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.19σ 0.14σ
Non-flat XCDM vs flat ϕCDM 0.09σ 0.75σ 0.79σ
Non-flat XCDM vs non-flat ϕCDM 0.09σ 0.54σ 0.59σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.23σ 0.22σ

Table 7.11: LX − LUV relation parameters (and δ) differences between different models for the XXL
data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.04σ 0.07σ 0.05σ
Flat ΛCDM vs flat XCDM 0.04σ 0.06σ 0.05σ
Flat ΛCDM vs non-flat XCDM 0.04σ 0.03σ 0.00σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.07σ 0.05σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.07σ 0.05σ
Non-flat ΛCDM vs flat XCDM 0.00σ 0.01σ 0.00σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.04σ 0.05σ
Non-flat ΛCDM vs flat ϕCDM 0.04σ 0.00σ 0.00σ
Non-flat ΛCDM vs non-flat ϕCDM 0.04σ 0.01σ 0.00σ
Flat XCDM vs non-flat XCDM 0.00σ 0.03σ 0.05σ
Flat XCDM vs flat ϕCDM 0.04σ 0.01σ 0.00σ
Flat XCDM vs non-flat ϕCDM 0.04σ 0.00σ 0.00σ
Non-flat XCDM vs flat ϕCDM 0.00σ 0.04σ 0.05σ
Non-flat XCDM vs non-flat ϕCDM 0.04σ 0.03σ 0.05σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.01σ 0.00σ
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Table 7.12: LX−LUV relation parameters (and δ) differences between different models for the High-z
+ Newton-4 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.03σ 0.02σ 0.03σ
Flat ΛCDM vs flat XCDM 0.00σ 0.00σ 0.01σ
Flat ΛCDM vs non-flat XCDM 0.03σ 0.03σ 0.02σ
Flat ΛCDM vs flat ϕCDM 0.02σ 0.03σ 0.02σ
Flat ΛCDM vs non-flat ϕCDM 0.02σ 0.05σ 0.02σ
Non-flat ΛCDM vs flat XCDM 0.03σ 0.02σ 0.03σ
Non-flat ΛCDM vs non-flat XCDM 0.00σ 0.02σ 0.01σ
Non-flat ΛCDM vs flat ϕCDM 0.02σ 0.02σ 0.04σ
Non-flat ΛCDM vs non-flat ϕCDM 0.02σ 0.03σ 0.05σ
Flat XCDM vs non-flat XCDM 0.03σ 0.03σ 0.02σ
Flat XCDM vs flat ϕCDM 0.02σ 0.03σ 0.01σ
Flat XCDM vs non-flat ϕCDM 0.02σ 0.05σ 0.02σ
Non-flat XCDM vs flat ϕCDM 0.02σ 0.00σ 0.03σ
Non-flat XCDM vs non-flat ϕCDM 0.02σ 0.02σ 0.04σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.02σ 0.01σ

Table 7.13: LX − LUV relation parameters (and δ) differences between different models for the
SDSS-Chandra + XXL data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.18σ 1.04σ 1.14σ
Flat ΛCDM vs flat XCDM 0.00σ 0.04σ 0.08σ
Flat ΛCDM vs non-flat XCDM 0.09σ 0.79σ 0.92σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.01σ
Flat ΛCDM vs non-flat ϕCDM 0.00σ 0.28σ 0.27σ
Non-flat ΛCDM vs flat XCDM 0.18σ 1.01σ 1.07σ
Non-flat ΛCDM vs non-flat XCDM 0.09σ 0.15σ 0.15σ
Non-flat ΛCDM vs flat ϕCDM 0.18σ 1.04σ 1.13σ
Non-flat ΛCDM vs non-flat ϕCDM 0.18σ 0.77σ 0.88σ
Flat XCDM vs non-flat XCDM 0.09σ 0.76σ 0.85σ
Flat XCDM vs flat ϕCDM 0.00σ 0.04σ 0.07σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.24σ 0.19σ
Non-flat XCDM vs flat ϕCDM 0.09σ 0.79σ 0.90σ
Non-flat XCDM vs non-flat ϕCDM 0.09σ 0.55σ 0.67σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.28σ 0.26σ
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Table 7.14: LX − LUV relation parameters (and δ) differences between different models for the
Chandra + Newton-3 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.18σ 1.19σ 1.26σ
Flat ΛCDM vs flat XCDM 0.00σ 0.04σ 0.08σ
Flat ΛCDM vs non-flat XCDM 0.09σ 0.92σ 1.00σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.00σ
Flat ΛCDM vs non-flat ϕCDM 0.09σ 0.23σ 0.26σ
Non-flat ΛCDM vs flat XCDM 0.18σ 1.15σ 1.19σ
Non-flat ΛCDM vs non-flat XCDM 0.09σ 0.18σ 0.19σ
Non-flat ΛCDM vs flat ϕCDM 0.18σ 1.21σ 1.26σ
Non-flat ΛCDM vs non-flat ϕCDM 0.09σ 0.91σ 1.01σ
Flat XCDM vs non-flat XCDM 0.09σ 0.88σ 0.94σ
Flat XCDM vs flat ϕCDM 0.00σ 0.26σ 0.08σ
Flat XCDM vs non-flat ϕCDM 0.09σ 0.24σ 0.18σ
Non-flat XCDM vs flat ϕCDM 0.09σ 0.94σ 1.00σ
Non-flat XCDM vs non-flat ϕCDM 0.00σ 0.67σ 0.77σ
Flat ϕCDM vs non-flat ϕCDM 0.09σ 0.29σ 0.26σ

Table 7.15: LX − LUV relation parameters (and δ) differences between different models for the
SDSS-Chandra + XXL + Newton-3 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.20σ 1.44σ 1.49σ
Flat ΛCDM vs flat XCDM 0.00σ 0.09σ 0.12σ
Flat ΛCDM vs non-flat XCDM 0.09σ 1.14σ 1.21σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.05σ 0.00σ
Flat ΛCDM vs non-flat ϕCDM 0.39σ 0.34σ 0.00σ
Non-flat ΛCDM vs flat XCDM 0.19σ 1.40σ 1.39σ
Non-flat ΛCDM vs non-flat XCDM 0.09σ 0.20σ 0.17σ
Non-flat ΛCDM vs flat ϕCDM 0.20σ 1.44σ 1.49σ
Non-flat ΛCDM vs non-flat ϕCDM 0.20σ 1.07σ 1.17σ
Flat XCDM vs non-flat XCDM 0.09σ 1.09σ 1.11σ
Flat XCDM vs flat ϕCDM 0.00σ 0.05σ 0.12σ
Flat XCDM vs non-flat ϕCDM 0.00σ 0.31σ 0.22σ
Non-flat XCDM vs flat ϕCDM 0.09σ 1.13σ 1.21σ
Non-flat XCDM vs non-flat ϕCDM 0.09σ 0.79σ 0.92σ
Flat ϕCDM vs non-flat ϕCDM 0.00σ 0.35σ 0.34σ
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Table 7.16: LX − LUV relation parameters (and δ) differences between different models for the
SDSS-Chandra + High-z + Newton-4 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.38σ 1.78σ 1.89σ
Flat ΛCDM vs flat XCDM 0.00σ 0.08σ 0.10σ
Flat ΛCDM vs non-flat XCDM 0.025σ 1.67σ 1.74σ
Flat ΛCDM vs flat ϕCDM 0.09σ 0.04σ 0.00σ
Flat ΛCDM vs non-flat ϕCDM 0.09σ 0.57σ 0.51σ
Non-flat ΛCDM vs flat XCDM 0.35σ 1.70σ 1.80σ
Non-flat ΛCDM vs non-flat XCDM 0.08σ 0.10σ 0.10σ
Non-flat ΛCDM vs flat ϕCDM 0.44σ 1.78σ 1.89σ
Non-flat ΛCDM vs non-flat ϕCDM 0.27σ 1.23σ 1.35σ
Flat XCDM vs non-flat XCDM 0.25σ 1.59σ 1.66σ
Flat XCDM vs flat ϕCDM 0.09σ 0.04σ 0.10σ
Flat XCDM vs non-flat ϕCDM 0.09σ 0.48σ 0.41σ
Non-flat XCDM vs flat ϕCDM 0.33σ 1.67σ 1.74σ
Non-flat XCDM vs non-flat ϕCDM 0.17σ 1.12σ 1.22σ
Flat ϕCDM vs non-flat ϕCDM 0.18σ 0.54σ 0.51σ

Table 7.17: LX − LUV relation parameters (and δ) differences between different models for the
SDSS-Chandra + XXL + High-z + Newton-3 + Newton-4 data.

Model vs model ∆δ ∆γ ∆β

Flat ΛCDM vs non-flat ΛCDM 0.40σ 2.07σ 2.16σ
Flat ΛCDM vs flat XCDM 0.00σ 0.05σ 0.10σ
Flat ΛCDM vs non-flat XCDM 0.28σ 1.78σ 1.89σ
Flat ΛCDM vs flat ϕCDM 0.00σ 0.00σ 0.00σ
Flat ΛCDM vs non-flat ϕCDM 0.10σ 0.64σ 0.62σ
Non-flat ΛCDM vs flat XCDM 0.38σ 2.02σ 2.08σ
Non-flat ΛCDM vs non-flat XCDM 0.09σ 0.13σ 0.13σ
Non-flat ΛCDM vs flat ϕCDM 0.40σ 2.12σ 2.16σ
Non-flat ΛCDM vs non-flat ϕCDM 0.30σ 1.45σ 1.54σ
Flat XCDM vs non-flat XCDM 0.27σ 1.74σ 1.82σ
Flat XCDM vs flat ϕCDM 0.00σ 0.05σ 0.10σ
Flat XCDM vs non-flat ϕCDM 0.09σ 0.59σ 0.53σ
Non-flat XCDM vs flat ϕCDM 0.28σ 1.82σ 1.93σ
Non-flat XCDM vs non-flat ϕCDM 0.19σ 1.21σ 1.35σ
Flat ϕCDM vs non-flat ϕCDM 0.10σ 0.66σ 0.62σ
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Chapter 8

Standardizing reverberation-measured Mg

II time-lag quasars, by using the

radius-luminosity relation, and constraining

cosmological model parameters

This chapter is based on Khadka et al. (2021b).

8.1 Introduction

It is a well-established fact that our Universe is currently undergoing accelerated cosmological

expansion (Planck Collaboration, 2020; Farooq et al., 2017; Scolnic et al., 2018; eBOSS Collabora-

tion, 2021). This observational fact can be explained by general relativistic cosmological models

if we include dark energy in them. The simplest cosmological model that is consistent with this

observation is the standard spatially-flat ΛCDM model (Peebles, 1984). In this model, dark energy

in the form of the cosmological constant Λ contributes ∼ 70% of the current cosmological energy

budget, non-relativistic cold dark matter (CDM) contributes ∼ 25%, and almost all of the remaining

∼ 5% is contributed by non-relativistic baryons. This model is consistent with most observational
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data but a little spatial curvature and mild dark energy dynamics are not ruled out. So, in this paper,

in addition to the ΛCDM model, we consider two dynamical dark energy models, one being the

widely-used but physically-incomplete XCDM parametrization which parametrizes dynamical dark

energy as an X-fluid and the other is the physically-complete ϕCDM model which models dynamical

dark energy as a scalar field. In each case we consider flat and non-flat spatial hypersurfaces to also

allow for possibly non-zero spatial curvature of the Universe.1

These models are mostly tested using well-established cosmological probes such as cosmic

microwave background (CMB) anisotropy data, baryon acoustic oscillation (BAO) observations,

Hubble parameter [H(z)] measurements, and Type Ia supernova (SNIa) apparent magnitude data.

CMB anisotropy data probe the z ∼ 1100 part of redshift space and are the only high-redshift data.

BAO data probe redshift space up to z ∼ 2.3, the highest z reached by the better-established lower-

redshift probes. These are limited sets of cosmological data and a number of observationally-viable

cosmological models make very similar predictions for these probes, so to establish a more accurate

standard cosmological model and to obtain tighter cosmological parameter constraints we need to

use other astronomical data.

A significant amount of work has been done to develop new cosmological probes. This work

includes use of HII starburst galaxy observations which extend to z ∼ 2.4 (Mania and Ratra, 2012;

González-Morán et al., 2019; Chávez et al., 2014; Cao et al., 2021a; González-Morán et al., 2021;

Cao et al., 2020; Johnson et al., 2021), quasar (QSO) angular size measurements which extend to

z ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021b, 2017, 2020; Zheng et al., 2021; Lian et al., 2021),

QSO X-ray and UV flux measurements which extend to z ∼ 7.5 (Risaliti and Lusso, 2019; Khadka

and Ratra, 2020a; Risaliti and Lusso, 2015; Khadka and Ratra, 2020b; Yang et al., 2020a; Lusso

et al., 2020; Khadka and Ratra, 2022; Lian et al., 2021; Khadka and Ratra, 2021; Li et al., 2021a),

and gamma-ray burst (GRB) data that extend to z ∼ 8.2 (Samushia and Ratra, 2010; Demianski

et al., 2021; Khadka and Ratra, 2020c; Wang et al., 2016; Amati et al., 2019; Fana Dirirsa et al.,

2019; Amati et al., 2008; Khadka et al., 2021a).
1Recent observational constraints on spatial curvature are discussed in Farooq et al. (2015), Chen et al. (2016),

Rana et al. (2017), Ooba et al. (2018b,c), Yu et al. (2018), Park and Ratra (2019b,c), Wei (2018b), DES Collaboration
(2019a), Li et al. (2020), Handley (2019), Efstathiou and Gratton (2020), Di Valentino et al. (2021a), Velasquez-Toribio
and Fabris (2020), Vagnozzi et al. (2021a,b), KiDS Collaboration (2021), Arjona and Nesseris (2021), Dhawan et al.
(2021), and references therein.
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An additional new method that can be used in cosmology is based on QSOs with a measured

time delay between the quasar ionizing continuum and the Mg II line luminosity. This technique is

referred to as reverberation mapping and it makes use of the tight correlation between the variable

ionizing radiation powered by the accretion disc and the line-emission that originates in the broad-

line region (BLR) optically-thick material located farther away that efficiently reprocesses the disc

continuum radiation (Blandford and McKee, 1982). We refer to these reverberation-mapped sources

as Mg II QSOs. We use Mg II QSOs to constrain cosmological dark energy models for the following

reasons: (i) The current reasonably large number, 78, of studied Mg II QSOs at intermediate z

(Zajaček et al., 2021; Yu et al., 2021; Czerny et al., 2019; Homayouni et al., 2020; Martínez-Aldama

et al., 2020; Zajaček et al., 2020). The current Mg II QSO redshift range 0.0033 ≤ z ≤ 1.89 is more

extended, especially towards higher redshifts, than that of 117 reverberation-mapped Hβ quasars

(0.002 ≤ z ≤ 0.89; Martínez-Aldama et al., 2019). (ii) Some works using QSO X-ray and UV

flux measurements show evidence for tension with predictions of the standard spatially-flat ΛCDM

model with Ωm0 = 0.3 (Risaliti and Lusso, 2019; Khadka and Ratra, 2020b; Lusso et al., 2020;

Khadka and Ratra, 2022; Khadka and Ratra, 2021) and the Mg II QSO sample is an alternative

QSO data set that might help clarify this issue. (iii) For MgII QSOs, the UV spectrum is not

severely contaminated by starlight as is the case of QSOs where reverberation mapping has been

performed using the optical Hβ line (Bentz et al., 2013). Hence, the measured Mg II QSO flux

density at 3000 Å can be considered to largely represent the accretion-disc ionizing flux density at

this wavelength that is reprocessed by BLR clouds located at the mean distance of R = cτ, where

τ is the rest-frame time delay between the UV ionizing continuum and the broad-line material

emitting Mg II inferred e.g. by the cross-correlation function.

The reveberation-measured rest-frame time-delay of the broad UV Mg II emission line (which is

centered at 2798 Å in the rest frame) and the monochromatic luminosity of the QSO are correlated

through the radius-luminosity correlation, also known as the R − L relation, with the power-law

scaling R ∝ Lγ. Such a relation was first discovered for the broad Hβ line in the optical domain

(the Hβ rest-frame wavelength is 4860 Å; Bentz et al., 2013; Kaspi et al., 2000a; Peterson et al.,

2004), and the possibility of using such measurements to create a Hubble diagram and constrain

cosmological parameters was discussed soon afterwards (Bentz et al., 2013; Watson et al., 2011;
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Haas et al., 2011; Czerny et al., 2013). Using the Hβ broad component, initially the power-law

index γ = 0.67 ± 0.05 deviated from γ = 0.5 given by simple photoionization arguments2 (Kaspi

et al., 2005). After extending the sample by including lower-redshift sources and correcting

for host starlight contamination (Bentz et al., 2013), the updated Hβ sample yielded a slope of

γ = 0.533+0.035
−0.033, i.e. consistent with the simple photoionization theory, and a small intrinsic scatter

of only σext = 0.13 dex, which made these data attractive for cosmological applications. As the

Hβ quasar sample was enlarged by adding sources with a higher accretion rate, the overall scatter

increased significantly (Du et al., 2014, 2018; Grier et al., 2017). Using accretion-rate tracers,

such as the Eddington ratio, dimensionless accretion-rate, relative Fe II strength, or the fractional

variability, it was found that this scatter is mostly driven by the accretion rate (Martínez-Aldama

et al., 2019; Du et al., 2018; Dalla Bontà et al., 2020). Sources with a higher accretion rate have

shortened time lags with respect to the R − L relation, i.e. the higher the acrretion rate, the larger

the departure. The same trend was later confirmed for the Mg II QSO R − L relation (Zajaček et al.,

2021; Martínez-Aldama et al., 2020; Zajaček et al., 2020). The deviation could also depend on the

UV/optical SED or the amount of ionizing photons (Fonseca Alvarez et al., 2020), which, however,

is also linked directly or indirectly to the accretion rate via the thin accretion disc thermal SED,

specifically the Big Blue Bump in the standard accretion theory (BBB; Czerny and Elvis, 1987;

Karas et al., 2021).

The R − L correlation, although with a relatively large dispersion of ∼ 0.3 dex for Mg II QSOs

(Zajaček et al., 2021; Martínez-Aldama et al., 2020), in principle enables us to use reverberation-

measured Mg II QSOs to determine constraints on cosmological parameters since the time delay

measurement allows one to obtain the source absolute luminosity (see Panda et al., 2019a; Martinez

Aldama et al., 2020, for overviews). Some attempts have previously been made to use reverberation-

measured QSOs in cosmology (Martínez-Aldama et al., 2019; Czerny et al., 2021; Zajaček et al.,

2021), and so far an overall agreement has been found with the standard ΛCDM cosmological

model for Hβ QSOs (Martínez-Aldama et al., 2019), combined Hβ and Mg II sources (Czerny et al.,

2021), and Mg II QSOs alone (Zajaček et al., 2021).

2Using the definition of the ionization parameter for a BLR cloud, U = Q(H)/[4πR2cn(H)], where Q(H) is the
hydrogen-ionizing photon flux in cm−2s−1, R is the cloud distance from the continuum source, and n(H) is the total
hydrogen density. Assuming that Un(H) = const for BLR clouds in different sources, we obtain R ∝ L1/2.
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In this paper, we use 78 Mg II QSOs — the largest set of such measurements to date — to

simultaneously constrain cosmological parameters and R−L relation parameters (the intercept β and

the slope γ) in six different cosmological models. This simultaneous determination of cosmological

parameters and R − L relation parameters — done here for Mg II QSOs for the first time — allows

us to avoid the circularity problem. This is the problem of having to either assume β and γ to use

the R − L relation and data to constrain cosmological model parameters, or having to assume a

cosmological model (and parameter values) to use the measurements to determine β and γ. Since

we determine β and γ values in six different cosmological models, we are able to test whether Mg

II QSOs are standardizable candles.3 We find that the R − L relation parameters are independent

of the cosmological model in which they were derived, thus establishing that current Mg II QSOs

are standardizable candles. However, while cosmological parameter constraints obtained using

these Mg II QSOs are consistent with those obtained from most other cosmological probes, they

are significantly less restrictive. The Mg II QSO constraints are less restrictive because the R − L

relation, which is the basis of our method, has a large intrinsic dispersion (σext ∼ 0.29 dex) and

also involves two nuisance parameters, β and γ. Cosmological constraints obtained using the Mg II

QSO data set are consistent with those obtained using BAO + H(z) data, so we also analyze these

78 Mg II QSO data in conjunction with BAO + H(z) data. Results obtained from the joint analyses

are consistent with the standard spatially-flat ΛCDM model but also do not rule out a little spatial

curvature and mild dark energy dynamics.

This chapter is structured as follows. In Sec. 8.2 we describe the data sets we analyze. In Sec.

8.3 we summarize our analysis methods. In Sec. 8.4 we present our results. We conclude in Sec.

8.5. The MgII QSO data sets we use are given in Table 9.

8.2 Data

We use three different Mg II QSO compilations, as well as BAO and H(z) data. The Mg II QSO

data sets are summarized in Table 8.1, which lists the number of QSOs in each sample, and the

covered redshift range. These data are listed in Table 9 where for each source the name, z, measured

3This is one reason why we study a number of different cosmological models.

133



Table 8.1: Summary of the Mg II QSO data sets.

Data set Number Redshift range
Mg II QSO-69 69 [0.0033, 1.89]
Mg II QSO-9 9 [1.06703, 1.7496]
Mg II QSO-78 78 [0.0033, 1.89]

QSO flux for the Mg II line (F3000), and rest-frame time-delay (τ) are listed.

Mg II QSO-69 sample. This sample includes the first 69 QSOs listed in Table 9. These

data were originally analyzed and described in several publications. The Mg II QSO-69

sample contains 69 QSOs including those from the most recent Mg II Sloan Digital Sky

Survey Reverberation Mapping data set (SDSS-RM, 57 sources; Homayouni et al., 2020),

from previous SDSS-RM results (6 sources; Shen et al., 2016, where one source is included

in the more recent SDSS-RM sample), several luminous quasars, in particular CTS 252 (Lira

et al., 2018), CTS C30.10 (Czerny et al., 2019), HE 0413-4031 (Zajaček et al., 2020), and

HE 0435-4312 (Zajaček et al., 2021), and two older International Ultraviolet Explorer (IUE)

measurements of the low-luminosity QSO NGC 4151 based on two separate campaigns in

1988 and 1991 (Metzroth et al., 2006).4 The redshift range of this sample is 0.0033 ≤ z ≤ 1.89,

while the 3000 Å luminosity of QSOs in the Mg II QSO-69 sample covers four orders of

magnitude, 42.83 ≤ log10 (L3000[erg s−1]) ≤ 46.79. Both the low- and high-luminosity sources

are beneficial for better determining the R − L correlation relation. The Pearson correlation

coefficient for the whole sample is r = 0.63 with p = 5.60 × 10−9, while the Spearman

correlation coefficient is s = 0.47 with p = 4.52 × 10−5, where p expresses a two-sided

p-value.5 The RMS intrinsic scatter reaches σext ∼ 0.30 dex for the standard R − L relation,

but it drops for the highly-accreting subsample, especially for extended versions of the

R − L relation (Zajaček et al., 2021). The sample is relatively homogeneous, with ∼ 83%

of the sources coming from the most recent SDSS-RM sample (Homayouni et al., 2020)
4Since there were two campaigns, we keep both values of the rest-frame time delay. As the luminosity state changes

over time, the rest-frame time-delay adjusts accordingly, τ ∝ L1/2. The resulting virial black hole mass remains
consistent within the uncertainties since the line width behaves as ∆V ∝ L−1/4. For NGC 4151, the virial black hole
mass is MBH = (4.14 ± 0.73) × 107 M⊙ (Metzroth et al., 2006).

5The p-value relates to the hypothesis test, where the null hypothesis is that the two data sets, τ and L3000, are
uncorrelated. The p-value then estimates the probability with which these two uncorrelated data sets would yield the
correlation coefficient that was inferred here.
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and ∼ 9% of the sources from the previous SDSS-RM sample (Shen et al., 2016). This

means that for most of the sources a consistent approach was used to infer the significant

time-delay, mostly using the JAVELIN method that makes use of the damped random walk

approach in fitting the continuum light curve (Kelly et al., 2009; MacLeod et al., 2010;

Kozłowski et al., 2010; Zu et al., 2011, 2013, 2016) as well as the CREAM that uses a

random walk power spectral density prior of P( f ) ∝ f −2 for the driving ionizing continuum

(Starkey et al., 2016). The remaining sources were analyzed typically by a combination of

other methods, including a standard interpolation and discrete cross-correlation functions

(ICCF and DCF, including the z-tranformed DCF), the χ2 method, and measures of data

randomness/regularity (see Zajaček et al., 2021; Czerny et al., 2013; Chelouche et al., 2017;

Zajaček et al., 2019, for overviews and applications to data). The scatter along the RL

correlation may be systematically increased due to the uncertainties of the time-delay analysis.

For the largest SDSS-RM sample, Homayouni et al. (2020) analyzed the sample of 193

quasars in the redshift range of 0.35 < z < 1.7, where they identified 57 significant time lags

with the average false-positive rate of 11%. 24 sources out of them are further identified as

a “golden” sample with the false-positive rate of 8%. In the older SDSS-RM sample of 6

quasars, the false-positive rate is comparable, at the level of ∼ 10% − 15% for the reported

significant lags (Shen et al., 2016). For the individual sources, a combination of more methods

was typically employed to identify the consistent Mg II time delay, which was backed up by

alias mitigation using bootstrap, pair-weighting, or Timmer-Koenig light-curve modelling,

see e.g. Zajaček et al. (2021).

Mg II QSO-9 sample. This sample includes the last 9 QSOs listed in Table 9. These data are

from Yu et al. (2021). They measured 9 significant Mg II lags using the first five years of data

from the Dark Energy Survey (DES, e.g., Flaugher et al., 2015) - Australian DES (OzDES,

e.g., Lidman et al., 2020) reverberation mapping project. The measurement sample spans the

redshift range ∼ 1.1− 1.7. The lags are consistent with both the Hβ R− L relation determined

by Bentz et al. (2013) and the Mg II R − L relation of Homayouni et al. (2020). For 9 Mg II

time delays, the median false-positive rate is 4%.
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Mg II QSO-78 sample. This sample is the union of the Mg II QSO-69 and the Mg II QSO-9

samples. For the united sample, the Pearson correlation coefficient between τ and L3000 is

r = 0.63 with p = 6.68 × 10−10 and the Spearman correlation coefficient is s = 0.50 with

p = 4.06 × 10−6, hence the correlation along the R − L is slightly enhanced by adding MgII

QSO-9 to the MgII QSO-69 sample. After the sample enlargement, the RMS scatter decreases

only by ∼ 1.68% from ∼ 0.30 dex to ∼ 0.29 dex.

In this paper, we also use 31 H(z) and 11 BAO measurements. The H(z) data redshift range is

0.07 ≤ z ≤ 1.965 and the BAO data redshift range is 0.0106 ≤ z ≤ 2.33. The H(z) data are given in

Table 2 of Ryan et al. (2018) and the BAO data are listed in Table 1 of Khadka and Ratra (2021).

Cosmological constraints obtained from the Mg II QSO samples are consistent with those obtained

from the BAO + H(z) data so we also jointly analyse the Mg II QSO-78 and BAO + H(z) data sets

8.3 Methods

The R−L correlation relates the rest-frame time-delay of the Mg II broad line and the monochromatic

luminosity of the QSO. For the sources used in this paper, this correlation can be seen in Fig. 8.1.

The R − L relation is usually expressed in the form

log
(
τ

day

)
= β + γ log

(
L3000

1044 erg s−1

)
, (8.1)

where log = log10 and L3000 and τ are the monochromatic luminosity of the quasar at 3000 Å in the

rest frame in units of erg s−1 and the rest-frame time-delay of the Mg II line in units of day. Here β

and γ are the correlation model free parameters and need to be determined from the data.

The measured quantities are the time delay and the quasar flux. Expressing the luminosity in

terms of the flux we obtain

log
(
τ

day

)
= β + γ log

(
F3000

1044 erg cm−2 s−1

)
+ γ log(4π) + 2γ log

(DL

cm

)
, (8.2)

where F3000 is the measured quasar flux at 3000 Å in units of erg cm−2 s−1 and DL(z, p) is the
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Figure 8.1: R − L correlation for 78 Mg II QSOs using the flat ΛCDM model. Black crosses show
the Mg II QSO-69 sample and red crosses show the Mg II QSO-9 sample. Blue solid line is the
R − L correlation with best-fit parameter values for the QSO-78 data set. Blue and light gray shaded
regions are the 1σ and 3σ confidence regions around the best-fit R − L relation accounting only for
the uncertainties in β and γ.
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Table 8.2: Summary of the non-zero flat prior parameter ranges.

Parameter Prior range
Ωbh2 [0, 1]
Ωch2 [0, 1]
Ωm0 [0, 1]
Ωk0 [−2, 1]
ωX [−5, 0.33]
α [0, 10]
σext [0, 5]
β [0, 10]
γ [0, 5]

luminosity distance in units of cm, which is a function of z and the cosmological parameters p of

the cosmological model under study and is given by eq. (1.49).

In a given cosmological model, eqs. (1.49) and (8.2) can be used to predict the rest-frame

time-delay of the Mg II line for a quasar at known redshift. We can then compare the predicted and

observed time-delays by using the likelihood function (D’Agostini, 2005)

ln(LF) = −
1
2

N∑
i=1

 [log(τobs
X,i ) − log(τth

X,i)]
2

s2
i

+ ln(2πs2
i )

 . (8.3)

Here ln = loge, τ
th
X,i(p) and τobs

X,i (p) are the predicted and observed time-delays at redshift zi, and

s2
i = σ

2
log τobs,i

+ γ2σ2
log F3000,i

+ σ2
ext, where σlog τobs,i and σlog F3000,i are the measurement error on the

observed time-delay (τobs
X,i (p)) and the measured flux (F3000) respectively, and σext is the intrinsic

dispersion of the R − L relation.

QSO data alone cannot constrain H0 because of the degeneracy between the correlation intercept

parameter β and H0, so in this case we set H0 to 70 km s−1Mpc−1.

To determine cosmological model and R − L parameter constraints from QSO-only data, we

maximize the likelihood function given in eq. (8.3) and determine the best-fit values of all the

free parameters and the corresponding uncertainties. The likelihood analysis for each data set and

cosmological model is done using the Markov chain Monte Carlo (MCMC) method implemented in

the MontePython code (Brinckmann and Lesgourgues, 2019). Convergence of the MCMC chains

for each parameter is determined by using the Gelman-Rubin criterion (R− 1 < 0.05). For each free
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parameter we assume a top hat prior which is non-zero over the ranges given in Table 8.2.

To determine cosmological model parameter constraints from BAO + H(z) data we use the

method described in Khadka and Ratra (2021). To determine cosmological model and R− L relation

parameter constraints from QSO + BAO + H(z) data we maximize the sum of the ln likelihood

function given in eq. (8.3) and the BAO + H(z) ln likelihood function given in eqs. (12) and (13) of

Khadka and Ratra (2021).

For model comparisons, we compute the Akaike and Bayes Information Criterion (AIC and

BIC) values,

AIC =χ2
min + 2d, (8.4)

BIC =χ2
min + d ln N , (8.5)

where χ2
min = −2 ln(LFmax). Here N is the number of data points, d is the number of free parameters,

and the degree of freedom do f = N − d. AIC and BIC penalize free parameters, while χ2
min does

not, with BIC more severely penalizing larger d (than AIC does) when N ≳ 7.4, as is the case for

all data sets we consider here. We also compute the differences, ∆AIC and ∆BIC, with respect to

the spatially-flat ΛCDM model AIC and BIC values. Positive ∆AIC or ∆BIC values indicate that

the flat ΛCDM model is favored over the model under study. They provide weak, positive, and

strong evidence for the flat ΛCDM model when they are in [0, 2], (2, 6], or > 6. Negative ∆AIC or

∆BIC values indicate that the model under study is favored over the flat ΛCDM model.

8.4 Results

8.4.1 Mg II QSO-69, Mg II QSO-9, and Mg II QSO-78 data constraints

Results for the Mg II QSO-69, QSO-9, and QSO-78 data sets are given in Tables 8.3 and 8.4.

The unmarginalized best-fit parameter values are listed in Table 8.3 and the marginalized one-

dimensional best-fit parameter values and limits are given in Table 8.4. The one-dimensional

likelihood distributions and the two-dimensional likelihood contours for the Mg II QSO-69 and Mg
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Figure 8.2: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Mg II QSO-69 (blue), Mg II QSO-78 (olive), and BAO +
H(z) (red) data for all free parameters. Left panel shows the flat ΛCDM model. The black dotted
vertical lines are the zero acceleration lines with currently accelerated cosmological expansion
occurring to the left of the lines. Right panel shows the non-flat ΛCDM model. The black dotted
sloping line in the Ωk0 − Ωm0 subpanel is the zero acceleration line with currently accelerated
cosmological expansion occurring to the lower left of the line. The black dashed horizontal or
vertical line in the Ωk0 subpanels correspond to Ωk0 = 0.

II QSO-78 data sets are shown in blue and olive, respectively, in Figs. 8.2–8.4 and corresponding

plots for the Mg II QSO-9 data set are shown in blue in Figs. 8.5–8.7.

The Mg II QSO-9 data set is small and so constraints derived using these data have larger error

bars than those determined from the QSO-69 data. From Table 8.4 and Figs. 8.2–8.7, we see that the

QSO-9 and QSO-69 constraints are consistent and so it is reasonable to use the combined QSO-78

data to constrain parameters.

From Table 8.4 we see that the R − L relation parameters β and γ for each data set, QSO-9,

QSO-69, and QSO-78, have values that are independent of the cosmological model assumed in the

analysis. This validates the basic assumption of the R − L relation and means that these sources can

be used as standardizable candles to constrain cosmological model parameters. For these three data

sets, the best-fit values of β are ∼ 1.7 and the best-fit values of γ are ∼ 0.3. The Mg II R− L relation
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Figure 8.3: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Mg II QSO-69 (blue), Mg II QSO-78 (olive), and BAO +
H(z) (red) data for all free parameters. Left panel shows the flat XCDM parametrization. The black
dotted curved line in the ωX −Ωm0 subpanel is the zero acceleration line with currently accelerated
cosmological expansion occurring below the line and the black dashed straight lines correspond to
the ωX = −1 ΛCDM model. Right panel shows the non-flat XCDM parametrization. The black
dotted lines in the Ωk0 −Ωm0, ωX −Ωm0, and ωX −Ωk0 subpanels are the zero acceleration lines with
currently accelerated cosmological expansion occurring below the lines. Each of the three lines is
computed with the third parameter set to the BAO + H(z) data best-fit value given in Table 3. The
black dashed straight lines correspond to the ωX = −1 ΛCDM model. The black dotted-dashed
straight lines correspond to Ωk0 = 0.
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Figure 8.4: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Mg II QSO-69 (blue), Mg II QSO-78 (olive), and BAO
+ H(z) (red) data for all free parameters. The α = 0 axes correspond to the ΛCDM model. Left
panel shows the flat ϕCDM model. The black dotted curved line in the α −Ωm0 subpanel is the zero
acceleration line with currently accelerated cosmological expansion occurring to the left of the line.
Right panel shows the non-flat ϕCDM model. The black dotted lines in the Ωk0 −Ωm0, α−Ωm0, and
α −Ωk0 subpanels are the zero acceleration lines with currently accelerated cosmological expansion
occurring below the lines. Each of the three lines is computed with the third parameter set to the
BAO + H(z) data best-fit value given in Table 3. The black dashed straight lines correspond to
Ωk0 = 0.
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Figure 8.5: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Mg II QSO-9 (blue), and BAO + H(z) (red) data for all free
parameters. Left panel shows the flat ΛCDM model. The black dotted vertical lines are the zero
acceleration lines with currently accelerated cosmological expansion occurring to the left of the
lines. Right panel shows the non-flat ΛCDM model. The black dotted sloping line in the Ωk0 − Ωm0

subpanel is the zero acceleration line with currently accelerated cosmological expansion occurring
to the lower left of the line. The black dashed horizontal or vertical line in the Ωk0 subpanels
correspond to Ωk0 = 0.
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Figure 8.6: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Mg II QSO-9 (blue), and BAO + H(z) (red) data for all
free parameters. Left panel shows the flat XCDM parametrization. The black dotted curved line
in the ωX − Ωm0 subpanel is the zero acceleration line with currently accelerated cosmological
expansion occurring below the line and the black dashed straight lines correspond to the ωX = −1
ΛCDM model. Right panel shows the non-flat XCDM parametrization. The black dotted lines in
the Ωk0 − Ωm0, ωX − Ωm0, and ωX − Ωk0 subpanels are the zero acceleration lines with currently
accelerated cosmological expansion occurring below the lines. Each of the three lines is computed
with the third parameter set to the BAO + H(z) data best-fit value given in Table 3. The black dashed
straight lines correspond to the ωX = −1 ΛCDM model. The black dotted-dashed straight lines
correspond to Ωk0 = 0.
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Figure 8.7: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using Mg II QSO-9 (blue), and BAO + H(z) (red) data for all
free parameters. The α = 0 axes correspond to the ΛCDM model. Left panel shows the flat ϕCDM
model. The black dotted curved line in the α − Ωm0 subpanel is the zero acceleration line with
currently accelerated cosmological expansion occurring to the left of the line. Right panel shows
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are the zero acceleration lines with currently accelerated cosmological expansion occurring below
the lines. Each of the three lines is computed with the third parameter set to the BAO + H(z) data
best-fit value given in Table 3. The black dashed straight lines correspond to Ωk0 = 0.
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is thus shallower than the value predicted by the simple photoionization model (γ = 0.5). This is

not a problem from a photoionization point of view because it appears that the broad Mg II line

is emitted towards the outer part of the BLR and it exhibits a weaker response to the continuum

variation than do the Balmer emission lines (Guo et al., 2020); see however Zajaček et al. (2020)

for a significant correlation coefficient of ∼ 0.8 and the presence of the intrinsic Baldwin effect for

the luminous quasar HE 0413-4031. In addition, the Mg II line is a resonance line that is mostly

collisionally excited, while Balmer lines are recombination lines. This can qualitatively affect

the slope of the R − L relation for the Mg II line in comparison with the Balmer lines. However,

Martínez-Aldama et al. (2020) and Zajaček et al. (2021) found that by separating the sample into low

and high accretors, it is possible to recover the expected value in both cases, i.e. the slope increases

from ∼ 0.3. This result supports the existence of the R − L correlation for Mg II QSOs, which is

also consistent with the theoretical findings of Guo et al. (2020), who predict the existence of the

global Mg II R − L correlation, while the weaker response of Mg II to the continuum variations can

affect the R − L correlation slope for some individual sources, but apparently not all, or the epochs

of correlated line light curve may be interrupted by a decorrelated light curve (BLR “holidays”;

see also the study of NGC 5548; Dehghanian et al., 2019, for an example). Given that there is a

significant Mg II QSO R − L correlation, as long as there are no significant unaccounted-for errors,

an R − L relation slope ∼ 0.3 (instead of ∼ 0.5) does not invalidate the cosmological usage of Mg II

QSOs. Another free parameter of the R − L relation is the intrinsic dispersion (σext). The minimum

value of σext, ∼ 0.25 dex, is obtained using the Mg II QSO-9 data set and the maximum value of

σext, ∼ 0.3 dex, is obtained using the Mg II QSO-69 data set.

For the combined Mg II QSO-78 data, σext ∼ 0.29 dex. This is smaller than the σext ∼ 0.39

dex for the best available gamma-ray burst data set of 118 standardizable-candle GRBs spanning

0.3399 ≤ z ≤ 8.2 (Khadka et al., 2021a) and a little larger than the σext ∼ 0.24 dex for the

best available QSO X-ray and UV flux data set of 1019 standardizable-candle QSOs spanning

0.009 ≤ z ≤ 1.479 (Khadka and Ratra, 2021).

The scatter σext appears to be driven by the accretion-rate as shown by Zajaček et al. (2020) and

Zajaček et al. (2021). In principle, the scatter could partially be mitigated by adding an independent

observational quantity to the RL relation correlated with the accretion rate, see Martínez-Aldama
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et al. (2020) for the analysis using the relative Fe II strength or fractional AGN variability parameters.

This would, however, add one more nuisance parameter besides β and γ in the fitting scheme, and

the overall effect on constraining cosmological parameters needs to be studied in detail in a future

study. Furthermore, a homogeneous time-delay analysis applied to all the sources may also help to

mitigate a fraction of the scatter, especially for a larger sample, since some sources exhibit more

comparable peaks in correlation space, see e.g. Czerny et al. (2019), which creates a systematic

uncertainty in the time-delay determination.

From Figs. 8.2–8.4 we see that for the Mg II QSO-78 data set the likelihoods favor the part of

cosmological model parameter space that is consistent with currently-accelerating cosmological

expansion, with the non-flat ϕCDM model being somewhat of an outlier.

From Table 8.4, for the Mg II QSO-69 data set, the minimum value of Ωm0, 0.240+0.450
−0.170, is

obtained in the spatially-flat ΛCDM model and the maximum value of Ωm0, 0.681+0.219
−0.301, is in the

spatially non-flat ΛCDM model. These data cannot constrain Ωm0 in the flat XCDM parametrization

or the non-flat ϕCDM model. For the Mg II QSO-9 data, the value of Ωm0 is determined to be >

0.088 and > 0.126, at 2σ, in the flat and non-flat ΛCDM model respectively. These data cannot

constrain Ωm0 in the four other models. For the Mg II QSO-78 data, the minimum value of Ωm0,

0.270+0.400
−0.210, is in the flat ΛCDM model and the maximum value of Ωm0, 0.726+0.153

−0.397, is in the non-flat

ΛCDM model. These data cannot constrain Ωm0 in the flat XCDM parametrization or the non-flat

ϕCDM model. All Ωm0 values obtained using these QSO data sets are consistent with those from

BAO + H(z) data or other well-established cosmological probes such as CMB anisotropy or Type

Ia supernova measurements. In Fig. 8.8 we plot the Hubble diagram of the 78 Mg II QSOs and

this figure shows that this QSO Hubble diagram is consistent with that of a flat ΛCDM model with

Ωm0 = 0.3.

From Table 8.4 and Figs. 8.2–8.4, we see that currently-available Mg II QSO data set at most

only weak constraints on ΩΛ, Ωk0, ωX, and α.6

Table 8.3 lists, for all three QSO data sets, the values of AIC, BIC, and their differences, ∆AIC

and ∆BIC, with respect to the AIC and BIC values for the spatially-flat ΛCDM model. From the

6In the spatially non-flat ϕCDM model, Ωϕ(z, α) is obtained from the numerical solutions of the equations of motion
and its current value always lies in the range 0 ≤ Ωϕ(0, α) ≤ 1. This restriction on Ωϕ(0, α) can be seen in the non-flat
ϕCDM model plots in Figs. 8.4 and 8.7 in the form of straight-line contour boundaries in the Ωm0 −Ωk0 subpanels.
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Figure 8.8: Hubble diagram of 78 Mg II QSOs in the best-fit flat ΛCDM model. Magenta solid line
is the prediction for the best-fit flat ΛCDM model with Ωm0 = 0.27 from the Mg II QSO-78 data set.
Black and red data points are the observed distance moduli and corresponding uncertainties for the
Mg II QSO-69 and Mg II QSO-9 samples respectively in the best-fit QSO-78 flat ΛCDM model.
The blue dotted line shows the standard flat ΛCDM model with Ωm0 = 0.3.
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Figure 8.9: One-dimensional likelihood distributions and two-dimensional likelihood contours
at 1σ, 2σ, and 3σ confidence levels using Mg II QSO-78 (gray), BAO + H(z) (red), and Mg II
QSO-78 + BAO + H(z) (blue) data for all free parameters. Left panel shows the flat ΛCDM model
and right panel shows the non-flat ΛCDM model. The black dashed straight lines in the right panel
correspond to Ωk0 = 0.

AIC and BIC values, for the Mg II QSO-69 and Mg II QSO-78 data sets, the most favored case

is the non-flat XCDM parametrization while non-flat ϕCDM is least favored. From the AIC and

BIC values, for the Mg II QSO-9 data set, the most favored case is the flat ΛCDM model while the

non-flat XCDM parametrization and the ϕCDM model are least favored. From the ∆AIC values,

only in the non-flat XCDM parametrization do the Mg II QSO-69 and Mg II QSO-78 data sets

provide strong evidence against the spatially-flat ΛCDM model. From the ∆BIC values, the Mg

II QSO-69 and Mg II QSO-78 data sets provide strong evidence against only the non-flat ϕCDM

model.

8.4.2 BAO + H(z) and Mg II QSO-78 + BAO + H(z) data constraints

The BAO + H(z) data results listed in Tables 8.3 and 8.4 are from Khadka and Ratra (2021) and are

discussed in Sec. 5.3 of that paper. These BAO + H(z) results are shown in red in Figs. 8.2–8.7 and

8.9–8.11. In this paper, we use these BAO + H(z) results to compare with cosmological constraints
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Figure 8.10: One-dimensional likelihood distributions and two-dimensional likelihood contours
at 1σ, 2σ, and 3σ confidence levels using Mg II QSO-78 (gray), BAO + H(z) (red), and Mg
II QSO-78 + BAO + H(z) (blue) data for all free parameters. Left panel shows the flat XCDM
parametrization. Right panel shows the non-flat XCDM parametrization. The black dashed straight
lines in both panels correspond to the ωX = −1 ΛCDM models. The black dotted straight lines in
the Ωk0 subpanels in the right panel correspond to Ωk0 = 0.
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Figure 8.11: One-dimensional likelihood distributions and two-dimensional likelihood contours
at 1σ, 2σ, and 3σ confidence levels using Mg II QSO-78 (gray), BAO + H(z) (red), and Mg II
QSO-78 + BAO + H(z) (blue) data for all free parameters. Left panel shows the flat ϕCDM model
and right panel shows the non-flat ϕCDM model. The α = 0 axes correspond to the ΛCDM models.
The black dashed straight lines in the Ωk0 subpanels in the right panel correspond to Ωk0 = 0.

obtained from the Mg II QSO data sets to see whether the Mg II QSO results are consistent or not

with the BAO + H(z) ones. This provides us with a qualitative idea of the consistency (inconsistency)

between the Mg II QSO results and those obtained using better-established cosmological probes

which favor Ωm0 ∼ 0.3.

In Figs. 8.2–8.4 we see that the cosmological constraints from QSO-78 data and those from

BAO + H(z) data are mutually consistent. It is therefore not unreasonable to jointly analyze these

data. Since the Mg II QSO-78 data cosmological constraints are significantly less restrictive than

those that follow from BAO + H(z) data, adding the QSO-78 data to the mix will not significantly

tighten the BAO + H(z) cosmological constraints. Results from the Mg II QSO-78 + BAO + H(z)

data set are given in Tables 8.3 and 8.4. The unmarginalized best-fit parameter values are listed in

Table 8.3 and the one-dimensional marginalized best-fit parameter values and limits are given in

Table 8.4. Corresponding one-dimensional likelihood distributions and two-dimensional likelihood

contours are plotted in blue in Figs. 8.9–8.11.

153



From Table 8.4, the minimum value ofΩbh2 is found to be 0.024+0.003
−0.003 in the spatially-flat ΛCDM

model while the maximum value of Ωbh2 is 0.032+0.007
−0.004 in the spatially non-flat ϕCDM model. The

minimum value of Ωch2 is 0.081+0.018
−0.018 and is obtained in the spatially-flat ϕCDM model while the

maximum value of Ωbh2 is found to be 0.119+0.007
−0.008 in the spatially-flat ΛCDM model. The minimum

value of Ωm0 is 0.266+0.024
−0.024 in the spatially-flat ϕCDM model and the maximum value of Ωm0 is

0.299+0.015
−0.017 in the spatially-flat ΛCDM model. As expected, these results are almost identical to

those obtained using BAO + H(z) data.

From Table 8.4, in the flat ΛCDM model, the value of ΩΛ is 0.700+0.017
−0.015. In the non-flat ΛCDM

model, the value of ΩΛ is 0.675+0.092
−0.079.

For analyses that involve the BAO + H(z) data, the Hubble constant H0 is a free parameter.

From the Mg II QSO-78 + BAO + H(z) data, the minimum value of H0 is 65.2 ± 2.1 km s−1Mpc−1

in the spatially-flat ϕCDM model while the maximum value of H0 is 69.3 ± 1.8 km s−1Mpc−1 in the

spatially-flat ΛCDM model.

From Table 8.4, the values of the spatial curvature energy density parameter Ωk0 are 0.031+0.094
−0.110,

−0.120+0.130
−0.130, and −0.090+0.100

−0.120 in the non-flatΛCDM, XCDM, and ϕCDM model respectively. These

are consistent with flat spatial hypersurfaces and also with mildly open or closed ones.

From Table 8.4, in the flat XCDM parametrization, the value of the dynamical dark energy

equation of state parameter (ωX) is −0.750+0.150
−0.100 while in the non-flat XCDM parametrization ωX

is −0.700+0.140
−0.079. In the flat ϕCDM model, the scalar field potential energy density parameter (α)

is 1.510+0.620
−0.890 while in the non-flat ϕCDM model α is 1.660+0.670

−0.850. In these four dynamical dark

energy models, dynamical dark energy is favored at 1.7σ − 3.8σ statistical significance over the

cosmological constant.

From Table 8.3, from the AIC and BIC values, the most favored model is flat ϕCDM while

non-flat ΛCDM is least favored. From the ∆AIC values, all models are almost indistinguishable

from the spatially-flat ΛCDM model. From the ∆BIC values, the non-flat ΛCDM, XCDM, and

ϕCDM models provide positive evidence for the spatially-flat ΛCDM model.

154



8.5 Conclusion

In this paper, we use the R − L relation to standardize Mg II QSOs. Analyses of different Mg II

QSO data sets using six different cosmological dark energy models show that the R − L relation

parameters are model-independent and that the intrinsic dispersion of the R − L relation for the

whole Mg II QSO data set is ∼ 0.29 dex which is not very large for only 78 QSOs. So, for the first

time, we have shown that one can use the R − L relation to standardize available Mg II QSOs and

thus use them as a cosmological probe.

We determined constraints on cosmological model parameters using these Mg II QSO data and

found that these constraints are significantly weaker than, and consistent with, those obtained using

BAO + H(z) data. In Fig. 8.8 we show that the 78 Mg II QSOs have a Hubble diagram consistent

with what is expected in the standard spatially-flat ΛCDM model with Ωm0 = 0.3. This differs from

the results of the QSO X-ray and UV flux data compiled by Risaliti and Lusso (2019) and Lusso

et al. (2020).7

The constraints obtained from the joint analyses of Mg II QSO data and the BAO + H(z)

measurements are consistent with the current standard spatially-flat ΛCDM model but also do

not rule out slight spatial curvature. These data weakly favor dynamical dark energy over the

cosmological constant.

The current Mg II QSO data set contains only 78 sources and covers the redshift range 0.0033 ≤

z ≤ 1.89. Future detections of significant time-delays of the BLR emission of Mg II QSOs will

increase the number of sources over a larger redshift extent, which will further constrain the Mg II

QSO R − L relation, in particular its slope. A large increase of suitable sources is expected from the

Rubin Observatory Legacy Survey of Space and Time that will monitor about 10 million quasars in

six photometric bands during its 10-year lifetime. We hope that such an improved data set will soon

provide tighter cosmological constraints, as well as allow for a comparison with constraints from

QSO X-ray and UV flux measurements which currently are exhibiting some tension with standard

flat ΛCDM model expectations.

7Khadka and Ratra (2022); Khadka and Ratra (2021) found that only about half of the Lusso et al. (2020) QSO flux
sources, about a 1000 QSOs at z ≲ 1.5, were standardizable and that cosmological constraints from these QSOs were
consistent with what is expected in the standard ΛCDM model.
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Chapter 9

Do reverberation-measured Hβ quasars

provide a useful test of cosmology?

This chapter is based on Khadka et al. (2021c).

9.1 Introduction

The spatially-flat ΛCDM cosmological model (Peebles, 1984), with the dark energy assumed to be

a time-independent cosmological constant Λ, accounts well for many observed properties of the

Universe (see e.g. Planck Collaboration, 2020; Farooq et al., 2017; Scolnic et al., 2018; eBOSS

Collaboration, 2021). There are however some discrepancies (see e.g. Di Valentino et al., 2021b;

Perivolaropoulos and Skara, 2021), and measurements do not strongly rule out a mildly spatially

non-flat geometry or mildly dynamical dark energy models.

It is unclear whether current reports of discrepancies with spatially-flat ΛCDM implies new

physics beyond the model, or whether they just reflect an underestimate of the measurement errors.

Since the statistical errors in better-established cosmological probes are now under better control, a

significant issue is whether the systematic errors have been underestimated. The best way to test

this is to use alternate cosmological probes. Some work has already been done in this direction and

it includes the use of HII starburst galaxy observations which extend to redshift z ∼ 2.4 (Mania and
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Ratra, 2012; González-Morán et al., 2019; Mehrabi et al., 2022; Chávez et al., 2014; Cao et al.,

2021a; González-Morán et al., 2021; Cao et al., 2020, 2022; Johnson et al., 2021), quasar (QSO)

angular size measurements which probe to z ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021b, 2017, 2020;

Zheng et al., 2021; Lian et al., 2021), QSO X-ray and UV flux measurements which reach to z ∼ 7.5

(Risaliti and Lusso, 2019; Khadka and Ratra, 2020a; Risaliti and Lusso, 2015; Khadka and Ratra,

2020b; Lusso et al., 2020; Khadka and Ratra, 2022; Lian et al., 2021; Khadka and Ratra, 2021;

Zhao and Xia, 2021; Li et al., 2021a; Yang et al., 2020b; Rezaei et al., 2021; Luongo et al., 2021),1

and gamma-ray burst (GRB) data that extend to z ∼ 8.2 (Hu et al., 2021; Demianski et al., 2021;

Khadka and Ratra, 2020c; Wang et al., 2016; Amati et al., 2019; Fana Dirirsa et al., 2019; Khadka

et al., 2021a; Cao et al., 2022; Luongo et al., 2021; Wang et al., 2022b; Luongo and Muccino, 2021;

Cao et al., 2022; Cao and Ratra, 2022). Other interesting and potentially important quasar-based

methods include the parallax distance measurements (Wang et al., 2020b; Gravity Collaboration

et al., 2021) and super-Eddington quasars as standardizable candles (Wang et al., 2013; Marziani

and Sulentic, 2014; Marziani et al., 2019).

In our previous work (Khadka et al., 2021b) we focused on reverberation-mapped active galactic

nuclei (AGN) as alternate probes. This method was independently proposed by Haas et al. (2011)

and Watson et al. (2011). Soon after, an optimized strategy for higher redshifts, based not on Hβ but

on the Mg ii line was outlined by Czerny et al. (2013). The first cosmological constraints based on

this method were obtained by Martínez-Aldama et al. (2019), Zajaček et al. (2021), and Czerny

et al. (2021). The method is based on the broad-line region (BLR) radius-luminosity correlation

(hereafter R−L relation) which allows one to convert the rest-frame time delay of the broad emission

line with respect to the ionizing continuum to an absolute monochromatic luminosity of a given

source. In Khadka et al. (2021b) we derived (weak) cosmological constraints from the currently

most-complete set of 78 measurements of the Mg ii time delay with respect to the continuum for

a sample of AGN covering the redshift range between 0.0033 and 1.89. We showed that this

new probe was standardizable and so avoids the circularity problem. We used these Mg ii QSOs

alone, and in combination with baryon acoustic oscillation (BAO) and Hubble parameter [H(z)]

1In the most recent Lusso et al. (2020) QSO flux compilation, their assumed UV–X-ray correlation model is valid
only to a significantly lower redshift, z ∼ 1.5−1.7, meaning these QSOs can be used to derive only lower-z cosmological
constraints (Khadka and Ratra, 2022; Khadka and Ratra, 2021).
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chronometric measurements, and tested different cosmological models. We did not detect any

tension between the weak Mg ii cosmological constraints and the spatially-flat ΛCDM model. On

the other hand, mild dark energy dynamics or a little spatial curvature could not be excluded based

on the Mg ii quasar sample, which motivates further cosmological tests, including those based on

the R − L relation using other reverberation-measured AGN.

In the current paper we use a larger sample of 118 measurements of the time delay done using

the broad Hβ line. This sample covers a narrower redshift range, from 0.002 to 0.890, where the

lower and the upper limits correspond to the detection of the Hβ line (4861.35 Å) in the optical and

near-infrared bands (∼ 4870−9190 Å). For these Hβ QSOs, rest-frame time delays and luminosities

are correlated through the power-law R − L relation, τ ∝ Lγ (Bentz et al., 2013; Kaspi et al., 2005,

2000b), where the mean BLR radius is given by R = cτ with c being the speed of light. We can

use this correlation to standardize these QSOs or at least we can study the R − L relation to see

if it can be used to standardize Hβ QSOs. Initially, the R − L relation exhibited a small scatter of

∼ 0.1 − 0.2 around a slope of γ ∼ 0.5 (Bentz et al., 2013) when the QSO sample consisted mostly

of lower-accreting sources that exhibit a larger variability. When additional sources were included,

sources with a larger Eddington ratio that are less variable, the scatter of the R− L relation increased

considerably (Du et al., 2018; Grier et al., 2017; Du et al., 2015; Du et al., 2016a), raising the

question of whether the canonical 2-parameter R − L relation with a power-law slope around 0.5 is

valid for all sources. Analyses of the Hβ sample revealed that the scatter is largely driven by the

accretion rate and/or the UV/optical spectral energy distribution shape (Martínez-Aldama et al.,

2019; Du et al., 2018; Dalla Bontà et al., 2020; Fonseca Alvarez et al., 2020; Du et al., 2015; Du

et al., 2016a). Hence extended R−L relations were investigated with added independent observables

associated with the accretion rate, such as the iron line relative strength or the fractional variability,

to correct for the accretion-rate effect (Martínez-Aldama et al., 2020; Du and Wang, 2019).

Here we analyze these 118 Hβ sources data using the 2-parameter R − L relation in six different

cosmological models. These models include both spatially-flat and non-flat geometry as well as both

time-independent and dynamical dark energy densities. We fit cosmological model parameters and

R− L relation parameters simultaneously in a given model so our results are free from the circularity

problem if the R − L relation is independent of the cosmological model used in the analysis (as is
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the case). Current Hβ QSO data are able to provide only weak cosmological constraints and these

constraints are in ∼ 2σ tension with constraints obtained using other better-established cosmological

probes. We also used Fe ii measurements for these 118 sources in an extended 3-parameter R − L

relation hoping to find less discrepant Hβ cosmological constraints as well as a significantly smaller

value for the R − L relation intrinsic dispersion, but our results show that inclusion of a third

parameter in an extended R−L relation does not accomplish these aims. While in the case of the full

118 Hβ QSO sample, the 3-parameter R − L relation is very strongly favored over the 2-parameter

one, when we divide the sample into equal high and low RFeii subsets,2 these high and low RFeii data

subsets do not provide significant evidence for or against the 3-parameter R − L relation relative

to the 2-parameter one and so it appears that it is currently premature to draw a strong conclusion

about observational support for the 3-parameter R − L relation.

The paper is structured as follows. In Sec. 9.2 we describe the Hβ quasar data we use to constrain

cosmological model and R−L relation parameters. In Sec. 9.3 we describe the data analysis methods

we use. In Sec. 9.4 we present our results. In Sec. 9.5 we suggest possible explanations for the

Hβ cosmological constraints discrepancy, contrast our Hβ results to the previous Mg ii ones, and

discuss some future possibilities. We conclude in Sec. 9.6.

9.2 Data

In our analyses here we use 118 sources with well-established reverberation-measured time-delays

of the Hβ line with respect to the continuum and with measurements of the intensity of optical Fe ii,

expressed as the flux ratio parameter RFeii=F(Feii4434−4684Å)/F(Hβ). This sample spans redshift and

luminosity ranges of 0.002 < z < 0.89 and 41.5 < log(L5100 [erg s−1]) < 45.9, respectively. The

redshift distribution is shown in Fig. 9.1. The Hβ time delay measurements are taken from the

compilation of Martínez-Aldama et al. (2019), supplemented with measurements from Zhang (2018)

(3C 273), Huang et al. (2019) (I Zw 1), Rakshit (2020) (PKS 1510-089), and Li et al. (2021b) (PG

0923+201 and PG 1001+291). The flux at 5100 Å in the observed-frame (log F5100) was estimated

from the luminosities collected by Martínez-Aldama et al. (2019), assuming H0 = 70 km s−1 Mpc−1,

2Here RFeii is the flux ratio parameter of optical Fe ii to Hβ.
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Figure 9.1: Redshift distribution for the full (black), high-RFeii (blue), and low-RFeii (green) data
sets, see Sec. 12.2. Vertical lines correspond to the median of each distribution.

Ωm0 = 0.3, and ΩΛ = 0.7. In some cases the cosmological parameter values differ from those used

here, however the flux estimations are in agreement within the uncertainties and our results are

not influenced by the small differences (see footnote 12 below). We have indicated in Table 10 the

original cosmological parameters. References for each of the original measurements are given in

Table 10.

Several reverberation studies of broad emission lines indicate that UV and optical time-delays

show a systematic offset with the Eddington ratio3 η (Martínez-Aldama et al., 2020; Du et al., 2015;

Du and Wang, 2019). The first attempt to correct for this effect, and to try to reduce the dispersion,

was proposed by Du et al. (2016a). Later, Martínez-Aldama et al. (2019) proposed a correction
3η = Lbol/LEdd, where Lbol = 40(L5100/1 × 1042erg s−1)−0.2 and LEdd = 1.5 × 1038MBH/M⊙ (Netzer, 2019).
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Figure 9.2: Left panel: Correlation between the RFeii parameter and the Eddington ratio (η). Right
panel: offset of the observed time-delay with respect to τ from the usual 2-parameter R − L relation
(∆τ defined as ∆τ ≡ log(τ/τR−L), where τ is the observed rest-frame time delay and τR−L is the one
predicted from the 2-parameter R − L relation). In both panels, black, green, and cyan dashed lines
indicate the best-fit for the full, low-RFeii (circles symbols), and high-RFeii (triangle symbols) set,
respectively. Vertical black dot-dashed lines indicate the median RFeii value and circles (triangles)
indicate low-RFeii (high-RFeii) data points. Spearman’s rank correlation coefficient (ρ) and the
p-value for each population are also shown.

based on the accretion rate, however, their correction introduces a correlation between the accretion

rate and the time-delay that can bias the results. Here we consider the approach of Du and Wang

(2019) and Yu et al. (2020) who proposed using the observationally inferred RFeii measurements as

a proxy for the Eddington ratio, replacing the usual 2-parameter R − L relation with a 3-parameter

one. In contrast to the Eddington ratio, RFeii is independent of the time delay. For this purpose

we use the RFeii estimations of Du and Wang (2019) and Shen et al. (2019).4 Table 10 describes

the sample we use here, listing the source name, RA, DEC, redshift, flux at 5100Å (F5100), Hβ

rest-frame time-delay (τ),5 RFeii value, and literature reference.

The strong correlation between the Eddington ratio andRFeii (Boroson and Green, 1992; Marziani

et al., 2003a) motivates inclusion of RFeii in a 3-parameter R − L relation. The left panel of Fig. 9.2

4The equivalent widths of Hβ and Fe ii are taken from Shen et al. (2019) to estimate the RFeii parameter in the
SDSS-RM sources, see Table 10.

5The Hβ time-delay measurements have asymmetric error bars and in our analyses here we use the corresponding
symmetrized error bar σ = 0.5(2σ1σ2/(σ1 +σ2) +

√
σ1σ2) (Barlow, 2004) where σ1 and σ2 are the asymmetric upper

and lower error bars respectively. σ1, σ2, and σ for all sources are listed in Table 10. We used the same symmetrization
technique in Khadka et al. (2021b).
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shows the moderate correlation between these parameters in our sample (with Spearman’s rank

correlation coefficient ρ = 0.409 and p-value = 4.25×10−6).6 Another argument which supports the

inclusion of RFeii in an extended 3-parameter R − L relation is the moderate correlation (ρ = −0.423,

p-value = 1.78 × 10−6) between RFeii and the offset (∆τ) of the observed time-delay with respect to

τ predicted by the usual 2-parameter R − L relation7 (Bentz et al., 2013) shown in the right panel of

Fig. 9.2.

Martínez-Aldama et al. (2020) and Zajaček et al. (2021) divided the reverberation-measured

Mg ii objects into two groups, with low and with high Eddington ratios, and obtained a lower scatter

and a better fit for the 2-parameter R − L relation in each subpopulation. Following these results,

we have divided our Hβ sample here into two equal subgroups at the median value of RFeii (RFeii=

0.655), where sources with higher RFeii values correspond to the high accretors and vice-versa; in

what follows we call these subsamples the high-RFeii and the low-RFeii subgroups. Fig. 9.1 shows

the redshift distribution of each subset. Table 10 indicates the sources of each subgroup. The best-fit

line and the correlation coefficient for each subgroup are shown in Fig. 9.2. In the case of the high

accretors there is a significant correlation between RFeii and η, reflecting the small influence of the

orientation in high-accreting sources which mostly show a face-on orientation (Panda et al., 2019b;

Marziani et al., 2021). In the subset of low accretors the correlation is weak, which most likely

reflects the difficulties of measuring weak Fe ii contribution to the spectrum and the effect caused by

the large viewing angles (θ ∼ 5 − 50◦) found in the AGN population (Marziani et al., 2021). On the

other hand, the correlation between ∆τ and RFeii is not significant in the low- and high-RFeii subsets

according to Spearman’s rank coefficient and the p−values (right panel of Fig. 9.2).8 The slope of

the best-fit line in each subset is very similar to the one of the full sample (afull = −0.295 ± 0.057,

ahigh = −0.243 ± 0.101, alow = −0.309 ± 0.199). Taking as a reference the full sample (ρfull = 0.423,

p−value=1.8 × 10−6), the difference in the slope for the low- and high-RFeii subsets is 0.02σ and

6A value of ρ > 0.5(< −0.5) would imply strong correlation (anticorrelation), while the probability p < 5 × 10−2

implies that the correlation or anticorrelation, despite being not too strong, is nevertheless highly significant.
7Defined as ∆τ ≡ log(τ/τR−L), where τ is the observed rest-frame time delay and τR−L is the time-delay predicted

from the 2-parameter R − L relation.
8Although there is a moderate correlation in the full set, the intercept of the best-fit line has a large uncertainty

[∆τ = (0.02± 0.05)+ (−0.29± 0.06)RFeii], which is also observed in the best-fit lines of the high [∆τ = (−0.04± 0.11)+
(−0.24 ± 0.10)RFeii] and low [∆τ = (0.04 ± 0.09) + (−0.31 ± 0.20)RFeii] RFeii data subsets, with fewer sources and so
possibly weaker correlations.
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0.45σ, respectively, which are not statistically significant. This suggests that the relation given by

the full sample is consistent with the ∆τ-RFeii relations in the low- and high-RFeii subsets, however,

the weak correlations seen in the two 59-source subsets likely have an effect on the results of the

analyses, see Sec. 9.4 and 9.5.

In addition to Hβ QSO data, we also use 11 BAO observations and 31 H(z) measurements in

our analyses here. These BAO and H(z) data are given in Table 1 of Khadka and Ratra (2021) and

Table 2 of Ryan et al. (2018). We use BAO + H(z) data results as a proxy for the better-established

cosmological probe results and compare them with those from Hβ QSO data to determine whether

or not the QSO data results are consistent with better-established data results.

9.3 Methods

For an Hβ QSO the rest-frame time-delay of the Hβ line and the QSO luminosity are related through

the R − L relation (Bentz et al., 2013)

log
(
τ

day

)
= β + γ log

(
L5100

1044 erg s−1

)
, (9.1)

where log = log10, τ is the rest-frame time-delay of the Hβ line in units of day, L5100 is the

monochromatic luminosity of the quasar at 5100 Å in units of erg s−1, and the intercept β and

the slope γ must be determined from data. In what follows we refer to Hβ data analyses that are

based on the 2-parameter R − L relation as Hβ QSO-118, or Hβ high-RFeii, or Hβ low-RFeii analyses,

depending on the data subgroup used.

In our analyses, in addition to the 2-parameter R − L relation given in eq. (9.1), we consider an

extended 3-parameter R − L relation in an attempt to correct for the accretion rate effect observed in

the 2-parameter R − L relation (see Sec. 12.2 and Martínez-Aldama et al., 2020 for further details),

and thus to try to reduce the intrinsic dispersion and tighten the cosmological constraints. The

3-parameter R − L relation is

log
(
τ

day

)
= β + γ log

(
L5100

1044 erg s−1

)
+ kRFeII, (9.2)
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(Du and Wang, 2019) where k is the third free parameter associated with the intensity of the optical

Fe ii flux ratio parameter RFeii and must be determined from data. Note an important difference

between our older paper (Martínez-Aldama et al., 2020) and the current one: eq. (9.2), which is

eq. (5) in Du and Wang (2019), assumes a dependence log τ ∝ RFeII, while Martínez-Aldama et al.

(2020) assumed log τ ∝ logRFeII, or equivalently, τ = KLγ5100R
k
FeII. In what follows, we refer to Hβ

data analyses that are based on the 3-parameter R − L relation as Hβ QSO-118′, or Hβ′ high-RFeii,

or Hβ′ low-RFeii analyses, depending on the data subgroup used.

The luminosity can be expressed in terms of flux as

L5100 = 4πD2
LF5100 (9.3)

where F5100 is the measured quasar flux at 5100 Å in units of erg cm−2 s−1, and DL(z, p), a function

of z and cosmological parameters p, is the luminosity distance in units of cm and is given by eq.

(1.49).

For quasars at known redshifts, rest-frame time-delays in a given cosmological model can

be predicted using eqs. (9.1) or (9.2), as well as (1.49) and (9.3). Cosmological model and

correlation relation parameters can then be constrained by comparing these predicted time-delays

with corresponding measured time-delays using the log likelihood function (D’Agostini, 2005)

ln(LF) = −
1
2

N∑
i=1

 [log(τobs
X,i ) − log(τth

X,i)]
2

s2
i

+ ln(2πs2
i )

 . (9.4)

Here ln = loge, τ
th
X,i(p) and τobs

X,i are the predicted and observed time-delays at measured redshift zi.

In the 2-parameter R − L relation case, s2
i = σ

2
log τobs,i

+ γ2σ2
log F5100,i

+ σ2
ext, while in the 3-parameter

R − L relation case, s2
i = σ

2
log τobs,i

+ γ2σ2
log F5100,i

+ k2σ2
RFeII,i
+ σ2

ext, where σlog τobs,i, σlog F5100,i, and

σRFeII,i are the measurement error on the observed time-delay (τobs
X,i ), measured flux (F5100,i), and

measured RFeii,i respectively. σext is the intrinsic dispersion of the R − L relation.

Cosmological constraints from the BAO + H(z) data are taken from Khadka and Ratra (2021)

and we refer the reader to that paper for a description of the derivation of these constraints and a

detailed discussion of these constraints.
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Table 9.1: Summary of the non-zero flat prior parameter ranges.

Parameter Prior range
Ωbh2 [0, 1]
Ωch2 [0, 1]
Ωm0 [0, 1]
Ωk0 [−2, 1]
ωX [−5, 0.33]
α [0, 10]
σext [0, 5]
β [0, 10]
γ [0, 5]
k [−10, 10]

We maximize the log likelihood function given in eq. (9.4) by using the Markov chain Monte

Carlo (MCMC) sampling method as implemented in the MontePython code (Brinckmann and

Lesgourgues, 2019). Best-fit value and corresponding uncertainty of each free parameter are

determined from analyses of the MCMC chains by using the Python package Getdist (Lewis,

2019), which we also use to plot the likelihoods. Convergence of the MCMC chains for each free

parameter is confirmed by requring that the Gelman-Rubin criterion (R − 1 < 0.05) be satisfied. We

use a flat prior for each parameter, with non-zero prior ranges listed in Table 9.1. The QSO data

we use here cannot constrain H0 because there is a degeneracy between β and H0, so in QSO data

analyses here we set H0 to 70 km s−1Mpc−1.

For the comparison of different cosmological models and for the comparison of the different

R − L relations, we compute the Akaike and the Bayesian information criterion (AIC and BIC)

values. The AIC and the BIC values are defined as

AIC = − 2 ln(LFmax) + 2d, (9.5)

BIC = − 2 ln(LFmax) + d ln N , (9.6)

where LFmax is the maximum likelihood value, N is the number of measurements, and d is the

number of free parameters, with do f = N − d being the degrees of freedom. We also compute

∆AIC and ∆BIC differences of the 3-parameter R− L with respect to the corresponding 2-parameter

R − L reference model. ∆AIC(BIC) ∈ [0, 2] is weak evidence in favor of the 2-parameter reference
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model, ∆AIC(BIC) ∈ (2, 6] is positive evidence for the reference model, ∆AIC(BIC) > 6 is strong

evidence for the reference model, and ∆AIC(BIC) > 10 is very strong evidence for the reference

model. Negative values of ∆AIC or ∆BIC indicate that the model under investigation fits the data

better than the reference model.
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9.4 Results

Results from the 2-parameter R − L relation Hβ QSO-118, Hβ low-RFeii, and Hβ high-RFeii analyses

and from the 3-parameter R − L relation Hβ QSO-118′, Hβ′ low-RFeii, and Hβ′ high-RFeii analyses

are given in Tables 9.2 and 9.3. The unmarginalized best-fit parameter values are listed in Table

9.2 and the marginalized one-dimensional best-fit parameter values and limits are given in Table

9.3.9 Corresponding one-dimensional likelihood distributions and two-dimensional likelihood

contours for different cosmological models are plotted in Figs. 9.3–9.7. The Hβ QSO-118 sample is

currently the most complete sample of reliable reverberation-measured quasars with reliable RFeii

measurements. There are three additional quasars with Hβ time delays,10 however they are not

considered in the analysis because the RFeii value for SDSS J141955 is not unreliable, MCG+06-26-

012 has a relatively low sampling cadence, and MCG+06-30-015 is affected by reddening (Du and

Wang, 2019).

Results from BAO + H(z) data are given in Table 9.3. We use the BAO + H(z) cosmological

constraints to compare to those determined from Hβ QSO data. This comparison allows us to draw

a qualitative idea of whether or not the Hβ QSO constraints are consistent with those derived from

better-established cosmological data which favor Ωm0 = 0.3.

9.4.1 R − L correlation relation parameter measurements

The derivation of cosmological constraints from these Hβ QSO data depends on the validity of the

assumed R− L correlation relation. As discussed next, for both the 2-parameter and the 3-parameter

R−L relation, the R−L relation parameter (β, γ, and k) values measured using the complete Hβ data

9We noted in the first paragraph of Sec. 3 that for some of the data points we assumed slightly different cosmolog-
ical parameter values, when converting from monochromatic luminosities to flux densities, in comparison with the
cosmological parameters used in the original papers. To quantify the differences that are caused by assuming slightly
different flat ΛCDM parameters, we analyzed the flat ΛCDM model using the correct Hβ QSO-118 data set (adopting
the original cosmological parameters), finding Ωm0 > 0.334, ΩΛ < 0.666, σext = 0.237+0.018

−0.022, β = 1.349 ± 0.029, and
γ = 0.421 ± 0.031, i.e. the differences with respect to the results shown in the first line of Table 9.3 are negligible.

10We also performed 2-parameter R − L analyses with 121 sources, now also including J141955, MCG +06-26-012,
and MCG +06-30-015, in addition to the 118 sources in Table 10. We used both uncorrected time delays and time
delays corrected with respect to the canonical R − L relation; see Martínez-Aldama et al. (2019) for the methodology
used for the correction which introduces a bias and so we do not present these results. The uncorrected 121 sources
cosmological constraints are quite similar to those from the Hβ QSO-118 sample, as expected.
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set, or measured using the high-RFeii or low-RFeii data subsets, are almost completely independent

of the cosmological model used in the analysis. This indicates that the Hβ QSOs are standardizable

through the R − L relation. There are, however, potential complications, to be discussed below.

From Table 9.3, for the 2-parameter Hβ QSO-118 data set, in all cosmological models, the

values of β lie in the range 1.341+0.027
−0.029 to 1.377+0.044

−0.036 and the values of γ lie in the range 0.411+0.030
−0.030 to

0.428+0.033
−0.032. The difference between the largest and the smallest central values of β is 0.80σ (of the

quadrature sum of the two error bars) while this difference for γ values is 0.39σ, both of which are

not statistically significant. For the 3-parameter Hβ QSO-118′ data set, in all cosmological models,

the values of β lie in the range 1.532+0.050
−0.052 to 1.571+0.063

−0.058, the values of γ lie in the range 0.437+0.029
−0.028 to

0.452+0.034
−0.031, and the values of k lie in the range −0.259+0.062

−0.063 to −0.257+0.063
−0.062. The difference between

the largest and the smallest central values of β is 0.51σ while this difference for γ values and k

values is 0.35σ and 0.02σ, respectively, and again these are not statistically significant.

We see from Table 9.3, and especially from Fig. 9.3, that the most significant change in going

from the 2-parameter to the 3-parameter R − L relation when analyzing the full 118 sources data

set is the ∼ 15% increase in the value of the intercept β and an almost doubling of the β error bars,

which can be attributed to the degeneracy between β and k, see Fig. 9.3.

A simple photoionization theory predicts a slope of γ = 0.5 (Kaspi et al., 2005; Karas et al., 2021;

Netzer and Laor, 1993; Czerny and Hryniewicz, 2011; Netzer, 2013)11 but we measure different,

generally smaller values for γ. Quantitatively, in the 2-parameter R − L relation case (Hβ QSO-118

data) our measured values of γ are (2.18 − 2.97)σ lower than the prediction of the photoionization

theory, while in the 3-parameter R − L relation case (Hβ QSO-118′ data) our measured values of

γ are (1.41 − 2.17)σ lower than the prediction of the photoionization theory. It appears that the

inclusion of the third parameter k in the R − L relation partially corrects for the Eddington-ratio

effect and increases the measured values of γ, which are then more compatible with the simple

photoionization theory prediction, but there still are discrepancies which raise the question of

whether a simple photoionization theory provides an adequate description of Hβ emission lines,

11The slope of γ = 0.5 simply stems from the assumption that the BLR in each galaxy is characterized by the same
constant ionization parameter, U = Q(H)/[4πR2

BLRn(H)c] and the BLR clouds, which are located at the distance of
RBLR from the ionizing source, have a comparable hydrogen number density n(H). Since the hydrogen photon-ionizing
flux Q(H) =

∫ +∞
νi

Lν/(hν)dν ∝ Lν, then the assumption Un(H) = constant leads to RBLR ∝ L1/2
ν .
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at least for the whole Hβ quasar sample. The smaller slope may be due to several factors. As we

show later, the smaller γ is mostly exhibited by high-RFeii sources, i.e. higher accretors, which

are more prone to reach ionization saturation for a given luminosity range in comparison with

lower accretors (Guo et al., 2020), and hence the increase in luminosity leads to a slower increase

in the BLR distance. In addition, there may be additional factors determining the slope of the

R − L relation, namely differences in the spatial distribution of the line-emitting gas or the transfer

function (Robinson, 1995), viewing angle as well as the spectral energy distribution shape (Wandel,

1997), and occasionally, such as for NGC 5548, Hβ variability is temporarily decoupled from the

continuum variability — so-called BLR holidays (Dehghanian et al., 2019).

For the 2-parameter R − L relation inferred using the low-RFeii data subset, in all cosmological

models, the values of β lie in the range 1.439+0.034
−0.037 to 1.475+0.050

−0.044 and the values of γ lie in the range

0.460+0.039
−0.038 to 0.478+0.041

−0.039. The difference between the largest and the smallest central values of β is

0.65σ while this difference for γ values is 0.33σ and these differences are not statistically significant.

For the 2-parameter R − L relation obtained using the Hβ high-RFeii data subset, in all cosmological

models, the values of β lie in the range 1.239+0.037
−0.040 to 1.263+0.050

−0.045 and the values of γ lie in the range

0.369+0.043
−0.041 to 0.380+0.045

−0.044. The difference between the largest and the smallest central values of β

is 0.41σ while this difference for γ values is 0.18σ and these differences are also not statistically

significant. There are, however, differences between β and γ values obtained using the 2-parameter

R − L relation based on Hβ low-RFeii and high-RFeii data subsets and these differences can be seen

in Fig. 9.4 and they are listed in Table 9.4. From Table 9.4, in all six cosmological models, the

difference in β values (∆β) lies in the range (3.18 − 4.06)σ which is statistically significant and the

difference in γ values (∆γ) lies in the range (1.59− 1.65)σ which could be statistically significant.12

These differences show that Hβ low-RFeii and Hβ high-RFeii QSOs obey different 2-parameter R − L

correlation relations.

For the extended, 3-parameter R − L relation obtained based on the low-RFeii data subset, in

all cosmological models, the values of β lie in the range 1.570+0.103
−0.100 to 1.589+0.102

−0.103, the values of

γ lie in the range 0.464+0.039
−0.040 to 0.478+0.043

−0.041, and the values of k lie in the range −0.322+0.225
−0.224 to

12We emphasize that these computations assume that the β and γ (as well as k) values are uncorrelated, which is not
correct, and so the ∆β and ∆γ (as well as ∆k) values listed in Tables 9.4 and 9.5 must be viewed as qualitative indicators
of the differences.
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Figure 9.3: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using 3-parameter Hβ QSO-118′ (blue), 2-parameter Hβ QSO-118
(green), and BAO + H(z) (red) data for all free parameters. Left column shows the flat ΛCDM
model, flat XCDM parametrization, and flat ϕCDM model respectively. The black dotted lines in
all plots are the zero acceleration lines. The black dashed lines in the flat XCDM parametrization
plots are the ωX = −1 lines. Right column shows the non-flat ΛCDM model, non-flat XCDM
parametrization, and non-flat ϕCDM model respectively. Black dotted lines in all plots are the zero
acceleration lines. Black dashed lines in the non-flat ΛCDM and ϕCDM model plots and black
dotted-dashed lines in the non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black
dashed lines in the non-flat XCDM parametrization plots are the ωX = −1 lines.
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Figure 9.4: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using 2-parameter Hβ high-RFeii (blue), 2-parameter Hβ low-RFeii

(green), and BAO + H(z) (red) data for all free parameters. Left column shows the flat ΛCDM
model, flat XCDM parametrization, and flat ϕCDM model respectively. The black dotted lines in
all plots are the zero acceleration lines. The black dashed lines in the flat XCDM parametrization
plots are the ωX = −1 lines. Right column shows the non-flat ΛCDM model, non-flat XCDM
parametrization, and non-flat ϕCDM model respectively. Black dotted lines in all plots are the zero
acceleration lines. Black dashed lines in the non-flat ΛCDM and ϕCDM model plots and black
dotted-dashed lines in the non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black
dashed lines in the non-flat XCDM parametrization plots are the ωX = −1 lines.
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Table 9.4: Two-parameter R − L relation parameters (and
σext) differences, in various cosmological models, for the
Hβ low-RFeii and Hβ high-RFeii data sets.

Model ∆σext ∆γ ∆β

Flat ΛCDM 0.44σ 1.60σ 3.91σ
Non-flat ΛCDM 0.43σ 1.59σ 3.82σ
Flat XCDM 0.46σ 1.60σ 3.76σ
Non-flat XCDM 0.46σ 1.65σ 3.18σ
Flat ϕCDM 0.44σ 1.59σ 4.06σ
Non-flat ϕCDM 0.43σ 1.59σ 4.06σ

Table 9.5: Three-parameter R − L relation parameters (and
σext) differences, in various cosmological models, for the Hβ′

low-RFeii and Hβ′ high-RFeii data sets.

Model ∆σext ∆γ ∆β ∆k
Flat ΛCDM 0.46σ 1.21σ 1.10σ 0.64σ
Non-flat ΛCDM 0.72σ 1.23σ 1.18σ 0.73σ
Flat XCDM 0.47σ 1.22σ 1.09σ 0.62σ
Non-flat XCDM 0.44σ 1.18σ 0.97σ 0.46σ
Flat ϕCDM 0.43σ 1.21σ 1.06σ 0.58σ
Non-flat ϕCDM 0.46σ 1.21σ 1.06σ 0.58σ

−0.266+0.223
−0.229. The difference between the largest and the smallest central values of β is 0.13σ while

this difference for γ and k values is 0.25σ and 0.17σ, respectively, and these differences are not

statistically significant. For the 3-parameter R − L relation inferred using Hβ′ high-RFeii data subset,

in all cosmological models, the values of β lie in the range 1.378+0.128
−0.122 to 1.425+0.135

−0.126, the values

of γ lie in the range 0.387+0.048
−0.045 to 0.401+0.051

−0.047, and the values of k lie in the range −0.152+0.113
−0.109 to

−0.136+0.110
−0.116. The difference between the largest and the smallest central values of β is 0.26σ while

this difference for γ and k values is 0.21σ and 0.10σ, respectively, and these differences are also

not statistically significant. In this 3-parameter R − L relation case, the differences in corresponding

β, γ, and k values obtained using the Hβ′ low-RFeii and high-RFeii data subsets are relatively low and

are listed in Table 9.5 and can be seen in Fig. 9.5. In all six cosmological models, the difference in β

values (∆β) lies in the range (0.97 − 1.18)σ which is not very statistically significant, the difference

in γ values (∆γ) lies in the range (1.18 − 1.23)σ which is not very statistically significant, and the

difference in k values (∆k) lies in the range (0.46 − 0.73)σ which is not statistically significant.
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Compared to the 2-parameter R−L relation case, the inclusion of k, the third parameter, has resulted

in much larger β parameter error bars, bringing the high-RFeii and low-RFeii β central values in better

agreement; note that the β central values and, probably more importantly, the differences between

the β central values have changed by a much smaller factor than have the error bars. These relatively

smaller ∆β and ∆γ (as well as ∆k) differences indicate that the Hβ′ low-RFeii and high-RFeii QSOs

obey similar 3-parameter R − L relations. Hence, in comparison with the 2-parameter R − L relation

for the two subsets, the inclusion of RFeii in the 3-parameter case led to a partial correction of the

accretion-rate effect.

We see, from Table 9.3, and especially from Figs. 9.6 and 9.7, that the most significant change

in going from the 2-parameter to the 3-parameter R − L relation when analyzing the 59 sources

low-RFeii (high-RFeii) data subset is the ∼ 8 − 9% (∼ 11 − 13%) increase in the value of the intercept

β and an almost tripling of the β error bars. Interestingly, in the 3-parameter R − L analyses, k is

only (1.2 − 1.4)σ and (1.2 − 1.3)σ away from zero in the Hβ′ low-RFeii and high-RFeii cases, while

in the full Hβ QSO-118′ analyses it is (4.1 − 4.2)σ away from zero. This is consistent with what we

find from the AIC and BIC values, discussed below, which also indicate that the 3-parameter R − L

relation is a very significantly better fit than the 2-parameter one only for the full 118 source data

set.

From Table 9.3, in the 2-parameter R − L relation case, for the low-RFeii data subsets, the

measured values of γ are (0.54 − 1.03)σ lower than the prediction of photoionization theory,

which is statistically not significant, while for the high-RFeii data subsets, the measured values of

γ are (2.67 − 3.05)σ lower than the prediction of photoionization theory, which is statistically

significant. In the 3-parameter R − L relation case, for the low-RFeii data subsets, the measured

values of γ are (0.51 − 0.92)σ lower than the prediction of photoionization theory, which is

statistically not significant, while for the high-RFeii data subsets, the measured values of γ are

(1.94 − 2.35)σ lower than the prediction of photoionization theory, which is statistically significant.

These differences show that the low-RFeii data subset is consistent with the prediction of the simple

photoionization theory while the high-RFeii data subset shows statistically significant discrepancies

with the photoionization theory, i.e. the assumption that the product of the ionization parameter and

the BLR cloud density across these sources is constant is not valid. More interestingly, while the
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inclusion of the third parameter k in the 3-parameter R−L relation does bring the high-RFeii γ values

closer to 0.5, they are still discrepant at ∼ 2σ. It appears that the high-RFeii subset is largely the

cause for the discrepancy between the measured γ values for the full 118 sources data and simple

photoionization theory. As we mentioned above, this is linked to the higher accretion since RFeii and

the Eddington ratio are significantly correlated, especially for high-RFeii sources, see Fig. 9.2 (left

panel).

For all data sets, in all six cosmological models, the value of the intrinsic dispersion σext lies in

the range 0.208+0.028
−0.025 to 0.237+0.020

−0.018. The minimum value is obtained in the non-flat ϕCDM model

using Hβ′ low-RFeii data while the maximum value is obtained in the non-flat ϕCDM model using

the Hβ QSO-118 data set. In each data set or subset, the minimum σext value is obtained in the

3-parameter R− L relation case. For the full 118 sources data set σext is approximately 0.75σ (of the

quadrature sum of the two error bars) lower in the 3-parameter R − L relation case compared to the

2-parameter case. This is not a statistically significant difference and hence, with the current data,

the inclusion of one extra parameter, k, in the R− L relation does not result in a significant reduction

of the intrinsic dispersion. For the high- and the low-RFeii data subsets, the reductions in σext, when

going from the 2-parameter R − L relation to the 3-parameter one, are even less significant than for

the full 118 sources data set. Taken together, this means that the extra k parameter is less effective

at reducing the intrinsic dispersion of source subsets that probe narrower ranges of RFeii.

From Table 9.2, for the Hβ QSO-118 and Hβ QSO-118′ data sets, from the ∆AIC and ∆BIC

values, the 3-parameter R − L relation is very strongly favored over the 2-parameter R − L relation.

From ∆BIC values for both pairs of high- and low-RFeii data subsets, the 2-parameter R − L relation

is positively favored over the 3-parameter R − L relation, except in the flat XCDM parameterization

where the 3-parameter R − L relation is weakly favored. On the other hand, ∆AIC values for both

pairs of high- and low-RFeii data subsets show only weak evidence, in both directions, depending on

a cosmological model. It is somewhat puzzling that while the introduction of the third parameter k

is strongly favored by the complete 118 source data set, it is not favored by either the 59 source

high-RFeii data subset or by the 59 source low-RFeii data subset. This is likely the consequence of the

moderate correlation between the offset ∆τ and the RFeii parameter for the complete 118 data (See

Fig. 9.2 right panel), while for both low- and high-RFeii subsets the correlation is not statistically
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significant. For the high-RFeii subset, the correlation between ∆τ and RFeii appears to be stronger

than the same correlation for the low-RFeii subset by a factor of about two in terms of Spearman’s

rank correlation coefficient, although just below the significance level based on the p-value. This is

likely the reason behind the persistent small negative ∆AIC values for the 3-parameter high-RFeii

subset case, in comparison with the 2-parameter case, for all cosmological models.

In all cases, in both the 2-parameter and 3-parameter R − L relation analyses, for the full 118

source data set, and for the high- and low-RFeii data subsets, the R− L relation parameters are largely

independent of the cosmological model used in the analysis, so these Hβ QSOs are standardizable

through the R − L relation. However, the different measured intercept β values in the three data

sets and the differences between the measured values of the slope γ in the high- and low-RFeii data

subsets are causes for concern.

9.4.2 Cosmological model parameter measurements

In Figs. 9.3–9.7, we see that the cosmological constraints from the 2-parameter and 3-parameter

R − L relation analyses of the complete 118 sources data set as well as of the 59 sources low-RFeii

data subset are more consistent with the currently decelerated cosmological expansion. On the other

hand, the cosmological constraints from the 2-parameter and 3-parameter R − L relation analyses

of the 59 sources high-RFeii data subset are much less inconsistent with the currently accelerated

cosmological expansion. In this context, however, it might be useful to note that the low-RFeii data

subset is almost consistent with the simple photoionization γ = 0.5 slope prediction while the

high-RFeii data subset γ values are (2 − 3)σ away from 0.5.

In Table 9.3, we see that only Hβ′ high-RFeii data is able to measure Ωm0, and only in the flat and

non-flat ϕCDM models, resulting in Ωm0 = 0.678+0.312
−0.289 and 0.571+0.313

−0.309, respectively. The other data

sets only provide lower limits on Ωm0 that lie in the range > 0.158 to > 0.388, with the minimum

value obtained in the spatially-flat ϕCDM model using Hβ′ low-RFeii data and the maximum value

obtained in the spatially-flat ΛCDM model using Hβ QSO-118′ data. Mostly these Ωm0 results are

not inconsistent with the corresponding values obtained using BAO + H(z) data.

In the flat (non-flat) ΛCDM model, all Hβ data sets are only able to provide upper limits on ΩΛ
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Figure 9.5: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using 3-parameter Hβ′ high-RFeii (blue), 3-parameter Hβ′ low-RFeii

(green), and BAO + H(z) (red) data for all free parameters. Left column shows the flat ΛCDM
model, flat XCDM parametrization, and flat ϕCDM model respectively. The black dotted lines in
all plots are the zero acceleration lines. The black dashed lines in the flat XCDM parametrization
plots are the ωX = −1 lines. Right column shows the non-flat ΛCDM model, non-flat XCDM
parametrization, and non-flat ϕCDM model respectively. Black dotted lines in all plots are the zero
acceleration lines. Black dashed lines in the non-flat ΛCDM and ϕCDM model plots and black
dotted-dashed lines in the non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black
dashed lines in the non-flat XCDM parametrization plots are the ωX = −1 lines.
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Figure 9.6: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using 3-parameter Hβ′ low-RFeii (blue), 2-parameter Hβ low-RFeii

(green), and BAO + H(z) (red) data for all free parameters. Left column shows the flat ΛCDM
model, flat XCDM parametrization, and flat ϕCDM model respectively. The black dotted lines in
all plots are the zero acceleration lines. The black dashed lines in the flat XCDM parametrization
plots are the ωX = −1 lines. Right column shows the non-flat ΛCDM model, non-flat XCDM
parametrization, and non-flat ϕCDM model respectively. Black dotted lines in all plots are the zero
acceleration lines. Black dashed lines in the non-flat ΛCDM and ϕCDM model plots and black
dotted-dashed lines in the non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black
dashed lines in the non-flat XCDM parametrization plots are the ωX = −1 lines.
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Figure 9.7: One-dimensional likelihood distributions and two-dimensional likelihood contours at
1σ, 2σ, and 3σ confidence levels using 3-parameter Hβ′ high-RFeii (blue), 2-parameter Hβ high-RFeii

(green), and BAO + H(z) (red) data for all free parameters. Left column shows the flat ΛCDM
model, flat XCDM parametrization, and flat ϕCDM model respectively. The black dotted lines in
all plots are the zero acceleration lines. The black dashed lines in the flat XCDM parametrization
plots are the ωX = −1 lines. Right column shows the non-flat ΛCDM model, non-flat XCDM
parametrization, and non-flat ϕCDM model respectively. Black dotted lines in all plots are the zero
acceleration lines. Black dashed lines in the non-flat ΛCDM and ϕCDM model plots and black
dotted-dashed lines in the non-flat XCDM parametrization plots correspond to Ωk0 = 0. The black
dashed lines in the non-flat XCDM parametrization plots are the ωX = −1 lines.
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and these limits lie in the range < 0.612 to < 1.740, with the minimum value in the spatially-flat

model using Hβ QSO-118′ data and the maximum value in the spatially non-flat model using Hβ

high-RFeii data.

From Table 9.3, we see that these data are more successful at constraining Ωk0 and, for all

data sets in all cosmological models, the resulting values of Ωk0 lie in the range −0.006+0.416
−0.549 to

0.667+1.126
−0.704. The minimum value is obtained in the non-flat ΛCDM model using Hβ QSO-118 data

and the maximum value is obtained in the non-flat XCDM parametrization using Hβ high-RFeii data.

These values are mostly consistent with flat spatial geometry.

From Table 9.3 we see that these data are able to only provide very weak constraints on ωX.

More precisely, they only provide upper limits on ωX which lie in the range < 0.01 to < 0.20. These

data are unable to constrain the positive dark energy dynamics parameter α in the ϕCDM models.

Overall, from Figs. 9.3–9.7, we see that the BAO + H(z) data cosmological constraints lie ∼ 2σ

away from the peak of the Hβ data constraints, so while these constraints are not too mutually

inconsistent the discrepancy is a little surprising, especially since the Hβ constraints are quite broad,

so we do not record joint Hβ and BAO + H(z) data constraints here.

In Table 9.2, for the Hβ QSO-118 and Hβ QSO-118′ data sets, from the AIC and the BIC

values, the most favored model is the spatially-flat ΛCDM model and the least favored model is the

spatially non-flat ϕCDM model. For the Hβ low-RFeii data set, from the AIC and the BIC values, the

most favored model is the spatially-flat ΛCDM model and the least favored one is the spatially-flat

XCDM parametrization. For the Hβ high-RFeii and the Hβ′ low- and high-RFeii data sets, from the

AIC and the BIC values, the most favored model is the spatially-flat ΛCDM model and the least

favored one is the spatially non-flat ϕCDM model.

9.5 Discussion

The full 118 sources reverberation-measured Hβ sample, using either a 2-parameter R − L relation

or a 3-parameter one that also takes into account the RFeii measurements, results in cosmological

constraints that are somewhat ∼ 2σ inconsistent with those from better-established cosmological

probes. Much more satisfactory results were obtained by Khadka et al. (2021b) on the basis of the
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Mg ii sample.13

It is possible that this discrepancy of the Hβ cosmological constraints is just a statistical

fluctuation. We also note that reverberation mapping of Hβ sources were performed by several

groups that used different methods to determine the time delay and different arguments to determine

how reliable and significant their measurements were, see Zajaček et al. (2019). Also, for the Hβ

analyses, the spectroscopic fitting was performed using a variety of different routines and Fe ii

templates. On the other hand, 57 of the 78 Mg ii sources of the sample used in Khadka et al. (2021b)

come from the Sloan Digital Sky Survey Reverberation Mapping Project (SDSS-RM) (Homayouni

et al., 2020) and these sources were analyzed using the same method. Hence it is also possible that

the discrepancy of Hβ cosmological constraints we have found is a consequence of the heterogeneity

of the Hβ QSO-118 sample we have used here.

Leaving aside the Hβ cosmological constraints discrepancy, strong evidence suggests that the

accretion rate affects the R − L relation for Hβ sources, with high accretors having a smaller

broad-line region size and hence a shorter time delay with respect to what is predicted by the usual

2-parameter R − L relation. It has been suggested that this effect can be corrected by introducing a

third parameter into the R − L relation and that such an extended R − L relation might possess the

additional benefit of a reduced intrinsic sample scatter (Martínez-Aldama et al., 2020; Du and Wang,

2019). Since the RFeii parameter in large samples shows a strong correlation with the Eddington

ratio (e.g. Marziani et al., 2003a; Zamfir et al., 2010), and is completely independent of the time

delay, we limited our sample to 118 Hβ sources with RFeii measurements and also considered an

extended 3-parameter R − L relation with the objective of correcting the 2-parameter R − L relation

for the accretion-rate effect. We also consider two subsets of low and high accretors, each with 59

sources. We do not find strong evidence that this correction helps to significantly reduce the intrinsic

dispersion in any of the analyzed cases.14 The full sample shows a moderate correlation between

13We note that we find that cosmological constraints based on the Hβ high-RFeii data subset are mostly consistent
with those from better-established cosmological probes, and that cosmological constraints based on this subset are
roughly the same for both the 2-parameter and 3-parameter R − L analyses. Similarly the low-RFeii subset cosmological
constraints are also roughly similar for the 2-parameter and 3-parameter cases, but they are, however, ∼ (2 − 3)σ
discrepant with the cosmological constraints derived using better-established cosmological probes.

14We do find that the 3-parameter R − L relation is strongly favored by the full 118-source Hβ data set but it is not
favored by either the 59-source high-RFeii data subset or the 59-source low-RFeii data subset.
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η (or ∆τ) with RFeii, but when high- and low-RFeii subsamples are considered separately only the

η-RFeii correlation is significant, and only for the high-RFeii sources where the correlation is moderate

and not strong. Du and Wang (2019) originally proposed the 3-parameter R − L relation through

compilation of RFeii available values as well the estimation of new RFeii values. They obtained a

stronger correlation between ∆τ and RFeii (ρ = −0.56, p-value= 2.0 × 10−7) than what we find here.

In the current analysis we have also considered additional SDSS-RM sources, which increases the

size of the sample but weakens the ∆τ-RFeii correlation.

These results suggest that more consistent time-delay determinations and better spectroscopic

fitting, particularly better measurements of Fe ii, for the full sample, might be needed to decrease

the uncertainty and the scatter (Zajaček et al. in prep.), which is quite relevant for the cosmological

analysis. Also, it will be important to apply redshift correction for the cosmic microwave background

(CMB) dipole and eventually for peculiar motion for sources at z < 0.1, such as supernova

cosmology analyses do (e.g. Davis et al., 2011, and references therein). We also note that the

redshift range and the redshift distribution of sources in the Hβ and Mg ii samples are very different.

The Mg II sample used in Khadka et al. (2021b) covered a larger redshift range, and the sources

were rather uniformly distributed across the redshift range. The Hβ sample used here covers a much

narrower redshift range and most of the Hβ sources are located at the low redshift end. Therefore,

future measurements covering redshifts 0.4 ≲ z ≲ 0.9 are also needed for an accurate analysis.

9.6 Conclusion

In this paper, we use 2- and 3-parameter R − L relations to standardize 118 Hβ QSOs, as well as

the two 59 source high- and low-RFeii Hβ subsets. We show, for the first time, that the parameters

for both the 2- and 3-parameter R − L relations, for all three data sets, are almost independent of

cosmological model used in the analysis, indicating that these QSOs are standardizable through

these R − L relations. Differences in the AIC and BIC values show that in all cosmological models,

for the 118 source data, the 3-parameter R− L relation is very strongly favored over the 2-parameter

one. However, for the low- and high-RFeii Hβ QSOs data subsets, there is no significant evidence in

favor of the 3-parameter R − L relation in all cosmological models. We note that the 2-parameter
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R − L relation parameters for the low- and high-RFeii data subsets differ significantly, but when we

analyze each 59 source data subset separately these subset differences cannot significantly affect the

analyses. When we analyze these subsets using the 3-parameter R − L relation the parameter values

change and the error bars broaden, so while the difference between the high- and low-RFeii subset

parameter values do not change much, these differences are less significant for the 3-parameter

case because of the larger error bars. In the analyses of the full 118 sources data set, the significant

difference between the 2-parameter R − L relation parameters for the low- and high-RFeii subsets

plays an important role, and it might be the case that the very strong evidence provided by the

∆AIC and ∆BIC values in favor of the 3-parameter R− L relation for the full 118 sources data set is

related to the fundamentally different nature of the high and low RFeii Hβ QSO data subsets. So it is

important to be careful and not to draw a strong conclusion in favor of the 3-parameter R−L relation

for the 118 sources data set until the cause for this is better understood. The main motivation behind

the 3-parameter R − L relation was the hope that the inclusion of the third parameter k in the R − L

relation would significantly reduce the intrinsic dispersion in the R − L relation (σext), however we

find only a mild reduction in the intrinsic dispersion.

We determined Hβ constraints on cosmological parameters in six different cosmological models

and found that these constraints are significantly weaker than those from BAO + H(z) data. Our

comparison of Hβ QSO and BAO + H(z) two-dimensional cosmological constraints show that

typically the Hβ QSO ones are ∼ 2σ discrepant with the BAO + H(z) ones, which is not very

significant, and also tend to more favor currently decelerating cosmological expansion.

Current Hβ QSO data span a relatively narrow redshift range so we cannot test for a possible

redshift evolution of the R − L relation but we hope that future observations will detect more Hβ

QSOs over a wider redshift range and this will enable us to study the redshift evolution (if any) of the

R − L relation. Also, currently these data provide only weak cosmological constraints, constraints

that are somewhat (∼ 2σ) discrepant with those from better-established cosmological probes. We

are hopeful that more Hβ sources observed in the future, with more precises measurements, will

help resolve this puzzle, and perhaps establish Hβ QSOs as a new and independent cosmological

probe.

186



Chapter 10

Constraints on cosmological parameters

from gamma-ray burst peak photon energy

and bolometric fluence measurements and

other data

This chapter is based on Khadka and Ratra (2020c).

10.1 Introduction

If general relativity provides an accurate description of cosmological gravitation, dark energy is

needed to explain the observed accelerated expansion of the current universe. At the current epoch,

dark energy is the major contributor to the energy budget of the universe. Most cosmological models

are based on the cold dark matter (CDM) scenario named after the second largest contribution to

the current cosmological energy budget. There are a variety of CDM models under discussion

now, based on different dark energy models. Peebles (1984) proposed that Einstein’s cosmological

constant Λ contributes a large part of the current energy budget of the universe. In this spatially flat

model—which is consistent with many cosmological measurements (Planck Collaboration, 2020;
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Alam et al., 2017; Farooq et al., 2017; Scolnic et al., 2018)—Λ is responsible for the accelerated

expansion of the universe. This is the simplest CDM model which is observationally consistent with

the accelerated expansion of the universe. In this ΛCDM standard model, the spatially homogenous

cosmological constant Λ contributes ∼ 70% of today’s cosmological energy budget, the second

most significant contributor being the cold dark matter which contributes ∼ 25%, and third place is

occupied by the ordinary baryonic matter which contributes ∼ 5%.

Observational data however do not yet have sufficient precision to rule out extensions of the

standard spatially-flat ΛCDM model. For example, dynamical dark energy (Peebles and Ratra,

1988; Ratra and Peebles, 1988) that slowly varies in time and space remains observationally

viable. Slightly non-flat spatial geometries are also not inconsistent with current observational

constraints.1 In this paper, we study the ΛCDM model as well as dynamical dark energy models,

both spatially-flat and non-flat.

One of the main goals in cosmology now is to find the cosmological model that most accurately

approximates the universe. A related important goal is to measure cosmological parameters precisely.

To accomplish these goals require more and better data. Cosmological models are now largely

tested in the redshift range 0 < z < 2.3, with baryon acoustic oscillation (BAO) measurements

providing the z ∼ 2.3 constraints, and with cosmic microwave background (CMB) anisotropy data

at z ∼ 1100. There are only a few cosmological probes that access the z ∼ 2 to z ∼ 1100 part

of the universe. These include HII starburst galaxies which reach to z ∼ 2.4 (Mania and Ratra,

2012; González-Morán et al., 2019; Siegel et al., 2005; Cao et al., 2021a, and references therein),

quasar angular size measurements which reach to z ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021a;

Gurvits et al., 1999; Chen and Ratra, 2003; Cao et al., 2017, and references therein), and quasar flux

measurements that reach to z ∼ 5 (Risaliti and Lusso, 2019; Khadka and Ratra, 2020a; Risaliti and

Lusso, 2015; Khadka and Ratra, 2020b; Yang et al., 2020a, and references therein).

Gamma-ray burst (GRBs) are another higher redshift probe of cosmology (Kumar et al., 2021;

Lamb and Reichart, 2000; Samushia and Ratra, 2010; Demianski et al., 2021; Wang et al., 2016;
1For observational constraints on spatial curvature see Farooq et al. (2015), Chen et al. (2016), Yu and Wang (2016),

Rana et al. (2017), Ooba et al. (2018a,b,c),DES Collaboration (2018a), Yu et al. (2018), Park and Ratra (2018, 2019a,
2020, 2019b,b), Wei (2018a), Xu et al. (2019), Li et al. (2020), Giambò et al. (2020), Coley (2019), Eingorn et al.
(2019), Jesus et al. (2021), Handley (2019), Wang et al. (2020a), Zhai et al. (2020), Geng et al. (2020), Kumar et al.
(2021), Efstathiou and Gratton (2020), Di Valentino et al. (2021a), Gao et al. (2020) and references therein.
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Amati et al., 2019; Fana Dirirsa et al., 2019; Amati et al., 2008, 2002; Demianski and Piedipalumbo,

2011; Liu and Wei, 2015; Lin et al., 2016; Demianski et al., 2017a; Montiel et al., 2021, and

references therein). As a consequence of the enormous energy released during the burst, GRBs have

been observed at least up to z ∼ 8.2 (Demianski et al., 2021; Wang et al., 2016; Amati et al., 2019;

Demianski et al., 2017a). The cosmology of the z ∼ 5 − 8 part of the universe is to date primarily

accessed by GRBs. So if we can standardize GRBs this could help us study a very large part of the

universe that has not yet been much explored.

There have been many attempts to standardize GRBs using phenomenological relations (Amati

et al., 2002; Ghirlanda et al., 2004a; Liang and Zhang, 2005, and references therein). One such

relation is the non-linear Amati relation (Amati et al., 2002) between the peak photon energy Ep

and the isotropic-equivalent radiated energy Eiso of a GRB. Some of the analyses assume a given

current value of the non-relativistic matter density parameter (Ωm0) in an assumed cosmological

model when calibrating the Amati relation (Fana Dirirsa et al., 2019; Amati et al., 2008; Demianski

and Piedipalumbo, 2011). These analyses result in GRB cosmological constraints that tend to more

favor the assumed cosmological model. Some analyses use supernovae to calibrate the GRB data

(Wang et al., 2016; Demianski et al., 2017a; Kodama et al., 2008; Liang et al., 2008). Although this

method is model-independent, supernovae systematics can affect the calibration process. Another

model-independent calibration of the Amati relation has been done using the Hubble parameter

[H(z)] data (Amati et al., 2019; Muccino, 2020; Montiel et al., 2021). These attempts to standardize

GRBs through the Amati relation use some external factors. In this sense, the resulting constraints

from the GRB data are not pure GRB constraints. We test this relation and use it to constrain

cosmological parameters in six different cosmological models simultaneously. From our study of

the Amati relation in six different cosmological models, we find, for the GRB data we study, that

the parameters of the Amati relation are independent of the cosmological model we consider. This

means that the Amati relation can standardize the GRBs we consider and so makes it possible to

use them as a cosmological probe. Our demonstration of the cosmological-model-independence of

the Amati relation is the most comprehensive to date.

The GRB data we use have large error bars and so do not provide restrictive constraints on

cosmological parameters. However, the GRB constraints are consistent with those we derive from
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BAO and [H(z)]-data and so we also perform joint analyses of the GRB + BAO + H(z) data. Future

improvements in GRB data should provide more restrictive constraints and help fill part of the

observational data gap between the highest z ∼ 2.3 BAO data and the z ∼ 1100 CMB anisotropy

data.

This chapter is organized as follows. In Sec. 10.2 we discuss the data that we use to constrain

cosmological parameters. In Sec. 10.3 we describe the methodology adopted for these analyses. In

Sec. 10.4 we present our results, and we conclude in Sec. 10.5.

10.2 Data

In this paper, we use GRB, BAO, and H(z) data to constrain cosmological model parameters.

We use 25 GRB measurements (hereafter D19) from Fana Dirirsa et al. (2019) over the redshift

range of 0.3399 ≤ z ≤ 4.35, given in Table 10.2 of Fana Dirirsa et al. (2019). We also use 94 GRB

measurements (hereafter W16) from Wang et al. (2016) over the redshift range 0.48 ≤ z ≤ 8.2,

given in Table 5 of Fana Dirirsa et al. (2019). The GRB measurements used in our analyses are z,

peak photon energy (Ep), and bolometric fluence (S bolo) with their corresponding 1σ uncertainties.2

The D19 S bolo data we use are those computed for the 1 − 104 keV energy band (the F10 values).

As discussed in the next section, the value of S bolo and it’s uncertainty can be used to obtain the

isotropic radiated energy (Eiso) and the uncertainty on Eiso.

For some GRBs, Eiso and Ep are empirically found to be related through the Amati relation

(Amati et al., 2002), a non-linear relation between these observed quantities that is discussed in

the next section. The use of GRB data for cosmological purposes are based on the validity of this

relation. This relation has two free parameters and an intrinsic dispersion (σext). By simultaneously

fitting to the Amati relation and cosmological parameters in six different cosmological models,

we find that these Amati relation parameter values are almost independent of cosmological model.

Values of σext determined by D19 and W16 in the spatially-flat ΛCDM model are around 0.48 and

0.38 respectively. The value of σext for D19 is higher than that obtained from W16. This is expected

2The only non-zero z error is that for GRB 080916C of D19. In the flat and non-flat ΛCDM models including or
excluding this z error in the analysis results in no noticeable difference, and so we ignore it in our analyses.
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Figure 10.1: Eiso − Ep correlation of the 119 GRBs for the spatially-flat ΛCDM model. Blue crosses
show the 25 D19 GRB data and red crosses show the 94 W16 GRB data with 1σ error bars. Black
solid line is the Amati relation with best-fit parameter values, dotted and dashed lines are the Amati
relations for the ±1σ and ±2σ values of the intercept (a).

because D19 has only about a quarter the number of GRBs as does W16.

The BAO data we use are listed in Table 1 of Cao et al. (2021a). It includes 11 measurements

extending over the redshift range 0.122 ≤ z ≤ 2.34. The H(z) data we use are listed in Table 2 of

Ryan et al. (2018). It includes 31 measurements extending over the redshift range 0.07 ≤ z ≤ 1.965.

In this paper, we determine cosmological and Amati relation parameter constraints from the

D19 and W16 GRB data. The Amati relation parameters obtained from these two GRB data sets are

consistent with each other. So we also determine the constraints on the cosmological and Amati

relation parameters using the combined D19 +W16 GRB data. The D19 +W16 data constraints

are consistent with the BAO + H(z) ones, so we jointly analyze these GRB data and the BAO +

H(z) data.
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10.3 Methods

GRBs have been observed to high redshift, at least to z = 8.2. If it is possible to standardize GRBs,

they can then be used as a cosmological probe to study a part of the universe which is not presently

accessible to any other cosmological probe. For some GRBs the observed peak photon energy and

isotropic energy are related through the Amati relation (Amati et al., 2002). Figure 10.1 shows

that the GRB data we use here are related non-linearly through the Amati relation. The Pearson

correlation coefficient between log(Ep) and log(Eiso) is 0.774 in the flat ΛCDM model. Given the

quality of the data, this is a reasonably high correlation. This allows us to use these GRB data to

constrain cosmological model parameters.

The Amati relation between the GRB’s peak photon energy in the cosmological rest frame, Ep

and Eiso is given by

log(Eiso) = a + b log(Ep), (10.1)

where log = log10, and a and b are the intercept and slope of the Amati relation and are free

parameters to be determined from the data. Here Ep and Eiso are defined through

Eiso =
4πD2

L(z, p)S bolo

(1 + z)
, (10.2)

Ep = Ep,obs(1 + z), (10.3)

where S bolo is the measured bolometric fluence and Ep,obs is the measured peak energy of the

gamma-ray burst. Here the luminosity distance DL(z, p) is a function of redshift z and cosmological

parameters p and is given by eq. (1.49).

Using eqs. (10.1)–(10.3) and (1.49) together we can predict the bolometric fluence of a gamma-

ray burst from Ep and z, as a function of DL(z, p). We then compare these predicted values of

bolometric fluence with the corresponding measured values using a likelihood function (LF). To

avoid a circularity problem we fit the cosmological and Amati relation parameters simultaneously.
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The likelihood function we use for the GRB data is (D’Agostini, 2005)

ln(LF) = −
1
2

N∑
i=1

 [log(S obs
bolo,i) − log(S th

bolo,i)]
2

s2
i

+ ln(s2
i )

 , (10.4)

where ln = loge and s2
i = σ

2
log(S bolo,i)

+ b2σ2
log(Ep,i)

+ σ2
ext. Here, σlog(S bolo,i) is the error in the measured

value of log(S bolo,i), σlog(Ep,i) is the error in log(Ep,i), and σext is the intrinsic dispersion of the Amati

relation. σlog(S bolo,i) and σlog(Ep,i) are computed using the method of error propagation. We maximize

this likelihood function and find best-fit values and errors of all the free parameters.

For the uncorrelated BAO and H(z) data (Alam et al., 2017; Ryan et al., 2018, 2019), the

likelihood function is

ln(LF) = −
1
2

N∑
i=1

[Aobs(zi) − Ath(zi, p)]2

σ2
i

, (10.5)

where Aobs(zi) and Ath(zi, p) are the observed and model-predicted quantities at redshift zi and σi is

the uncertainty in the observed quantity. For the correlated BAO data, the likelihood function is

ln(LF) = −
1
2

[Aobs(zi) − Ath(zi, p)]T C−1[Aobs(zi) − Ath(zi, p)], (10.6)

For the BAO data from Alam et al. (2017) the covariance matrix C is given in eq. (19) of Khadka

and Ratra (2020a) and for the BAO data from de Sainte Agathe et al. (2019) the covariance matrix

is given in eq. (27) of Cao et al. (2021a).

In the BAO data analysis, the sound horizon (rs) is computed using the approximate formula

(Aubourg et al., 2015)

rs =
55.154 exp[−72.3(Ων0h2 + 0.0006)2]

(Ωb0h2)0.12807 + (Ωcb0h2)0.25351 , (10.7)

where Ωcb0 = Ωb0 + Ωc0 = Ωm0 − Ων0. Here Ωb0, Ωc0, and Ων0 = 0.0014 (Cao et al., 2021a) are

the CDM, baryonic, and neutrino energy density parameters at the present time, respectively, and

h = H0/(100 km s−1Mpc−1).

The maximization of the likelihood function in our analysis is done using the Markov chain

Monte Carlo (MCMC) method as implemented in the emcee package (Foreman-Mackey et al.,

2013) in Python 3.7. The convergence of a chain is confirmed using the Goodman and Weare (2010)
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auto-correlation time (the chain should satisfy N/50 ≥ τ, where N is the iteration number (size of

the chain) and τ is the mean auto-correlation time). In our analysis we use flat priors for all free

parameters, except in the GRB-only analyses where we set H0 = 70 km s−1Mpc−1. The range of

parameters over which the prior is non-zero are 0 ≤ Ωm0 ≤ 1, 0 ≤ ΩΛ ≤ 1.3, −0.7 ≤ Ωk0 ≤ 0.7

(and −0.6 ≤ k ≤ 0.5), −5 ≤ ωX ≤ 5 (−20 ≤ ωX ≤ 20 for the GRB-only data sets), 0 ≤ α ≤ 3,

0.45 ≤ h ≤ 1.0, −20 ≤ lnσext ≤ 10, 0 ≤ b ≤ 5, and 0 ≤ a ≤ 300.

To quantify the goodness of fit we compute the Akaike Information Criterion (AIC) and the

Bayes Information Criterion (BIC) values for each cosmological model using eqs. (20) and (21) of

Khadka and Ratra (2020a). The degree of freedom for each model is dof = n − d, where n is the

number of data points in the data set and d is the number of free parameters in the model.
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Figure 10.2: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using D19 (green), W16 (red), and D19 + W16 (blue) GRB data for
all free parameters. Left panel shows the flat ΛCDM model. The black dotted lines are the zero
acceleration line with currently accelerated cosmological expansion occurring to the left of the lines.
Right panel shows the non-flat ΛCDM model. The black dotted lines in the ΩΛ −Ωm0 panel is the
zero acceleration line with currently accelerated cosmological expansion occurring to the upper left
of the line. The black dashed line in the ΩΛ −Ωm0 panel corresponds to the flat ΛCDM model, with
closed hypersurface being to the upper right.
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Figure 10.3: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using D19 (green), W16 (red), and D19 +W16 (blue) GRB data for all free
parameters. Left panel shows the flat XCDM parametrization. The black dotted line in the ωX −Ωm0

panel is the zero acceleration line with currently accelerated cosmological expansion occurring
below the line and the black dashed lines correspond to the ωX = −1 ΛCDM model. Right panel
shows the non-flat XCDM parametrization. The black dotted lines in the Ωk0 − Ωm0, ωX − Ωm0, and
ωX −Ωk0 panels are the zero acceleration lines with currently accelerated cosmological expansion
occurring below the lines. Each of the three lines is computed with the third parameter set to the
GRB + BAO + H(z) data best-fit value of Table 10.1. The black dashed lines correspond to the
ωx = −1 ΛCDM model. The black dotted-dashed lines correspond to Ωk0 = 0.
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10.4 Results

10.4.1 D19, W16, and D19 +W16 GRB data constraints

The unmarginalized and marginalised best-fit values and 1σ uncertainties (2σ limit when only an

upper or lower limit exists) for all free parameters determined using GRB data sets are given in

Tables 10.1 and 10.2 respectively. One-dimensional likelihood distributions and two-dimensional

constraint contours obtained using GRB data are shown in Figs. 10.2–10.4. In these figures the

D19, W16, and D19 +W16 GRB data results are shown in green, red, and blue respectively. Use of

GRB data to constrain cosmological model parameters is based on the assumption that the Amati

relation is valid for the GRB data. Here we use these GRB data and simultaneously determine

Amati relation parameters for six different cosmological models. This is the most comprehensive

test of the Amati relation for a GRB data set done to date.

The Amati relation parameters for the three different GRB data sets are largely consistent with

each other. In the flat ΛCDM model the slope parameter (b) for the D19, W16, and D19 +W16

data sets is found to be 1.109+0.181
−0.181, 1.052+0.109

−0.108, and 1.114+0.086
−0.087, and the intercept parameter (a) is

found to be 50.190+0.543
−0.056, 50.306+0.298

−0.303, and 50.070+0.247
−0.248, respectively. In the non-flat ΛCDM model,

for the D19, W16, and D19 +W16 data sets b is found to be 1.051+0.182
−0.178, 1.058+0.110

−0.113, and 1.115+0.087
−0.088,

and a is found to be 50.344+0.538
−0.056, 50.269+0.297

−0.299, and 50.081+0.245
−0.246, respectively. Similar results hold

for the flat and non-flat XCDM and ϕCDM cases. For the D19 data the measured values of b are

slightly lower in both the XCDM cases compared to the other models and GRB data sets. The Amati

relation parameters for different data sets and cosmological models differ only slightly from each

other. These differences between values for different GRB data sets are not unexpected because

each data set has a different number of GRBs. For the combined D19 +W16 data these parameters

are essentially independent of cosmological model.

Another free parameter which characterizes how well the GRB data can constrain cosmological

model parameters is the intrinsic dispersion of the Amati relation (σext). In the flat ΛCDM model

σext for the D19, W16, and D19 + W16 data sets is found to be 0.475+0.085
−0.064, 0.386+0.034

−0.030, and

0.407+0.031
−0.027, respectively. In the non-flat ΛCDM model for the D19, W16, and D19 +W16 data
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sets σext is found to be 0.475+0.084
−0.063, 0.387+0.035

−0.030, and 0.409+0.032
−0.028 respectively. Similar results hold

for the flat and non-flat XCDM and ϕCDM cases. The measured values of σext are almost model-

independent, especially for the combined D19 +W16 GRB data, which indicates that these data

behave in the same way for all cosmological models considered here. The model-independent

behavior of the Amati relation parameters and intrinsic dispersion signifies that these GRBs can

be used as standard candles although, given the large error bars, they do not restrictively constrain

cosmological parameters.

From Figs. 10.2–10.4 we see that for the combined D19 +W16 GRB data set, in most models

currently accelerated cosmological expansion is more consistent with the observational constraints;

a notable exception is the flat ϕCDM model, left panel of Fig. 10.4, where currently decelerated

cosmological expansion is more favored.

Values of the non-relativistic matter density parameter, Ωm0, obtained using GRB data are given

in Table 10.2. In the flat ΛCDM model, for the D19, W16, and D19 +W16 data Ωm0 is determined

to be > 0.269, > 0.125, and > 0.247, respectively. In the non-flat ΛCDM model, for the D19, W16,

and D19 +W16 data Ωm0 > 0.326, = 0.432+0.299
−0.217, and = 0.596+0.249

−0.237, respectively. In the flat XCDM

parametrization, none of the three GRB data sets constrain Ωm0. In the non-flat XCDM case, the

D19 data do not constrain Ωm0, and for the W16, and D19 +W16 data sets Ωm0 > 0.125, and >

0.202, respectively. In the flat ϕCDM model, for the D19, W16, and D19 +W16 data Ωm0 > 0.244,

> 0.101, and > 0.210, respectively. In the non-flat ϕCDM model, for the D19, W16, and D19 +

W16 data Ωm0 > 0.236, = 0.473+0.326
−0.272, and > 0.209, respectively. These GRB data only weakly

constrain and mostly provide a lower 2σ limit on Ωm0. These Ωm0 constraints are largely consistent

with those determined using other data.

Values of the curvature energy density parameter (Ωk0) determined using GRB data sets are

given in Table 10.2. In the non-flat ΛCDM model,3 the D19 data cannot constrain Ωk0 and for the

W19 and D19 +W19 data Ωk0 is > −0.976, and > −1.027, respectively. In the non-flat XCDM

parametrization, for the D19, W16, and D19 +W16 data Ωk0 is = −0.145+0.457
−0.384, = 0.297+0.273

−0.300, and

= 0.199+0.321
−0.306, respectively. In the non-flat ϕCDM model, for the D19, W16, and D19 +W16 data

3In the non-flat ΛCDM case, values of Ωk0 are computed (if possible) using the measured values of Ωm0 and ΩΛ and
the equation Ωm0 + Ωk0 + ΩΛ = 1.
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Ωk0 is −0.050+0.180
−0.471, 0.076+0.147

−0.209, and 0.054+0.146
−0.235, respectively.

In the flat ΛCDM model, for the D19, W16, and D19 +W16 data sets the cosmological constant

energy density parameter (ΩΛ) is measured to be < 0.731, < 0.875, and < 0.753, respectively. In the

non-flat ΛCDM model the D19 data cannot constrain ΩΛ at the 2σ confidence level and values of

ΩΛ for the W16 and D19+W16 data sets are found to be < 0.946, and < 0.933, respectively.

In the flat (non-flat) XCDM parametrization, for the D19, W16, and D19 + W16 data the

equation of state parameter (ωX) is determined to be > −2.793(> −3.623), < 5.303(< 5.104), and

< 3.244(< 5.442) respectively. None of the GRB data sets are able to constrain the scalar field

potential energy density parameter α of the ϕCDM model.

From the values of AIC, and BIC listed in Table 10.1, The most favored model for all three

GRB data sets is the flat ΛCDM model. The least favored case for the D19 + W16 data is the

non-flat XCDM parametrization.

10.4.2 Constraints from BAO + H(z) data

The BAO data that we use here is an updated compilation compared to what we used in Khadka

and Ratra (2020b). These were first used in Cao et al. (2021a) although the BAO + H(z)-only

results were not shown or discussed there. Unmarginalized and marginalized best-fit values of all

free parameters are given in Tables 10.1 and 10.2. One-dimensional likelihood distributions and

two-dimensional constraint contours are shown in red in Figs. 10.5–10.10.

From Table 10.2, for the BAO + H(z) data the value of the non-relativistic matter density

parameter (Ωm0) ranges from 0.309 ± 0.016 to 0.323+0.020
−0.021. The lowest value is obtained in the

non-flat ΛCDM model and the highest value in the non-flat XCDM parametrization.

We can also constrain the Hubble constant using BAO + H(z) data. We find that the Hubble

constant (H0) ranges from 65.300+2.300
−1.800 to 68.517±0.869 km s−1Mpc−1. The lowest value is obtained

for the spatially-flat ϕCDM model and the highest value for the spatially-flat ΛCDM model. These

values are more consistent with the Planck Collaboration (2020) result than with the local expansion

rate measurement of Riess et al. (2016).4

4They are also consistent with median statistics estimates (Gott et al., 2001; Chen et al., 2003; Chen and Ratra, 2003)
and a number of recent measurements (Chen et al., 2017; Yu et al., 2018; DES Collaboration, 2018b; Gómez-Valent
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Values of curvature energy density parameter (Ωk0) determined using BAO + H(z) data sets are

given in Table 2. In the non-flat ΛCDM model (see footnote 4) Ωk0 is 0.051+0.095
−0.089. In the non-flat

XCDM parametrization and ϕCDM model Ωk0 is −0.095+0.165
−0.177, and −0.130+0.160

−0.130, respectively.

The value of the cosmological constant energy density parameter (ΩΛ) for the flat (non-flat)

ΛCDM model is determined to be 0.685 ± 0.016(0.640+0.073
−0.079).

The equation of state parameter (ωX) of the flat (non-flat) XCDM parametrization is measured to

be ωX = −0.882+0.106
−0.121(−0.777+0.119

−0.202). The value of the scalar field potential energy density parameter

(α) of the flat (non-flat) ϕCDM model is measured to be α = 0.540+0.170
−0.490(0.940+0.450

−0.650). Measurements

of both parameters favor dynamical dark energy.

From the AIC and BIC values listed in Table 10.1, the most favored model for the BAO + H(z)

data is the flat ΛCDM model and the least favored is the non-flat ϕCDM model.

10.4.3 Constraints from GRB + BAO + H(z) data

Constraints obtained from the GRB data, are not very restrictive but are consistent with those

obtained from the BAO + H(z) data so it is reasonable to do joint analyses of these data. The

sum of eqs. (15), (16), and (17) gives the ln(LF) for the joint analysis. The constraints obtained

from the GRB + BAO + H(z) data are given in Tables 10.1 and 10.2. One-dimensional likelihood

distributions and two-dimensional constraint contours are shown in blue in Figs. 10.5—10.10.

Amati relation parameters and intrinsic dispersion of the Amati relation determined using GRB

+ BAO + H(z) data are model-independent and just a little different from the GRB-only values.

These are listed in Table 10.2.

The values of the cosmological parameters determined from the GRB + BAO + H(z) data do not

differ significantly from those determined from the BAO + H(z) data. In what follows we mention

some interesting results from the joint analyses.

While the non-flat ΛCDM and XCDM cases results in Ωk0 values consistent with flat spatial

hypersurfaces, the non-flat ϕCDM model favors closed geometry at 0.8σ. The Hubble constant

and Amendola, 2018; Haridasu et al., 2018; Zhang, 2018; Domínguez et al., 2019; Zhang et al., 2017; Dhawan et al.,
2018; Fernández Arenas et al., 2018; Freedman et al., 2019; Martinelli and Tutusaus, 2019; Cuceu et al., 2019; Zeng
and Yan, 2019; Schöneberg et al., 2019; Zhang and Huang, 2020; Freedman et al., 2020; Rameez and Sarkar, 2021;
Philcox et al., 2020).
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Figure 10.5: Flat ΛCDM model one-dimensional likelihood distributions and two-dimensional
contours at 1σ, 2σ, and 3σ confidence levels using GRB (grey), BAO + H(z) (red), and GRB
+ BAO + H(z) (blue) data for all free parameters. The right panel shows the zoomed-in version
of the left panel. Black dotted lines in the left panel are the zero acceleration line with currently
accelerated cosmological expansion occurring to the left of the line.

values we measure are 2.3σ to 3.1σ lower than what is measured from the local expansion rate

(Riess et al., 2016).

The flat and non-flat XCDM parametrizations favor dynamical dark energy density at 1.0σ and

1.2σ significance, respectively. The flat and non-flat ϕCDM model favor dynamical dark energy

density at 1.1σ and 1.5σ significance, respectively.

From the AIC values listed in Table 10.1, the most-favored model for the GRB + BAO + H(z)

data is the flat XCDM parametrization, and the least favored is the non-flat ϕCDM model, while the

BIC values most and least favor the flat ΛCDM model and the non-flat ϕCDM model.

10.5 Conclusion

From the analysis of the combined GRB data in six different cosmological models, we find that

the Amati relation is independent of the cosmological model. This is the most comprehensive
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Figure 10.6: Non-flat ΛCDM model one-dimensional likelihood distributions and two-dimensional
contours at 1σ, 2σ, and 3σ confidence levels using GRB (grey), BAO + H(z) (red), and GRB +
BAO + H(z) (blue) data for all free parameters. The right panel shows the zoomed-in version of the
left panel. The black dotted line in the ΩΛ −Ωm0 panel is the zero acceleration line with currently
accelerated cosmological expansion occurring to the upper left of the line. The black dashed line in
the ΩΛ −Ωm0 panel corresponds to the flat ΛCDM model, with closed hypersurface being to the
upper right.
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Figure 10.7: Flat XCDM parametrization one-dimensional likelihood distributions and two-
dimensional contours at 1σ, 2σ, and 3σ confidence levels using GRB (grey), BAO + H(z) (red),
and GRB + BAO + H(z) (blue) data for all free parameters. The right panel shows the zoomed-in
version of the left panel. The black dotted line in the ωX − Ωm0 sub-panel of the left panel is the
zero acceleration line with currently accelerated cosmological expansion occurring below the line.
The black dashed lines correspond to the ωX = −1 ΛCDM model.
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Figure 10.8: Non-flat XCDM parametrization one-dimensional likelihood distributions and two-
dimensional contours at 1σ, 2σ, and 3σ confidence levels using GRB (grey), BAO + H(z) (red),
and GRB + BAO + H(z) (blue) data for all free parameters. The right panel shows the zoomed-in
version of the left panel. The black dotted lines in the Ωk0−Ωm0, ωX −Ωm0, and ωX −Ωk0 sub-panels
of the left panel are the zero acceleration line with currently accelerated cosmological expansion
occurring below the lines. Each of the three lines is computed with the third parameter set to the
GRB + BAO + H(z) data best-fit value of Table 10.1. The black dashed lines correspond to the
ωx = −1 ΛCDM model. The black dot-dashed lines correspond to Ωk0 = 0.
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Figure 10.9: Flat ϕCDM model one-dimensional likelihood distributions and two-dimensional
contours at 1σ, 2σ, and 3σ confidence levels using GRB (grey), BAO + H(z) (red), and GRB +
BAO + H(z) (blue) data for all free parameters. The right panel shows the zoomed-in version of
the left panel. The black dotted curved line in the α − Ωm0 sub-panel of the left panel is the zero
acceleration line with currently accelerated cosmological expansion occurring to the left of the line.
The α = 0 axis corresponds to the ΛCDM model.
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Figure 10.10: Non-flat ϕCDM model one-dimensional likelihood distributions and two-dimensional
contours at 1σ, 2σ, and 3σ confidence levels using GRB (grey), BAO + H(z) (red), and GRB +
BAO + H(z) (blue) data for all free parameters. The right panel shows the zoomed-in version of
the left panel. The black dotted lines in the Ωk0 − Ωm0, α − Ωm0, and α − Ωk0 sub-panels of the left
panel are the zero acceleration lines with currently accelerated cosmological expansion occurring
below the lines. Each of the three lines is computed with the third parameter set to the GRB + BAO
+ H(z) data best-fit value of Table 10.1. The α = 0 axis corresponds to the ΛCDM model. The black
dashed straight lines correspond to Ωk0 = 0.
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demonstration to date of this model independence, and shows that these GRBs can be standardized

and used to derive cosmological constraints.

However, even the joint GRB measurements have large uncertainty and so cosmological con-

straints obtained from them are not so restrictive. They are mostly only able to set a lower limit on

the non-relativistic matter density parameter (Ωm0) but are a little more successful at setting (weak)

limits on the spatial curvature density parameter (Ωk0). They can only set an upper limit on the

cosmological constant energy density parameter (ΩΛ) and on ωX in the XCDM parametrization, but

are unable to constrain α in the ϕCDM model.

We note that in many previous analyses cosmological constraints have been obtained using

GRB data with fixed Amati relation parameters (fixed using additional external information), or

with a fixed value of Ωm0, or calibrated using external calibrator (such as Type Ia supernovae). Such

constraints are tighter than what we have determined here, but are not purely GRB constraints. As

this is still a developing area of research, we believe it is important to also examine GRB-only

constraints, as we have done here. In addition, since we simultaneously fit all the cosmological

parameters and the Amati relation parameters our results are free of the circularity problem but are

less constraining.

Current GRB data are not able to constrain cosmological parameters very restrictively but

future improved GRB data should provide more restrictive constraints and help study the largely

unexplored z ∼ 2 − 10 part of the universe.
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Chapter 11

Do gamma-ray burst measurements provide

a useful test of cosmological models?

This chapter is based on Khadka et al. (2021a).

11.1 Introduction

Observational data indicate that the cosmological expansion is currently accelerating. They also

indicate that in the recent past the expansion was decelerated. The standard spatially-flat ΛCDM

model (Peebles, 1984) is the simplest model consistent with these observations (Planck Collabora-

tion, 2020; Farooq et al., 2017; Scolnic et al., 2018; eBOSS Collaboration, 2021).1 In this model,

dark energy — in the form of a cosmological constant, Λ— dominates the current cosmological

energy budget and powers the currently-accelerating cosmological expansion. In this model, above

a redshift z of about 3/4, non-relativistic cold dark matter (CDM) and baryonic matter contributes

more than Λ does to the energy budget and powered the then-decelerating cosmological expansion.

While the observations are consistent with dark energy being time- and space-independent, they do

not rule out slowly-evolving and weakly spatially-inhomogeneous dynamical dark energy, nor do

they rule out mildly curved spatial hypersurfaces.

1For recent reviews of the observational status of the flat ΛCDM model, see Di Valentino et al. (2021b) and
Perivolaropoulos and Skara (2021).
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Significant constraints on cosmological parameters come from cosmic microwave background

(CMB) anisotropy data — that primarily probe the z ∼ 1100 part of redshift space — as well as

from baryon acoustic oscillation (BAO) observations — the highest of which reach to z ∼ 2.3 —

and other lower-redshift Type Ia supernova (SNIa) and Hubble parameter [H(z)] measurements.

Observational data in the intermediate redshift range, between z ∼ 2.3 and ∼ 1100, are not as

constraining as the lower and higher redshift data, but hold significant promise.

Intermediate redshift observations include those of HII starburst galaxies that reach to z ∼ 2.4

(Mania and Ratra, 2012; González-Morán et al., 2019; Chávez et al., 2014; Cao et al., 2021a;

González-Morán et al., 2021; Cao et al., 2020; Johnson et al., 2021), quasar angular sizes that reach

to z ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021b, 2017, 2020; Zheng et al., 2021; Lian et al., 2021),

quasar X-ray and UV fluxes that reach to z ∼ 7.5 (Risaliti and Lusso, 2019; Khadka and Ratra,

2020a; Risaliti and Lusso, 2015; Khadka and Ratra, 2020b; Yang et al., 2020a; Lusso et al., 2020;

Lian et al., 2021; Khadka and Ratra, 2021; Li et al., 2021a), as well as gamma-ray bursts (GRBs),

that have now been detected to z = 9.4 (Cucchiara et al., 2011), and the main subject of this paper.

Observed correlations between GRB photometric and spectroscopic properties that can be

related to an intrinsic burst physical property would allow GRBs to be used as valuable standard

candles that reach to high z and probe a largely unexplored region of cosmological redshift space

(see e.g. Amati et al., 2008; Schaefer, 2007; Wang et al., 2007; Capozziello and Izzo, 2008; Dainotti

et al., 2008; Izzo et al., 2009; Amati and Della Valle, 2013; Wei et al., 2014; Izzo et al., 2015; Tang

et al., 2019, and references therein), similar to how SNeIa are used as standard candles (Phillips,

1993) at lower z < 2.3. This however is still a challenge for GRBs.

After it was established that GRBs were at cosmological distances, many attempts have been

made to use burst correlations to constrain cosmological parameters. The first GRB Hubble diagram

of a small sample of 9 bursts, obtained by Schaefer (2003) from the Liso–V correlation,2 led to a

current non-relativistic matter energy density parameter limit of Ωm0 < 0.35 at the 1σ confidence

level (for the flat ΛCDM model). Soon after, using the Ghirlanda correlation,3 Dai et al. (2004),

2This correlation (Fenimore and Ramirez-Ruiz, 2000) relates the burst isotropic luminosity Liso and the variability
V of the light curve.

3This correlation (Ghirlanda et al., 2004a) relates the burst jet-corrected γ-ray energy Eγ and the rest-frame peak
energy Ep of the photon energy spectrum νFν (where ν is the frequency). Jets are usually assumed to have a double
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with a sample of 12 bursts, found Ωm0 = 0.35 ± 0.15 for the flat ΛCDM model, and Ghirlanda et al.

(2004b), with 14 GRBs as well as SNeIa, found Ωm0 = 0.37 ± 0.10 and a cosmological constant

energy density parameter ΩΛ = 0.87± 0.23, in the non-flat ΛCDM model, and Ωm0 = 0.29± 0.04 in

the flat model. Similar constraints were obtained by Liang and Zhang (2005), using the Ep–Eiso–tb

correlation4: 0.13 < Ωm0 < 0.49 and 0.50 < ΩΛ < 0.85 at 1σ confidence level in the flat ΛCDM

model.

Samushia and Ratra (2010) considered cosmological parameter constraints in the ΛCDM

model and in dynamical dark energy models from two different GRB data sets and found different

constraints from the two data sets and also found that the GRB constraints were relatively broad.

Similarly, Liu and Wei (2015) showed that then-current GRB data could not significantly constrain

cosmological parameters. In addition, Lin et al. (2016) showed that most GRB correlations

(including the well-known Amati correlation,5 but not the Ghirlanda correlation) have large scatter

and/or their parameters differ somewhat significantly between low- and high-z GRB data sets6 from

the calibration of the Ghirlanda correlation, by using an SNeIa distance-redshift relation [through

the Padé approximant (3,2)], Lin et al. (2016) obtained Ωm0 = 0.302 ± 0.142 within the flat ΛCDM

model.7

More recently, based on a cosmographic approach, an updated Ep–Eiso correlation with 162

GRBs has been used to get cosmological constraints. In Demianski et al. (2017b) GRBs were

calibrated with SNeIa, resulting in Ωm0 = 0.25+0.29
−0.12 within the flat ΛCDM model, whereas in

Demianski et al. (2017a) a cosmographic expansion, up to the fifth order, involving SNeIa is used to

calibrate the Ep–Eiso correlation for GRBs, which are then used in conjunction with H(z) and BAO

measurements to constrain cosmographic parameters, resulting in a 1σ deviation from the ΛCDM

cone structure, thus the correction is given by (1 − cos θ), where θ is the jet half opening angle. This correlation has a
limited sample due to the difficulty in determining θ.

4This correlation relates the isotropic γ-ray energy Eiso, Ep, and the rest-frame break time tb of the optical afterglow
light curve.

5This correlation (Amati et al., 2002) relates the above-defined Eiso and Ep and for this reason is also referred to as
the Ep–Eiso correlation.

6For similar conclusions on the Ep–Eiso correlation, see Li (2007); Huang et al. (2021) and references therein.
7Similar conclusions have been reached by Tang et al. (2021), who confirmed that only the Ghirlanda correlation

has no redshift dependence, and determined Ωm0 = 0.307+0.065
−0.073 in the flat ΛCDM model from SNeIa calibrated GRB

data. As discussed in Sec. 5.1 below, in our analysis of the complete Amati-correlation set of 220 GRBs we do not
find significant evidence for redshift evolution of the correlation parameters, in agreement with the conclusions of Ref.
(Wang et al., 2011).
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cosmological model. We will see that a number of the 162 GRBs used in these, and related, later,

analyses are probably not appropriate for cosmological purposes, and this is probably reflected in

these GRB data constraints being somewhat inconsistent with those from SNeIa, BAO, and H(z)

data, as well as with those from CMB anisotropy data.

Other recent works (involving GRB data only or in conjuction with other probes) also report

inconsistencies with the ΛCDM model. Demianski et al. (2021) again used the Ep–Eiso correlation,

now also modeling the potential evolution of GRB observables, and found that calibrated GRB,

SNIa, and H(z) data favor a dynamical dark energy model described by a scalar field with an

exponential potential energy density. Luongo and Muccino (2020) considered Ep–Eiso, Ghirlanda,

Yonetoku8 (Yonetoku et al., 2004) and Combo9 GRB correlations, calibrated them in a model-

independent way via H(z) data, and concluded that a joint analysis of SNeIa, BAO, and calibrated

GRB data sets performed by using cosmographic methods, such as Taylor expansions, auxiliary

variables and Padé approximations, did not favor the flat ΛCDM model but instead favored a mildly

evolving dark energy density model. Similarly, Luongo and Muccino (2021) considered Ep–Eiso and

Combo correlations, calibrated them via H(z) actual and machine-learned data, and again, based on

a joint analysis with SNeIa and BAO, found indications against a genuine cosmological constant of

the ΛCDM model. In the same direction, Rezaei et al. (2020) used different combinations of SNIa,

quasar, and GRB data sets for testing the ΛCDM model and dynamical dark energy parametrizations

and concluded that the GRB and quasar data sets were inconsistent with the flat ΛCDM model

(in agreement with what was found by Lusso et al. (2019) for similar data). Kumar et al. (2021)

considered strong gravitational lensing data in conjunction with SNeIa and GRBs and found that

the best-fit value of the spatial curvature parameter Ωk0 favored a closed universe, although a flat

universe can be accommodated at the 68% confidence level.

On the other hand, some recent efforts have shown that the Ep–Eiso and Combo correlations

calibrated using better-established cosmological data — such as SNIa or H(z) measurements —

provide cosmological constraints that are consistent with the flat ΛCDM model. In Amati et al.
8This correlation relates the peak luminosity Lp, computed from the observed peak flux Fp within the time interval

of 1 s around the most intense peak of the burst light curve and in the rest frame 30–104 keV energy band, and Ep.
9This is an hybrid correlation (Izzo et al., 2015) linking the γ-ray observable Ep and X-ray afterglow observables

inferred from the rest-frame 0.3–10 keV light curve, i.e., the plateau luminosity L0, the rest-frame duration τ, and the
late power-law decay index α.
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(2019) an updated Ep–Eiso correlation with 193 GRBs and a calibration based on an interpolation of

the H(z) data set have been considered, leading to Ωm0 = 0.397+0.040
−0.039 in a flat ΛCDM cosmology,

though the value of the mass density is higher than the one established by Planck Collaboration

(2020). Montiel et al. (2021) calibrated the Ep–Eiso correlation with the latest H(z) data set and

included CMB, BAO and SNIa data in a search for cosmological parameter constraints within the

standard cosmological model, as well as in dynamical dark energy parametrizations, finding no

evidence in favour of the alternatives to the ΛCDM model. Finally, by using the Combo correlation

with 174 GRBs calibrated in a semi-model independent way, Muccino et al. (2021) found: a)

for a flat ΛCDM model Ωm0 = 0.32+0.05
−0.05 and Ωm0 = 0.22+0.04

−0.03 for the two values of the Hubble

constant H0 of Planck Collaboration (2020) and Riess et al. (2019), respectively, and b) for a non-flat

ΛCDM model Ωm0 = 0.34+0.08
−0.07 and ΩΛ = 0.91+0.22

−0.35 for the H0 of Planck Collaboration (2020), and

Ωm0 = 0.24+0.06
−0.05 and ΩΛ = 1.01+0.15

−0.25 for the H0 of Riess et al. (2019).

Again, by examining an uncalibrated Ep–Eiso correlation built up from a sample of bright Fermi-

LAT GRBs (Fana Dirirsa et al., 2019) and another GRB sample with lower average fluence GRBs

(Wang et al., 2016) — that has a lower intrinsic dispersion and is the basis for the most reliable

Amati-correlation GRB sample we favor here — Khadka and Ratra (2020c) obtained cosmological

parameter constraints in a number of cosmological models. They found that current GRB data

are not able to restrictively constrain cosmological parameters, and that cosmological parameter

constraints from the more-reliable GRBs are consistent with those resulting from better-established

cosmological probes. In Cao et al. (2021a), a joint H(z)+BAO+quasar+HII starburst galaxy+GRB

fit determined Ωm0 = 0.313 ± 0.013 in the flat ΛCDM model, a dark energy constituent consistent

with a cosmological constant and zero spatial curvature, though mild dark energy dynamics or a

little spatial curvature are not ruled out.

Taken together, the GRB data cosmological results summarized in the previous paragraphs are

mutually inconsistent. We show in this paper these results can be understood as a consequence of

three things: (i) if GRBs are calibrated using better-established SNIa, H(z), or other data, when the

uncalibrated GRB data cosmological constraints are inconsistent with the calibrating data constraints

the resulting calibrated GRB data constraints might or not be consistent with the calibrating data
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constraints10; (ii) only about half the uncalibrated Amati-correlation GRBs that are currently used

for cosmological purposes are reliable enough for this purpose; and, (iii) the current uncalibrated

Combo correlation GRBs cannot be reliably used for cosmological purposes.

We note that the procedure of making use of GRB correlations when constraining cosmological

model parameters is affected by the so-called circularity problem (Kodama et al., 2008), caused by

having to compute the GRB correlations in an assumed background cosmological model and not in

a model-independent way (Samushia and Ratra, 2010; Demianski et al., 2017a; Dainotti et al., 2008;

Amati and Della Valle, 2013; Wei et al., 2014; Izzo et al., 2015; Demianski et al., 2017b; Bernardini

et al., 2012; Wang et al., 2015). This is largely due to the lack of low-z GRBs that could act as

distance-scale anchor GRBs once tied to primary distance indicators, such as Cepheids, SNeIa,

tip of the red-giant branch, and so on. One way out of this problem is to simultaneously fit for

the parameters that characterize the GRB correlations and for the cosmological model parameters,

in a number of different cosmological models. In this paper we focus on one to four parameter

cosmological models, spatially-flat or non-flat, with constant or dynamical dark energy. We here

focus on spatially-flat or non-flat ΛCDM, XCDM and ϕCDM models (see Sec. 2 for details) to make

a more direct comparison with recent results obtained in Ref. Khadka and Ratra (2020c), where

the Amati correlation and the GRB sample we favor here have been considered. More specifically,

limiting our analyses to these models, our strategy consists of employing correlations, inserting

the luminosity distance from the considered cosmological models, and checking if the resulting

GRB correlations are found to be close to identical among the different cosmological models. The

fact that correlations are the same in all the studied cosmological models may indicate that such

correlations are reliable instruments for the standardization of GRBs. On the other hand, it is worth

to stress that our analysis method does not address the circularity problem, since it is unable to

10We recommend that prior to calibrating GRB data one should first verify whether the uncalibrated GRB data
cosmological constraints are consistent with the calibrating data constraints. If they are not, it is then not meaningful
to calibrate the GRB data. (We have verified in the flat ΛCDM model that the H(z)-calibrated complete Amati-
correlated 220 GRB data set and the uncalibrated 220 GRB data in conjunction with H(z) data provide almost identical
cosmological constraints. In both cases the results are dominated by the H(z) data. Even though the cosmological
constraints from the uncalibrated 220 GRB data are not consistent with those from well-established cosmological
probes, because of the H(z) data domination the constraints from the H(z) calibrated GRB data are consistent with those
from well-established cosmological probes. Other similar examples are discussed in the text, although not all authors
noted that their GRB and calibrating data constraints were inconsistent.)
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produce distance GRB moduli independently from any cosmological model. Thus, we are not yet in

the position to discriminate among possible cosmologies. Finally, to assess the validity of such a

procedure for more complicated models, further analyses are required.

In addition, all GRB correlations are characterized by large intrinsic dispersions, possibly caused

by unknown large systematic errors11 (Schaefer, 2007; Basilakos and Perivolaropoulos, 2008; Nava

et al., 2009; Ghirlanda et al., 2011) in comparison to the case of better-established probes, such as

BAO, H(z), and SNIa, where many error sources have been better modeled. On the other hand, the

influence of possible selection bias and evolution effects are currently debated (Butler et al., 2007;

Ghirlanda et al., 2008; Nava et al., 2008; Amati et al., 2009; Yonetoku et al., 2010) and one could

conclude that the large intrinsic dispersions of GRB correlations could be a consequence of as yet

undiscovered GRB intrinsic properties and/or an as yet unidentified sub-class within the population

of GRBs, as was the case with SN populations.

In this paper, we use two of the above correlations, i.e. Ep–Eiso and Combo, to simultaneously

determine correlation and cosmological model parameters and determine which GRB data sets

provide reliable cosmological constraints and what those constraints are. In particular, we use the

Markov chain Monte Carlo (MCMC) method with uncalibrated GRB measurements to determine

these constraints. We consider eight different GRB compilations and examine the constraints

in six different cosmological models, including models with dynamical dark energy density and

non-spatially-flat models. We demonstrate that for currently-available GRB data reasonable results

can be found for the Ep–Eiso correlation case, from a compilation of 118 bursts — roughly half of

the currently available Ep–Eiso correlation bursts — that has the smallest intrinsic dispersion (of

the three data sets we studied), while Combo correlation results fail to be predictive. Moreover,

we emphasize that only relatively weak cosmological limits result from these 118 more-reliable

Ep–Eiso bursts.

This chapter is structured as follows. In Sec. 11.2 we describe the data sets we analyze. In Sec.

11.3 we summarize our analysis methods. In Sec. 11.4 we present our results. We conclude in Sec.

11.5. The GRB data sets we use are tabulated in the Tables 11–16.
11Possibly including those associated with detector sensitivity, and the differences in estimated spectral parameters

determined from measurements taken with different detectors or from different models.
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Table 11.1: Summary of the GRB data sets.

Correlation Data set Number Redshift range
Amati A118 118 [0.3399, 8.2]

A102 102 [0.0331, 6.32]
A220 220 [0.0331, 8.2]

Combo C60 60 [0.145, 8.2]
C174 174 [0.117, 9.4]
C101 101 [0.3285, 8.2]
C51 51 [0.3399, 8.2]
C79 79 [0.145, 8.2]

11.2 Data

We consider eight different GRB data sets, as well as BAO and H(z) data. The GRB data sets are

summarized in Table 11.1, which lists the assumed correlation and the number of GRBs, as well as

their redshift range. The GRB data are listed in the Appendix, in Tables 11–16, and described in

what follows. The BAO and H(z) measurements are discussed at the end of this Section.

The Amati correlation GRB data are given in Tables 11 and 12, where for each source of the

sample the GRB name, redshift, rest-frame spectral peak energy Ep, and measured bolometric

fluence S bolo, computed in the standard rest-frame energy band 1–104 keV, are listed. For details on

Ep and S bolo, see Section 11.3. We consider three Amati correlation data compilations.

A118 sample. The data set, listed in Table 11 is composed of 118 long GRBs (Fana Dirirsa

et al., 2019), 93 bursts, in their Table 5, updated from those considered in Wang et al. (2016)

(with GRB 020127 removed because its redshift is not secure) as well as 25 long GRBs, in

their Table 2 (with the short GRB 090510 excluded because the Amati correlation does not

hold for short GRBs), with Fermi-GBM/LAT data and well-constrained spectral properties.12

This is the updated version of the data used in Khadka and Ratra (2020c).

A102 sample. These 102 long GRBs, listed in Table 12, are compiled from those listed in

Demianski et al. (2017b) and Amati et al. (2019), which have not already been included in

the A118 sample.

12Only GRB 080916C has non-zero z error (Fana Dirirsa et al., 2019). As noticed in Khadka and Ratra (2020c),
including or excluding this z error results in no noticeable difference, thus we ignore it.
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A220 sample. This sample, in Tables 11 and 12 combined, with 220 long GRBs, is the union

of A118 and A102 samples.

Spectral parameters for the 25 GRBs with Fermi-GBM/LAT (Fana Dirirsa et al., 2019) in the

A118 compilation have been inferred from more refined fits performed by using multiple component

models, instead of the Band model (Band et al., 1993). For the other 93 sources in the A118

compilation, taken from Wang et al. (2016), there is no available information on the model used to

infer the spectral parameters. We list updated spectral parameters for all A102 GRBs, collecting

them from cited papers in the first instance and, when no papers were found, from Gamma-ray

Coordination Network circulars. All A102 spectral parameters were inferred from simple Band

model fits of GRB spectra. Consequently, the sources of the A220 sample have spectral parameters

inferred from mixed procedures and samples.

The Combo correlation data are given in Tables 13–16, where for each source of the sample,

GRB name, redshift, log Ep, the logarithms of the plateau flux F0 and rest-frame duration τ, and late

power-law decay index α,13 are listed. For details on Ep and the other parameters, see Section 4.

We consider two initial Combo correlation data compilations.

C60 sample. This data set of 60 long GRBs, listed in Table 13, is the one introduced in Izzo

et al. (2015).

C174 sample. This is an updated data set, listed in Table 13, composed of 174 long GRBs

(Muccino et al., 2021).

The values of F0, τ, and α used in the C60 and C174 samples here remain the same as in

Muccino et al. (2021), since these quantities come from the fit of the luminosity light curves of the

X-ray afterglow (Izzo et al., 2015). On the other hand, Ep values in Table 13 have been updated,

using those from the A118 and our updated A102 data sets, and come from mixed methodologies

involving both simple Band model and multiple component models (see the above discussion).

A further difference between the above Amati and Combo data sets is in the number of sources.

This follow from the fact that, with respect to the Amati case, the Combo correlations requires

13Not to be confused with the ϕCDM model power-law potential energy density exponent α in Eq. (2.8).
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a further condition to be fulfilled by GRBs: the presence of a complete X-ray light curve. For

this reason a direct comparison of the above Amati and Combo data sets cannot be immediately

performed using the A118, A102, A220, and C60 and C174 data sets. In light of this, for comparative

studies of Amati and Combo correlations, from C174 we extract three subsamples.

C101 sample. A data set of 101 Combo GRBs, listed in Table 14, which are common between

the A220 and C174 samples.

C51 sample. A data set of 51 Combo GRBs, listed in Table 15, which are common between

the A118 and C174 samples.

C79 sample. A data set of 79 Combo GRBs, listed in Table 16, the union of the C60 and C51

samples.

In all Combo data sets, the observables F0, τ, and α, are inferred by using the same technique,

i.e., by fitting with the same model of the X-ray afterglow light curves computed in the 0.3–10

keV rest-frame energy band (Izzo et al., 2015); moreover, these light curve data come from the

same detector, i.e., the Swift-XRT (Evans et al., 2007). In this sense, limiting the attention to X-ray

observables only, all the Combo data sets would be homogeneous and free from any systematics

coming from the use of different detectors or fitting techniques/models. On the other hand, the

values of Ep do depend upon the Amati samples they are taken from and in the case of C60, C79,

C101 and C174 data sets the Ep values are mixed between the ones from A118 and A102 data sets.

Instead, by definition, the C51 data set is the only one sharing the Ep values of the A118 data set,

which are inferred from a more refined spectral analysis (see discussion above). For this reason,

the C51 data set and the A118 data for the Amati case, are expected to provide more refined and

reliable cosmological constraints with respect to the other data sets (see Sec. 5).

In this paper we also use 11 BAO and 31 H(z) measurements. The BAO data span the redshift

range 0.0106 ≤ z ≤ 2.33 while the H(z) data cover the redshift range 0.07 ≤ z ≤ 1.965. The BAO

data are given in Table 1 of Khadka and Ratra (2021) and the H(z) data are listed in Table 2 of

Ryan et al. (2018). We compare cosmological constraints obtained using each GRB data set with

those obtained using the BAO + H(z) data. Cosmological constraints obtained using A118 data are
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consistent with those obtained using the BAO + H(z) data so we also analyse A118 GRB data in

conjunction with the BAO + H(z) data.

In this paper we choose not to utilize CMB data because our aim is to compare GRB constraints

with the ones obtained from other data sets at intermediate redshifts. On the other hand, we do

not consider SNIa or CMB data sets because of the existing tension between the measurements of

H0 from these two probes Planck Collaboration (2020); Riess et al. (2019). For these reasons we

employ H(z) data, so far the only one providing cosmological-model-independent measurements of

the Hubble rate. BAO data was also considered because measurements of the characteristic size of

the BAO feature — which relate to the known comoving BAO scale rd — in the radial direction

provide complementary estimates of Hubble rate as well.

In general, BAO data requires the knowledge of rd and often this is typically got by using the

CMB to fix the baryon density parameter Ωbh2. We here use CLASS to compute rd in each model,

which is a function of the cold dark matter, baryonic and neutrino energy density parameters Ωch2,

Ωbh2, Ωνh2, and h = H0/(100 km/s/Mpc). We fix Ων = 0.0014 and treat Ωch2 and Ωbh2 as free

cosmological parameters to be constrained by the data we use. Therefore, we determine rd from the

data we use in this paper and not from CMB data.

11.3 Analysis methods

The Ep–Eiso or Amati correlation (Amati and Della Valle, 2013) relates the rest-frame peak energy

Ep of the GRB photon energy spectrum and the isotropic energy Eiso. Its functional form is

log
(

Eiso

erg

)
= a + b log

(
Ep

keV

)
, (11.1)

where a and b are free parameters to be determined from the data. A further free parameter of

the correlation is the intrinsic dispersion σext (D’Agostini, 2005). Eiso and Ep are not observed
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Table 11.2: Summary of the non-zero flat prior parameter ranges.

Parameter Prior range
Ωbh2 [0, 1]
Ωch2 [0, 1]
Ωm0 [0, 1]
Ωk0 [−2, 2]
ωX [−5, 0.33]
α [0, 10]
σext [0, 5]
a [0, 300]
b [0, 5]
q0 [0, 100]
q1 [0, 5]

quantities. They are derived quantities defined through

Eiso = 4πD2
L(z, p)S bolo(1 + z)−1, (11.2)

Ep = Eobs
p (1 + z), (11.3)

where S bolo is the measured bolometric fluence, computed in the standard rest-frame energy band

1–104 keV, and Eobs
p is the measured peak energy of the GRB spectrum. The luminosity distance

DL(z, p) is a function of z and the cosmological parameters p of the model under consideration

and is given by eq. (1.49). GRB data alone are unable to constrain H0 because of the degeneracy

between H0 and the correlation intercept parameter a. For GRB-only analyses we fix H0 = 70

km s−1Mpc−1 but when using GRB measurements together with BAO and H(z) data H0 is allowed

to be a free parameter. The GRB data likelihood function is (D’Agostini, 2005)

ln(LF) = −
1
2

NA∑
i=1


(
log Eobs

iso,i − log Eth
iso,i

)2

s2
E,i

+ ln(2πs2
E,i)

 , (11.4)

where s2
E,i = σ

2
log Eiso,i

+ b2σ2
log Ep,i

+ σ2
ext. Here, σlog Eiso,i is the error in the measured value of log Eiso,i

and σlog Ep,i is the error in log Ep,i. We maximize this likelihood function to determine best-fit values

and errors of the free parameters.

The Combo correlation links the γ-ray observable Ep with the X-ray afterglow observables τ, α,
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and

L0 = 4πD2
L(z, p)F0 , (11.5)

which is the luminosity of the plateau of the luminosity light curve in the 0.3–10 keV rest-frame

energy band. The Combo-correlation is defined as

log
(

L0

erg/s

)
= q0 + q1 log

(
Ep

keV

)
− log

(
τ/s
|1 + α|

)
, (11.6)

where q0, q1 and the intrinsic dispersion σext are the free parameters to be determined. The

corresponding likelihood function is

ln(LF) = −
1
2

N∑
i=1


(
log Lobs

0,i − log Lth
0,i

)2

s2
L,i

+ ln(2πs2
L,i)

 , (11.7)

where s2
L,i = σ

2
log L0,i

+ q2
1σ

2
log Ep,i

+ σ2
log(τ/|1+α|) + σ

2
ext. Here, σlog L0,i is the error in the measured value

of log L0,i, σlog Ep,i is the error in log Ep,i and σlog(τ/|1+α|) is the error in log (τ/|1 + α|).

To determine cosmological constraints from BAO + H(z) data, we follow the method outlined

by Khadka and Ratra (2021).

For the model comparisons, we compute the Akaike and Bayes Information Criterion (AIC and

BIC) values,

AIC = − 2 ln(LFmax) + 2d, (11.8)

BIC = − 2 ln(LFmax) + d ln N . (11.9)

Here d is the number of free parameters, N the number of data points, and we define the degree of

freedom do f = N − d. For N ≳ 7.4, as is the case for all data sets we consider, larger values of d are

penalized by BIC more severely than by AIC. We also compute the differences ∆AIC and ∆BIC

with respect to a reference model. Negative values of ∆AIC and ∆BIC indicate that the model under

investigation performs better than the reference model. On the other hand, positive values show the

opposite case. In particular, ∆AIC(BIC) ∈ [0, 2] provides weak evidence in favor of the reference
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model, ∆AIC(BIC) ∈ (2, 6] gives positive evidence against the given model, and ∆AIC(BIC) > 6 is

strong evidence against the given model.

The likelihood analysis for each data set and cosmological model is done using the MCMC

method as implemented in the MontePython code (Brinckmann and Lesgourgues, 2019). Con-

vergence of the MCMC chains for each parameter is determined with the Gelman-Rubin criterion

(R− 1 < 0.05). For each free parameter we assume a top hat prior which is non-zero over the ranges

given in Table 11.2.

11.4 Results

11.4.1 A118, A102, and A220 data constraints

Results for the A118, A102 and A220 data sets are given Tables 11.3 and 11.4. The unmarginalized

best-fit parameter values are listed in Table 11.3 and the marginalized one-dimensional best-fit

parameter values and limits are listed in Table 11.4. The corresponding plots of two-dimensional

likelihood contours and one-dimensional likelihoods are shown in Figs. 11.1–11.3. Results for the

A118, A102, and A220 data sets are plotted in magenta, blue, and green, respectively. The A118

results here are an update of those of Khadka and Ratra (2020c), based on the slightly updated A118

sample now analyzed here using MontePython (instead of emcee).

The use of these GRB data to constrain cosmological parameters is based on the validity of

the Amati Ep − Eiso correlation. We use these three data sets to also simultaneously determine the

slope b and the intercept a of the Amati relation and test whether this relation is independent of the

assumed cosmological model. For these three data sets, for all models, best-fit values of a lie in the

range ∼ 49− 50 and best-fit values of b lie in the range ∼ 1.2− 1.3. For a given data set, the a and b

values are almost constant, the same for all models, indicating that the Amati relation is the same in

all models and that the GRBs in a given data set are standardized. However, A118 GRBs favor an

Amati relation with a somewhat larger value for the intercept and a somewhat shallower slope than

do the A102 GRBs.

The minimum value of the intrinsic dispersion σext, ∼ 0.39, is obtained for the A118 data set and
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the maximum value, ∼ 0.52, is obtained for the A102 data set, with the A220 data value in-between,

∼ 0.46. These differences are large and indicate that the A118 data are of significantly better quality

than the A102 data and so provide more reliable cosmological constraints than do the A102 and

A220 data sets. As discussed above in Sec. 3, the A118 data are what should be used to determine

current GRB data cosmological constraints, and the A102 and A220 data sets should not be used to

constrain cosmological parameters.

In an attempt to determine if the large intrinsic dispersion of the A220 data is the consequence

of only a few GRBs, and if σext can be decreased by removing a few unreliable GRBs, we repeated

the analyses for a number of different subsets of the A220 data compilation. These subsets included:

(i) four bins in redshift space with approximately the same number of GRBs in each bin, from which

we found the Amati relation parameters, a and b, were independent of redshift within the error

bars14 and that σext was large for the first three redshift bins but smaller, ∼ 0.33 − 0.34 depending

on cosmological model, for the highest 2.68 < z ≤ 8.2 bin; and, (ii) dividing the A220 data into two

parts at a number of different redshifts, from 0.48 to 1.8, from which we found the Amati relation

parameters, a and b, were again independent of redshift within the error bars, and that σext was large

for all the lower redshift data subsets (and increases as the cutoff z was decreased) and smallest,

∼ 0.4 depending on cosmological model, for the z > 1.8 data. We conclude from these analyses that

the larger σext value for the A220 data is caused more by lower redshift GRBs but we were not able

to find a fair procedure to settle on which low redshift GRBs to discard from the A220 data set to try

to improve it so that it could be used for cosmological purposes.15 Our recommendation is that, for

the purpose of constraining cosmological parameters it is only appropriate to use the A118 data set.

From Figs. 11.1–11.3, we see that for the A118 and A102 data sets a significant part of the

probability favors currently accelerating cosmological expansion while for the A220 data set

currently decelerating cosmological expansion is more favored.

14We did not repeat this computation for the A118 data set, which would have fewer bursts in each redshift bin,
resulting in greater uncertainties for the determined a and b parameters in each bin.

15We note that the analyses of Lusso et al. (2019); Demianski et al. (2021); Amati et al. (2019); Rezaei et al. (2020);
Demianski et al. (2017a) are based on GRB data that include a significant number of A220 GRBs. That they find
these data inconsistent with the standard flat ΛCDM model is probably more correctly viewed as a reflection of the
inappropriateness of using the A220 GRBs to constrain cosmological parameters rather than an inadequacy of the
standard flat ΛCDM model.
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The A118 data largely provide a lower limit on the value of Ωm0, except in the non-flat ϕCDM

model where they result in Ωm0 = 0.560+0.210
−0.250. Representing this case by the 2σ lower limit, these

lower limits range from > 0.060 for the non-flat ϕCDM model to > 0.238 for the flat ϕCDM model.

In all six cosmological models the A118 Ωm0 values are consistent with those from the BAO + H(z)

data. For the A102 data, the value of Ωm0 ranges from > 0.223 to > 0.272. The minimum value

is obtained in the flat XCDM model and the maximum value is obtained in the flat ϕCDM model.

These values are consistent with those from the BAO + H(z) data. For the A220 data, the value of

Ωm0 ranges from > 0.327 to > 0.481. The minimum value is obtained in the flat XCDM model and

the maximum value is obtained in the non-flat ΛCDM model. These values are mostly inconsistent

with those from the BAO + H(z) data.

From Table 11.4, for all three data sets, in the flat ΛCDM model, the value of ΩΛ ranges from

< 0.545 to < 0.770.16 The minimum value is obtained using the A220 data and the maximum

value is obtained using the A118 data. In the non-flat ΛCDM model, the value of ΩΛ ranges from

< 0.910 to < 1.310. The minimum value is obtained using the A118 data and the maximum value is

obtained using the A102 data.

For these three data sets, for all three non-flat models, the value of Ωk0 ranges from −0.136+0.796
−0.424

to 0.330+0.520
−0.360. Both minimum and maximum values are obtained in non-flat ΛCDM model using

A220 and A118 data sets respectively. These values are mutually consistent with those from the

BAO + H(z) data.17

For all three data sets, for the flat and non-flat XCDM parametrizations, the value of the equation

of state parameter (ωX) ranges from < −0.143 to < 0.256. The minimum value is obtained in the

flat XCDM parametrization using the A118 data and the maximum value is obtained in the non-flat

XCDM parametrization using the A220 data. These data sets provide very weak constraints on ωX.

In the flat and non-flat ϕCDM models, all three data sets are unable to constrain the scalar field
16We derive chains for ΩΛ in each computation using the equation ΩΛ = 1 −Ωm0 −Ωk0 (where for the spatially-flat

ΛCDM model Ωk0 = 0). Then, from those chains, using the python package getdist (Lewis, 2019) we determine the
best-fit values and uncertainties for ΩΛ. We also use this python package to plot all one-dimensional likelihoods and
two-dimensional contours and to compute the best-fit values and uncertainties of the free parameters.

17In the non-flat ϕCDM model, the value of Ωϕ(z, α) is determined using the numerical solutions of the dynamical
equations and its current value always lies in the range 0 ≤ Ωϕ(0, α) ≤ 1. In the non-flat ϕCDM model plots, this
restriction on Ωϕ(0, α) can be seen in the Ωm0 −Ωk0 sub-panel in the form of straight line boundaries.
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Figure 11.1: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using A118 (blue), A102 (magenta), A220 (green), and BAO + H(z) (red)
data for all free parameters. Left panel shows the flat ΛCDM model. The black dotted vertical
lines are the zero acceleration lines with currently accelerated cosmological expansion occurring
to the left of the lines. Right panel shows the non-flat ΛCDM model. The black dotted sloping
line in the Ωk0 − Ωm0 subpanel is the zero acceleration line with currently accelerated cosmological
expansion occurring to the lower left of the line. The black dashed horizontal or vertical line in the
Ωk0 subpanels correspond to Ωk0 = 0.

potential energy density parameter α.

Only the A118 data set should be used to constrain cosmological parameters, and perhaps the

most useful constraint it provides for this purpose is the (weak) lower limit on Ωm0.

In Table 11.3, for all three data sets, the values of AIC and BIC and their differences ∆AIC and

∆BIC with respect to the flat ΛCDM values, assumed as a reference, are listed. In almost the totality

of models we have ∆AIC ≲ 2, implying at most weak evidence for the flat ΛCDM model; only the

non-flat XCDM and ϕCDM cases have 2 ≲ ∆AIC ≲ 6, positive evidence for the flat ΛCDM model.

Moving to the ∆BIC values, now almost the totality of models exhibit positive evidence for the flat

ΛCDM one, whereas the non-flat XCDM and ϕCDM cases indicate strong evidence for the flat

ΛCDM one.
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11.4.2 BAO + H(z) and A118 + BAO + H(z) data constraints

Results for the BAO + H(z) data are listed in Tables 11.3 and 11.4 and shown in Figs. 11.1–11.6.

These results are from Khadka and Ratra (2021). We use them here for comparing to the GRB

results we derive here, to examine consistency between the GRB data constraints and constraints

from the better-established BAO + H(z) cosmological probes.

From Figs. 11.1–11.6, we see that the BAO + H(z) data results are not inconsistent with the GRB

A118 data cosmological constraints — and that both of these data sets favor currently accelerated

cosmological expansion [the BAO + H(z) more so than the A118 GRB] — so it is reasonable to

derive cosmological constraints from joint analyses of A118 + BAO + H(z) data. On the other hand,

the BAO + H(z) data constraints are somewhat inconsistent with those from the GRB A102 data

and especially with those from the A220 data (that more favor currently decelerated cosmological

expansion). This is likely related to the higher intrinsic dispersion of the A102 and A220 data sets,

as discussed above, and so it is not appropriate to perform joint analyses of the A102 or A220 data

with BAO + H(z) data for the purpose of constraining cosmological parameters.

Results for the A118 + BAO + H(z) data are listed in Tables 11.3 and 11.4. One-dimensional

likelihoods and two-dimensional constraint contours for these data are shown in blue in Figs. 11.4–

11.6, where the A118 data results are shown in grey and the BAO + H(z) data results are shown

in red. These results are an update of those of Khadka and Ratra (2020c); here we have slightly

updated the BAO and GRB data sets used there, now use Ωbh2 and Ωch2 as free parameters in the

analyses here (compared to using Ωm0 as the free parameter there), and now use MontePython

(instead of emcee) for the analyses here. These updates lead to only small changes compared to the

results shown in Khadka and Ratra (2020c) so our discussion on them is brief.

The figures show that the A118 GRB data constraints are significantly broader than those that

follow from the BAO +H(z) data. Consequently, a joint analysis of the A118 + BAO +H(z) data

combination will result in only marginally more restrictive constraints on cosmological parameters

compared to the constraints from the BAO + H(z) data.

From Table 11.4, for the A118 + BAO + H(z) data, the value of Ωbh2 ranges from 0.024+0.003
−0.003 to

0.033+0.007
−0.003. The minimum value is obtained in the flat ΛCDM model and the maximum value is
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Figure 11.2: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using A118 (blue), A102 (magenta), A220 (green), and BAO + H(z) (red) data
for all free parameters. Left panel shows the flat XCDM parametrization. The black dotted curved
line in the ωX − Ωm0 subpanel is the zero acceleration line with currently accelerated cosmological
expansion occurring below the line and the black dashed straight lines correspond to the ωX = −1
ΛCDM model. Right panel shows the non-flat XCDM parametrization. The black dotted lines in
the Ωk0 − Ωm0, ωX − Ωm0, and ωX − Ωk0 subpanels are the zero acceleration lines with currently
accelerated cosmological expansion occurring below the lines. Each of the three lines is computed
with the third parameter set to the BAO + H(z) data best-fit value of Table 11.3. The black dashed
straight lines correspond to the ωx = −1 ΛCDM model. The black dotted-dashed straight lines
correspond to Ωk0 = 0.
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Figure 11.3: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using A118 (blue), A102 (magenta), A220 (green), and BAO + H(z)
(red) data for all free parameters. The α = 0 axes correspond to the ΛCDM model. Left panel
shows the flat ϕCDM model. The black dotted curved line in the α − Ωm0 subpanel is the zero
acceleration line with currently accelerated cosmological expansion occurring to the left of the line.
Right panel shows the non-flat ϕCDM model. The black dotted lines in the Ωk0 −Ωm0, α−Ωm0, and
α −Ωk0 subpanels are the zero acceleration lines with currently accelerated cosmological expansion
occurring below the lines. Each of the three lines is computed with the third parameter set to the
BAO + H(z) data best-fit value of Table 11.3. The black dashed straight lines correspond to Ωk0 = 0.
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Figure 11.4: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using A118 (gray), BAO + H(z) (red), and A118 + BAO + H(z) (blue) data
for all free parameters. Left panel shows the flat ΛCDM model and right panel shows the non-flat
ΛCDM model. The black dashed straight lines in the right panel correspond to Ωk0 = 0.

obtained in the flat ϕCDM model. The value of Ωch2 ranges from 0.080+0.017
−0.020 to 0.120+0.007

+0.008. The

minimum value is obtained in the flat ϕCDM model while the maximum value is obtained in the

flat ΛCDM model. The value of Ωm0 ranges from 0.266+0.024
−0.024 to 0.300+0.015

+0.017. The minimum value is

obtained in the flat ϕCDM model and the maximum value is obtained in the flat ΛCDM model. As

expected, these values are almost identical to the BAO + H(z) results.

From Table 11.4, in the flat ΛCDM model, the value of ΩΛ is determined to be 0.700+0.017
−0.015. In

the non-flat ΛCDM model, the value of ΩΛ is determined to be 0.669+0.088
−0.076.

In case of the A118 + BAO + H(z) analyses H0 is a free parameter to be determined from the

data. The value of H0 ranges from 65.0 ± 2.2 to 69.2 ± 1.7 km s−1 Mpc−1. The minimum value is

obtained in the flat ϕCDM model and the maximum value is obtained in the flat ΛCDM model.

For this joint analysis, for the three non-flat models, the value of Ωk0 ranges from −0.110+0.120
−0.120

to 0.037+0.089
−0.100. The minimum value is obtained in the non-flat XCDM parametrization and the

maximum value is obtained in the non-flat ΛCDM model. These data are consistent with flat spatial

hypersurfaces but do not rule out a little spatial curvature.
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Figure 11.5: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels using A118 (gray), BAO + H(z) (red), and A118 + BAO + H(z) (blue)
data for all free parameters. Left panel shows the flat XCDM parametrization. Right panel shows
the non-flat XCDM parametrization. The black dashed straight lines in both panels correspond to
the ωx = −1 ΛCDM models. The black dotted straight lines in the Ωk0 subpanels in the right panel
correspond to Ωk0 = 0.
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Figure 11.6: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels using A118 (gray), BAO + H(z) (red), and A118 + BAO + H(z) (blue) data
for all free parameters. Left panel shows the flat ϕCDM model and right panel shows the non-flat
ϕCDM model. The α = 0 axes correspond to the ΛCDM models. The black dashed straight lines in
the Ωk0 subpanels in the right panel correspond to Ωk0 = 0.

From Table 11.4, for the flat and non-flat XCDM parametrization, the values of ωX are deter-

mined to be −0.733+0.150
−0.095 and −0.694+0.140

−0.079 respectively. In the flat and non-flat ϕCDM model, the

values of scalar field potential energy density parameter α are determined to be 1.580+0.660
−0.890 and

1.710+0.700
−0.850 respectively. In all four cases, dynamical dark energy is favored at 1.8σ to 3.9σ statistical

significance over the cosmological constant.

From Table 11.3, all the ∆AIC values for the two data sets are positive or negative, but with

|∆AIC| ≲ 2, indicating the models are almost indistinguishable from the ΛCDM one. Moving to the

∆BIC values, we see that for all data sets the non-flat ΛCDM, XCDM, and ϕCDM cases exhibit

positive evidence for the flat ΛCDM model.

11.4.3 C60, C51, C79, C101, and C174 data constraints
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Figure 11.7: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels for all free parameters in the flat ΛCDM model. Left panel shows the
plots for the C51 (blue), C60 (indigo), C101 (green), and BAO + H(z) (red) data sets. Right panel
shows the plots for the C60 (indigo), C79 (peru), C174 (olive) and BAO + H(z) (red) data sets. The
black dotted vertical lines are the zero acceleration lines with currently accelerated cosmological
expansion occurring to the left of the lines.

Results for C60, C51, C79, C101, and C174 data sets are given Tables 11.5 and 11.6. The

unmarginalized best-fit parameter values are listed in Table 11.5 and marginalized one-dimensional

best-fit parameter values and limits are listed in Table 11.6. The corresponding two-dimensional

likelihood contours and one-dimensional likelihoods are plotted in Figs. 11.7–11.12 where the C60,

C51, C79, C101, and C174 data set results are shown in indigo, blue, peru/orange, green, and olive

colors respectively.

The use of Combo GRBs to constrain cosmological parameters is based on the validity of the

Combo correlation. For these five data sets, for all models, values of the Combo correlation intercept

q0 lie in the range ∼ 49−51 and values of the Combo correlation slope q1 lie in the range ∼ 0.5−0.7.

For a given data set the measured q0 and q1 values — and so the Combo relation — are independent

of cosmological model, indicating that these GRBs are standardized. However, the q0 and q1 values

are somewhat different for each data set.

The minimum value of the intrinsic dispersion σext, ∼ 0.36, is obtained for the C60 data set
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Figure 11.8: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels for all free parameters in the non-flat ΛCDM model. Left panel shows
the plots for the C51 (blue), C60 (indigo), C101 (green), and BAO + H(z) (red) data sets. Right
panel shows the plots for the C60 (indigo), C79 (peru), C174 (olive) and BAO + H(z) (red) data
sets. The black dotted sloping line in the Ωk0 − Ωm0 subpanels is the zero acceleration line with
currently accelerated cosmological expansion occurring to the lower left of the line. The black
dashed horizontal or vertical line in the Ωk0 subpanels correspond to Ωk0 = 0.
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Figure 11.9: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ, and
3σ confidence levels for all free parameters in the flat XCDM model. Left panel shows the plots for
the C51 (blue), C60 (indigo), C101 (green), and BAO + H(z) (red) data sets. Right panel shows
the plots for the C60 (indigo), C79 (peru), C174 (olive) and BAO + H(z) (red) data sets. The black
dotted curved line in the ωX −Ωm0 subpanels is the zero acceleration line with currently accelerated
cosmological expansion occurring below the line and the black dashed straight lines correspond to
the ωX = −1 ΛCDM model.
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Figure 11.10: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels for all free parameters in the non-flat XCDM model. Left panel shows the
plots for the C51 (blue), C60 (indigo), C101 (green), and BAO + H(z) (red) data sets. Right panel
shows the plots for the C60 (indigo), C79 (peru), C174 (olive) and BAO + H(z) (red) data sets. The
black dotted lines in the Ωk0 − Ωm0, ωX − Ωm0, and ωX − Ωk0 subpanels are the zero acceleration
lines with currently accelerated cosmological expansion occurring below the lines. Each of the three
lines is computed with the third parameter set to the BAO + H(z) data best-fit value of Table 11.3.
The black dashed straight lines correspond to the ωx = −1 ΛCDM model. The black dotted-dashed
straight lines correspond to Ωk0 = 0.
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Figure 11.11: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels for all free parameters in the flat ϕCDM model. Left panel shows the plots
for the C51 (blue), C60 (indigo), C101 (green), and BAO + H(z) (red) data sets. Right panel shows
the plots for the C60 (indigo), C79 (peru), C174 (olive) and BAO + H(z) (red) data sets. The α = 0
axes correspond to the ΛCDM model. The black dotted curved line in the α − Ωm0 subpanels is the
zero acceleration line with currently accelerated cosmological expansion occurring to the left of the
line.
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Figure 11.12: One-dimensional likelihood distributions and two-dimensional contours at 1σ, 2σ,
and 3σ confidence levels for all free parameters in the non-flat ϕCDM model. Left panel shows the
plots for the C51 (blue), C60 (indigo), C101 (green), and BAO + H(z) (red) data sets. Right panel
shows the plots for the C60 (indigo), C79 (peru), C174 (olive) and BAO + H(z) (red) data sets. The
α = 0 axes correspond to the ΛCDM model. The black dotted lines in the Ωk0 − Ωm0, α − Ωm0, and
α −Ωk0 subpanels are the zero acceleration lines with currently accelerated cosmological expansion
occurring below the lines. Each of the three lines is computed with the third parameter set to the
BAO + H(z) data best-fit value of Table 11.3. The black dashed straight lines correspond to Ωk0 = 0.
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and the maximum value of σext, ∼ 0.40, is obtained for the C79 data set. As discussed in Sec.

3 above, the “lower" quality C101 data set includes the 101 GRBs common to the A220 and

C174 compilations, while the “higher" quality C51 data set includes the 51 GRBs common to the

A118 and C174 compilations. There is however no difference between the σext values for C51,

∼ 0.39 − 0.40 depending on model, and for C101, ∼ 0.39. This indicates that unlike for the Amati

correlation, for the Combo correlation σext is not a good probe of the quality of the GRB data for

cosmological purposes, thus rendering the Combo correlation less useful for cosmological purposes.

Both the C101 compilation with σext ∼ 0.39 and the C174 compilation with the even lower

σext ∼ 0.36 result in cosmological constraints that mostly favor currently decelerating cosmological

expansion and that are mostly inconsistent with the BAO + H(z) constraints, except for the flat and

non-flat XCDM parametrizations for the C101 case and the flat XCDM parametrization for the

C174 case. On the other hand the C51 data with σext ∼ 0.39 − 0.40, the C60 data with σext ∼ 0.36,

and the C79 data with σext ∼ 0.40, result in constraints that more favor currently accelerating

cosmological expansion and that are mostly consistent with the BAO + H(z) constraints, except for

the flat and non-flat ϕCDM models for the C60 and C79 compilations. These findings also support

the conclusion that the value of σext for current Combo correlation data does not properly reflect the

cosmological quality of these data, again casting doubt on the validity of the Combo correlation

for cosmological purposes. Given that it is inappropriate to use current Combo data to constrain

cosmological parameters, the following discussion of the resulting constraints from these data is

brief.

For Combo data sets, from Table 11.6, the value of Ωm0 ranges from 0.572+0.288
−0.222 to > 0.593. The

minimum value is obtained in the non-flat ϕCDM model using the C51 data and the maximum

value is obtained in the non-flat ΛCDM model using the C174 data. Ωm0 values obtained using C60,

C51, and C79 data sets are mostly consistent with those obtained using the BAO + H(z) data while

Ωm0 values from the C101 and C174 data sets are inconsistent with those obtained using the BAO +

H(z) data.

From Table 11.6, for all Combo data sets, in the flat ΛCDM model, the value of ΩΛ ranges from

< 0.421 to < 0.807. The minimum value is obtained using the C174 data and the maximum value is

obtained using the C51 data. In the non-flat ΛCDM model, the value of ΩΛ ranges from < 1.200 to
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< 1.500. The minimum value results from the C51 data and the maximum value is from the C79

data.

From Table 11.6, for all three non-flat models, the value of Ωk0 ranges from −0.424+0.414
−0.646 to

−0.035+0.155
−0.485. The minimum value is in the non-flat XCDM parametrization from the C174 data

while the maximum value is in the non-flat ϕCDM model using the C51 data set. These values are

consistent with those obtained using BAO + H(z) data.

For all Combo data sets, for the flat and non-flat XCDM parametrization, the value of the

equation of state parameter (ωX) ranges from < −0.150 to < 0.200. the minimum value is obtained

in the flat XCDM parametrization using the C51 data and the maximum value is obtained in the

non-flat XCDM parametrization using the C101 data. In the flat and non-flat ϕCDM model, these

data sets are unable to constrain the scalar field potential energy density parameter α.

From Table 11.6, for the C60, C51, C79, C101, and C174 data sets, from the ∆AIC values, we

infer that the most favored model is the flat ΛCDM one (for the C174 data set, the flat XCDM

model provides an AIC value slightly smaller than the ΛCDM one but consistent with it). Moving

to the ∆BIC values, for all the Combo data sets, the non-flat XCDM and ϕCDM cases provide

strong evidence for the flat ΛCDM model.

11.5 Conclusions

In this work we focused on two widely-used GRB correlations, i.e. Ep − Eiso and Combo, and ex-

amined whether current GRB data can be used to reliably constrain cosmological model parameters.

We considered eight different GRB data sets: three for the Ep − Eiso case (dubbed A118, A102 and

A220), and five for the Combo correlation (dubbed C51, C60, C79, C101 and C174).

The A118 sample is composed of 118 long GRBs, 93 from Wang et al. (2016) and 25 Fermi-

GBM/LAT bursts from Fana Dirirsa et al. (2019). A number of these GRBs have the best constrained

spectral properties, obtained from more refined fits performed by using multiple component models

instead of just the Band model. The A102 sample is an additional data set of 102 long GRBs taken

from Demianski et al. (2017b) and Amati et al. (2019), not considered by Fana Dirirsa et al. (2019).

The updated spectral parameters of the A102 bursts, obtained by us from referenced papers and
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from Gamma-ray Coordination Network circulars, have been inferred from simple Band model fits.

The A220 sample is the union of the A118 and A102 samples.

The C60 sample is the original Combo data set (Izzo et al., 2015) composed of 60 long GRBs,

whereas the C174 sample is a newer Combo data set composed of 174 GRBs (Muccino et al., 2021).

We have updated both these data sets, by using updated Ep values from the A118 and A102 data

sets (that come from mixed methodologies involving both the simple Band model and multiple

component models). To perform comparative studies of Amati and Combo correlations, from C174

we have extracted: the C101 sample of 101 Combo GRBs common between the A220 and C174

samples; the C51 sample of 51 Combo GRBs common between the A118 and C174 samples; and,

the C79 sample, which is the union of the C60 and C51 samples.

We analyzed these eight GRB data sets in six different cosmological models using the MCMC

procedure implemented in MontePython and simultaneously determined (best-fit values of and

limits on) uncalibrated GRB correlation parameters and cosmological model parameters.

For the Ep − Eiso correlation case, the A118 sample has a significantly lower intrinsic dispersion

than the A102 sample, indicating that it is the favored compilation. This is not inconsistent with the

fact that the simpler Band model was used in the determination of spectral parameters for the bursts

in the A102 sample. On the other hand, there is almost no difference in the intrinsic dispersion of

the five Combo data sets. Given that some of the Combo data sets consist of lower-quality GRB

measurements (with spectral parameters determined using the simpler Band model), this result

indicates that for current Combo data sets the intrinsic dispersion value is insenstive to the quality

of the burst data.

Additionally, we compared cosmological constraints determined from the GRB data sets to

those from better-established BAO + H(z) data. We found that the A118 and C51 constraints, and

less so the A102, C60, and C79 constraints, are consistent with those from the BAO + H(z) data,

while the A220, C101, and C174 cosmological constraints are inconsistent with the BAO + H(z)

ones.

Our first main conclusion is that only the Ep − Eiso correlation A118 GRB sample is reliable

enough to be used to constrain cosmological parameters. This includes only a little more than half

of the available Ep − Eiso bursts. We emphasize that, besides future GRB data, there is still plenty of
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old GRB data (publicly available or not) that can be reanalyzed using better spectral models (as

done in Fana Dirirsa et al. (2019)) and could then be candidates for inclusion in a future update of

the reliable Ep − Eiso correlation GRB data set.

Our second main conclusion is that cosmological constraints from the uncalibrated A118 sample

are quite weak and also consistent with those from better established probes such as BAO, H(z),

SNIa, and CMB anisotropy data. The consistency means that it is justified to derive cosmological

constraints from a joint analyses of A118 and BAO + H(z) data, as we have done here, but given

the weakness of the A118 constraints adding the A118 data to the mix does not much tighten the

BAO + H(z) constraints.

Our third main conclusion is that current uncalibrated Combo correlation GRB data sets are not

reliable enough to be used to constrain cosmological parameters.

Our analyses here resolve the previous inconsistencies between cosmological constraints found

from different GRB data sets. They indicate that only the A118 GRB data set provides reliable

cosmological constraints, that these are broad, consistent with those from better-established cosmo-

logical probes, as well as consistent with the standard flat ΛCDM model, but also consistent with

dynamical dark energy models and non-spatially-flat models.

It appropriate to stress again that the our results indicate that the Amati correlation represents a

reliable instrument for the standardization of the A118 GRB data set. However, we are not yet in

the position to discriminate among possible cosmologies with GRB data only, since our analysis

method does not address the circularity problem, being unable to produce distance GRB moduli

independently from any cosmological model.

Looking forward, since GRBs probe a largely unexplored part of cosmological redshift space,

it is a worthwhile task to acquire more and better-quality burst data that might provide valuable

cosmological constraints on the cosmological models used in this paper and test alternative ones

(see. e.g., Luongo and Muccino, 2018).
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Chapter 12

Standardizing Dainotti-correlated

gamma-ray bursts, and using them with

standardized Amati-correlated gamma-ray

bursts to constrain cosmological model

parameters

This chapter is based on Cao et al. (2022).

12.1 Introduction

The observed currently accelerated cosmological expansion indicates that — if general relativity

provides an accurate description of gravitation on cosmological scales — dark energy must con-

tribute significantly to the current cosmological energy budget. The simpler spatially-flat ΛCDM

model (Peebles, 1984) is consistent with this and other observations. Fits of this model to most

better-established cosmological data suggest that a time-independent cosmological constant (Λ)

provides ∼ 70% of the current cosmological energy budget, non-relativistic cold dark matter (CDM)

252



provides ∼ 25%, and non-relativistic baryonic matter provides most of the remaining ∼ 5% (see, e.g.

Planck Collaboration, 2020; Farooq et al., 2017; Scolnic et al., 2018; eBOSS Collaboration, 2021).

While the spatially-flat ΛCDM model is consistent with most observations (see, e.g. Di Valentino

et al., 2021a; Perivolaropoulos and Skara, 2021), observational data do not strongly rule out a little

spatial curvature or dynamical dark energy. In this paper, in addition to the spatially-flat ΛCDM

model, we also study spatially non-flat and dynamical dark energy models.

Observational astronomy now provides many measurements that can be used to test cosmological

models. Largely, these data are either at low or at high redshift. So cosmological models are mostly

tested at low and high redshifts, remaining poorly tested in the intermediate redshift regime. The

highest redshift of the better-established low-redshift data, ∼ 2.3, is reached through baryon acoustic

oscillation (BAO) observations; the high redshift region, z ∼ 1100, is probed by better-established

cosmic microwave background anisotropy data. Fits of these better-established data to cosmological

models provide mostly mutually consistent results. However, for a better understanding of our

Universe, it is necessary to also test cosmological models in the intermediate redshift range of

2.3 ≲ z ≲ 1100. Some progress has been achieved: methods that test cosmological models in the

intermediate redshift region include the use of H ii starburst galaxy measurements which reach

to z ∼ 2.4 (Mania and Ratra, 2012; González-Morán et al., 2019; Chávez et al., 2014; Cao et al.,

2021a; González-Morán et al., 2021; Cao et al., 2020, 2022; Johnson et al., 2021), quasar angular

size measurements which reach to ∼ 2.7 (Ryan et al., 2019; Cao et al., 2021a, 2017, 2020; Zheng

et al., 2021; Lian et al., 2021), and quasar flux measurements which reach to ∼ 7.5 (Risaliti and

Lusso, 2019; Khadka and Ratra, 2020a; Risaliti and Lusso, 2015; Khadka and Ratra, 2020b; Yang

et al., 2020a; Lusso et al., 2020; Khadka and Ratra, 2022; Lian et al., 2021; Khadka and Ratra,

2021; Zhao and Xia, 2021; Li et al., 2021a; Rezaei et al., 2021; Luongo et al., 2021).1

Gamma-ray burst (GRB) measurements are another high redshift probe and reach to z ∼ 8.2

(Samushia and Ratra, 2010; Demianski et al., 2021; Khadka and Ratra, 2020c; Wang et al., 2016;

Amati et al., 2019; Fana Dirirsa et al., 2019; Amati et al., 2008; Khadka et al., 2021a; Luongo

et al., 2021; Wang et al., 2015; Salvaterra et al., 2009; Tanvir et al., 2009; Cardone et al., 2010;

1Note that in the latest Lusso et al. (2020) quasar flux compilation, their assumed UV–X-ray correlation is valid
only to a much lower redshift, z ∼ 1.5 − 1.7, and so these quasars can be used to derive only lower-z cosmological
constraints (Khadka and Ratra, 2022; Khadka and Ratra, 2021).
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Dainotti et al., 2013a; Dainotti and Del Vecchio, 2017; Luongo and Muccino, 2021). While

there are quite a few Amati correlation long GRBs that have been used to constrain cosmological

parameters, currently only a smaller fraction of 118 such GRBs (hereafter A118) that cover the

redshift range 0.3399 ≤ z ≤ 8.2 (Khadka and Ratra, 2020c; Khadka et al., 2021a) are reliable

enough to be used to constrain cosmological parameters. To date, this is the lower-z data set

used to constrain cosmological parameters that spans the widest range of redshifts. These A118

data provide cosmological constraints which are consistent with those obtained from the better-

established cosmological probes but the GRB constraints are significantly less restrictive. To obtain

tighter cosmological constraints using GRB data, we need to make use of more GRBs.

Recently Wang et al. (2022a) and Hu et al. (2021) have compiled smaller GRB data sets that

together probe the redshift range 0.35 ≤ z ≤ 5.91. These are GRBs whose plateau phase luminosity

L0 and spin-down characteristic time tb are correlated through the Dainotti (L0 − tb) correlation

(Dainotti et al., 2013b, 2017). This correlation between L0 and tb allows one to use these GRBs

for cosmological purposes. These GRBs can be classified in two categories depending on whether

the plateau phase is dominated by magnetic dipole (MD) radiation or gravitational wave (GW)

emission (Wang et al., 2022a; Hu et al., 2021). In this paper we use long and short GRBs whose

plateau phase is dominated by MD radiation (hereafter MD-LGRBs and MD-SGRBs) and long

GRBs whose plateau phase is dominated by GW emission (hereafter GW-LGRBs). All three sets of

GRBs obey the Dainotti correlation but each set can have different correlation parameters. We use

the three individual GRB data sets, as well as some combinations of them, to constrain cosmological

model parameters and Dainotti correlation parameters simultaneously.2 We find that these GRBs are

standardizable, as was assumed in Wang et al. (2022a) and Hu et al. (2021). However, cosmological

constraints obtained from these Dainotti correlation GRB data sets are very weak.

When we combine the MD-LGRB or GW-LGRB data sets with the 115 non-overlapping Amati

correlation GRBs from the A118 data set, they slightly tighten the constraints from the 115 Amati

correlation GRBs, but not significantly so. Each of the individual Amati or Dainotti correlation

GRB data sets, as well as combinations of these GRB data sets, mostly provide only lower limits

2The advantage of fitting cosmological and GRB correlation parameters simultaneously is that the fitting process is
free from the circularity problem. More specifically, this procedure allows us to determine whether the GRB correlation
parameters depend on the assumed cosmological model and so determine whether the GRBs are standardizable.
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on the current value of the non-relativistic matter energy density parameter Ωm0 and the resulting

cosmological parameter constraints are mostly consistent with those obtained from better-established

cosmological data.

In this paper, we use a combination of Hubble parameter (H(z)) and BAO data, H(z) + BAO,

results as a proxy for better-established data results, to compare with our GRB data results. Qualita-

tively, results from the individual GRB data sets, as well as those from combinations of GRB data

sets, are consistent with those from the H(z) + BAO data which favor Ωm0 ∼ 0.3, but there are a few

combinations of GRB data sets with constraints on Ωm0 being more than 2σ away from 0.3 in the

ΛCDM models.

This chapter is structured as follows. In Sec. 12.2 we describe the data sets we analyze. In Sec.

12.3 we summarize our analyses techniques. In Sec. 12.4 we present our results. We conclude in

Sec. 12.5.

12.2 Data

In this paper, we analyze four different GRB data sets as well as some combinations of these data

sets. We also use a joint H(z) + BAO data set. These data sets are summarized in Table 12.1 and

described in what follows.3

MD-LGRB sample. This includes 31 long GRBs, with burst duration longer than 2 seconds,

listed in Table 1 of Wang et al. (2022a). For this data set, measured quantities for a GRB are

redshift z, X-ray flux F0, characteristic time scale tb, and spectral index during the plateau

phase β′.4 This sample probes the redshift range 1.45 ≤ z ≤ 5.91.

MD-SGRB sample. This includes 5 short GRBs, with burst duration shorter than 2 seconds,

listed in Table 1 of Hu et al. (2021). For this data set, measured quantities for a GRB

3In this table and elsewhere, for compactness, we sometimes use ML, MS, and GL as abbreviations for the
MD-LGRB, MD-SGRB, and GW-LGRB data sets compiled by Wang et al. (2022a) and Hu et al. (2021).

4ML, MS, and GL data error bars on F0 and tb are mostly asymmetric. We symmetrize these error bars using the

method applied in Wang et al. (2022a) and Hu et al. (2021), with the symmetrized error bar σ =
√

(σ2
u + σ

2
d)/2, where

σu and σd are the asymmetric upper and lower error bars.
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are the same as those for the MD-LGRB sample. This data set probes the redshift range

0.35 ≤ z ≤ 2.6.

GW-LGRB sample. This includes 24 long GRBs listed in Table 1 of Hu et al. (2021). For

this data set, measured quantities for a GRB are the same as those for the MD-LGRB sample.

This sample probes the redshift range 0.55 ≤ z ≤ 4.81.

A118 sample. This sample include 118 long GRBs listed in Table 7 of Khadka et al. (2021a).

For this data set, measured quantities for a GRB are z, rest-frame spectral peak energy Ep, and

measured bolometric fluence S bolo, computed in the standard rest-frame energy band 1 − 104

keV. This sample probes the redshift range 0.3399 ≤ z ≤ 8.2.

The A118 data and the MD-LGRB data sets have 3 common GRBs, GRB060526, GRB081008,

and GRB090516. We exclude these common GRBs from the A118 data set to form the A115

data set for joint analyses with the MD-LGRB data set. There are also 3 common GRBs

between the A118 data set and the GW-LGRB data set, GRB060206, GRB091029, and

GRB131105A. We exclude these common GRBs from the A118 data set to form the A115′

data set for joint analyses with the GW-LGRB data set.

H(z) and BAO data. In addition to the GRB data, we also use 31 H(z) and 11 BAO

measurements. These H(z) and BAO measurements probe the redshift range 0.07 ≤ z ≤ 1.965

and 0.0106 ≤ z ≤ 2.33, respectively. The H(z) data are in Table 2 of Ryan et al. (2018) and

the BAO data are in Table 1 of Khadka and Ratra (2021). We use cosmological constraints

from the better-established H(z) + BAO data to compare with those obtained from the GRB

data sets.

12.3 Data Analysis Methodology

For GRBs which obey the Dainotti correlation the luminosity of the plateau phase is (Dainotti et al.,

2008; Dainotti et al., 2010)

L0 =
4πD2

LF0

(1 + z)1−β′ , (12.1)
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Table 12.1: Summary of data sets used.

Data set N (Number of points) Redshift range

ML 31 1.45 ≤ z ≤ 5.91
MS 5 0.35 ≤ z ≤ 2.6
GL 24 0.55 ≤ z ≤ 4.81
MS + GL 29 0.35 ≤ z ≤ 4.81
A118 118 0.3399 ≤ z ≤ 8.2
A115a 115 0.3399 ≤ z ≤ 8.2
A115′b 115 0.3399 ≤ z ≤ 8.2

H(z) 31 0.070 ≤ z ≤ 1.965
BAO 11 0.38 ≤ z ≤ 2.334

a Excluding from A118 those GRBs in common with MD-
LGRB (GRB060526, GRB081008, and GRB090516).
b Excluding from A118 those GRBs in common with GW-
LGRB (GRB060206, GRB091029, and GRB131105A).

where F0 is the GRB X-ray flux, β′ is the spectral index in the plateau phase, and DL is the luminosity

distance. DL, as a function of redshift z and cosmological parameters p, is given by eq. (1.49).

For these GRBs the luminosity of the plateau phase L0 and the characteristic time scale tb are

correlated through the Dainotti or luminosity-time relation

y ≡ log
(

L0

1047 erg/s

)
= k log

tb

103(1 + z) s
+ b ≡ kx + b, (12.2)

where log = log10 and the slope k and the intercept b are free parameters to be determined from the

data.

We predict L0 as a function of cosmological parameters p at the redshift of each GRB by using

eqs. (12.1), (1.49), and (12.2). We then compare predicted and measured values of L0 by using the

natural log of the likelihood function (D’Agostini, 2005)

lnLGRB = −
1
2

[
χ2

GRB +

N∑
i=1

ln
(
2π(σ2

int + σ
2
yi
+ k2σ2

xi
)
) ]
, (12.3)

where

χ2
GRB =

N∑
i=1

[ (yi − kxi − b)2

(σ2
int + σ

2
yi
+ k2σ2

xi
)

]
. (12.4)
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Table 12.2: Flat priors of the constrained parameters.

Parameter Prior

Cosmological Parameters

H0
a [None, None]

Ωbh2 b [0, 1]
Ωch2 c [0, 1]
Ωk0 [-2, 2]
α [0, 10]
wX [-5, 0.33]

GRB Nuisance Parametersd

k [-10, 10]
b e [0, 10]
σint [0, 5]
β [0, 5]
γ [0, 300]

a km s−1 Mpc−1. In the GRB alone cases, H0 is set to be
70 km s−1 Mpc−1, while in the H(z) + BAO case, the prior
range is irrelevant (unbounded).
b In the GRB alone cases, Ωbh2 is set to be 0.0245, i.e.
Ωb = 0.05.
c In the GRB alone cases, Ωc ∈ [−0.05, 0.95] to ensure
Ωm0 ∈ [0, 1].
d Note that k, b, and σint of MD-LGRBs are different from
those of MD-SGRBs/GW-LGRBs, but with the same prior
ranges.
e b < 0 values are possible for MD-SGRBs (due to fewer
data points) but, as discussed below, requiring b ≥ 0 does
not have significant consequences.
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Here N is the number of data points (e.g., for MD-LGRB N = 31), and σint is the intrinsic scatter

parameter (which also contains the unknown systematic uncertainty).

For GRBs which obey the Amati correlation the rest frame isotropic radiated energy Eiso is

Eiso =
4πD2

L

1 + z
S bolo, (12.5)

where S bolo is the bolometric fluence.

For these GRBs the rest frame peak photon energy Ep and Eiso are correlated through the Amati

(or Ep − Eiso) relation (Amati et al., 2008, 2009)

log Eiso = γ + β log Ep, (12.6)

where the intercept γ and the slope β are free parameters to be determined from the data. Note that

the peak energy Ep = (1 + z)Ep,obs where Ep,obs is the observed peak energy.

We predict Eiso as a function of cosmological parameters p at the redshift of each GRB by using

eqs. (1.49), (12.5), and (12.6). We then compare predicted and measured values of Eiso by using the

natural log of the likelihood function (D’Agostini, 2005)

lnLA118 = −
1
2

[
χ2

A118 +

N∑
i=1

ln
(
2π(σ2

int + σ
2
y′i
+ β2σ2

x′i
)
) ]
, (12.7)

where

χ2
A118 =

N∑
i=1

[ (y′i − βx
′
i − γ)

2

(σ2
int + σ

2
y′i
+ β2σ2

x′i
)

]
. (12.8)

Here x′ = log(Ep/keV), σx′ = σEp/(Ep ln 10), y′ = log(Eiso/erg), and σint is the intrinsic scatter

parameter, which also contains the unknown systematic uncertainty.

The H(z) + BAO data analyses follow the method described in Sec. 4 of Khadka and Ratra

(2021).

We maximize the likelihood function using the Markov chain Monte Carlo (MCMC) method as

implemented in the MontePython code (Brinckmann and Lesgourgues, 2019) and determine the

best-fitting and posterior mean values and the corresponding uncertainties for all free parameters.
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We assure convergence of the MCMC chains for each free parameter from the Gelman-Rubin

criterion (R − 1 < 0.05). Flat priors used for the free parameters are given in Table 12.2.

The Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC) are used

to compare the goodness of fit of models with different numbers of parameters. These are

AIC = −2 lnLmax + 2n, (12.9)

and

BIC = −2 lnLmax + n ln N. (12.10)

In these equations, Lmax is the maximum value of the relevant likelihood function and n is the

number of free parameters of the model under consideration.

12.4 Results

12.4.1 Constraints from ML, MS, and GL data

In Table 12.3 we list Dainotti correlation parameters computed using the ML, GL, and MS data

sets. These are computed in the flat ΛCDM model with Ωm0 = 0.3 and H0 = 70 km s−1 Mpc−1,

the same model and parameter values used in Wang et al. (2022a) and Hu et al. (2021). The first

line of parameter values in each of the three subpanels of Table 12.3 are taken from these papers.5

To compare to these results, we used emcee (Foreman-Mackey et al., 2013) to compute the values

listed in the second and third lines of each subpanel. Comparing the first and second lines in each

subpanel, we find that they are consistent, except: i) for the GL case our b uncertainties are larger

than those of Hu et al. (2021); and, ii) for the MS case we have larger b and k error bars and a larger

central value of σint than those of Hu et al. (2021), but they agree within 1σ. In the third line of

each subpanel we list results obtained assuming wider prior ranges of the parameters. We find that

the ML results do not change, the GL results are shifted closer to those of Hu et al. (2021), except

for the values of σint, and the MS results are shifted away from those of Hu et al. (2021) with larger

5Wang et al. (2022a) do not list a value for σint in the ML case.
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Table 12.3: One-dimensional marginalized posterior means and
68.27% limits of the Dainotti correlation parameters for the
ML, GL, and MS data sets using the flat ΛCDM model with
Ωm0 = 0.3 and H0 = 70 km s−1 Mpc−1, and comparison with
the results given in Wang et al. (2022a) and Hu et al. (2021).

Data set Source k b σint

a −1.02+0.09
−0.08 1.72+0.07

−0.07 –
ML b −1.026 ± 0.085 1.726 ± 0.074 0.303+0.032

−0.050
c −1.026 ± 0.086 1.726 ± 0.074 0.303+0.032

−0.050

d −1.77+0.20
−0.20 0.66+0.01

−0.01 0.42+0.08
−0.06

GL b −1.753+0.187
−0.208 0.642+0.100

−0.071 0.428+0.053
−0.086

c −1.769 ± 0.205 0.656 ± 0.094 0.431+0.054
−0.088

d −1.38+0.17
−0.19 0.33+0.17

−0.16 0.35+0.20
−0.12

MS b −1.381+0.209
−0.213 0.327+0.195

−0.189 0.420+0.086
−0.242

c −1.397+0.247
−0.241 0.354+0.195

−0.242 0.525+0.044
−0.358

a Results from Wang et al. (2022a) with the prior ranges of
the parameters being k ∈ (−1.3,−0.75), b ∈ (1.4, 2.0), and
σint ∈ (0.1, 0.6) for ML.
b Our results with the same prior ranges of the parameters as
Wang et al. (2022a) or Hu et al. (2021).
c Our results with wider prior ranges of the parameters k ∈
[−10, 10], b ∈ [0, 10] (b ∈ [−0.5, 10]), and σint ∈ [0, 3] for ML
and GL (MS).
d Results from Hu et al. (2021) with the prior ranges of the
parameters being k ∈ (−2.2,−1), b ∈ (0.1, 0.8), and σint ∈

(0.01, 0.8) for GL and being k ∈ (−2.1,−0.55), b ∈ (−0.5, 1.0),
and σint ∈ (0.01, 1) for MS.
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error bars, especially for σint.

We now record and discuss results when these data sets are used to jointly constrain the Dainotti

parameters and the cosmological parameters of the six spatially-flat and non-flat dark energy

cosmological models. Figure 12.1 shows the flat ΛCDM Dainotti correlations for the ML, MS,

GL, and MS + GL data sets. The unmarginalized best-fitting results and the one-dimensional (1D)

posterior mean values and uncertainties are reported in Tables 12.4 and 12.5, respectively. The

corresponding posterior 1D probability distributions and two-dimensional (2D) confidence regions

of these parameters are shown in Figs. 12.2–12.4, in blue (ML), gray (MS), green (GL), pink (ML

+ MS), violet (ML + GL), orange (MS + GL), and red (H(z) + BAO, as a baseline). Note that

H0 = 70 km s−1 Mpc−1 and Ωb = 0.05 are applied in the GRB cases.

ML, MS, and GL GRB data have almost cosmological-model independent Dainotti parameters.

This means that it is not unreasonable to treat the ML, MS, and GL GRBs as standardizable candles,

as was assumed in Wang et al. (2022a) and Hu et al. (2021).

In the ML case (with subscript “ML” in the first line of Tables 12.4, 12.5, 12.7, and 12.8),

the slope k ranges from a high of −0.996 ± 0.097 (non-flat XCDM) to a low of −1.017 ± 0.090

(flat ΛCDM), the intercept b ranges from a high of 1.611+0.113
−0.277 (flat XCDM) to a low of 1.448+0.120

−0.165

(non-flat ϕCDM), and the intrinsic scatter σint ranges from a high of 0.306+0.036
−0.054 (flat XCDM) to a

low of 0.303+0.035
−0.053 (non-flat ϕCDM), with central values of each pair being 0.16σ, 0.54σ, and 0.05σ

away from each other, respectively.

In the MS case (with subscript “MS” in the first line of Tables 12.4 and 12.5) with prior range

of b ∈ [0, 10], the slope k ranges from a high of −1.425+0.311
−0.221 (flat ϕCDM) to a low of −1.450+0.362

−0.258

(flat ΛCDM), the intercept b ranges from a high of 0.497+0.086
−0.458 (flat XCDM) to a low of 0.352+0.048

−0.331

(non-flat ϕCDM), and the intrinsic scatter σint ranges from a high of 0.733+0.031
−0.596 (non-flat XCDM)

to a low of 0.589+0.023
−0.455 (non-flat ϕCDM), with central values of each pair being 0.06σ, 0.54σ, and

0.05σ away from each other, respectively.6

6Note, however, that the lower error bars of b and σint are considerably larger than the upper ones due to cut-off
prior ranges of the former and skewed distributions of the latter. Therefore here we also consider the MS case with
wider prior range of b ∈ [−10, 10], which are not listed in the tables due to their insignificant differences. Because the
lowest and highest values of k, b, and σint from these two MS cases differ from each other at only 0.22σ, 0.56σ, and
0.37σ, respectively, and the constraints of the cosmological parameters are also within 1σ range, the prior range of
b ∈ [0, 10] is an acceptable choice.
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Figure 12.1: L0 − tb correlations for MD-LGRB, MD-SGRB, GW-LGRB, and MD-SGRB + GW-
LGRB data using the flat ΛCDM model. The MD-LGRB, MD-SGRB, and GW-LGRB data with
error bars are shown in black, dark red, and dark green, respectively. The solid lines are the
L0 − tb correlations with posterior mean values for the slopes and intercepts listed in Table 12.5, for
MD-LGRB (blue), MD-SGRB (red), GW-LGRB (green), and MD-SGRB + GW-LGRB (purple)
data. The 1σ and 3σ confidence regions are the dark and light colored shaded regions with the
uncertainties propagated from those of k and b (without considering σint).
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In the GL case (with subscript “GL” in the first line of Tables 12.4, 12.5, 12.7, and 12.8),

the slope k ranges from a high of −1.532+0.259
−0.260 (non-flat XCDM) to a low of −1.720 ± 0.219 (flat

ΛCDM), the intercept b ranges from a high of 0.556+0.127
−0.256 (flat XCDM) to a low of 0.407+0.136

−0.160

(non-flat ΛCDM), and the intrinsic scatter σint ranges from a high of 0.429+0.059
−0.094 (flat ΛCDM) to a

low of 0.402+0.057
−0.090 (non-flat ϕCDM), with central values of each pair being 0.55σ, 0.51σ, and 0.25σ

away from each other, respectively.

Figure 12.1, panel (c), shows that the GL and MS GRBs obey the same Dainotti correlation in

the flat ΛCDM model, within the uncertainties.7 Table 12.6 shows that the differences between the

GL and MS Dainotti parameters in all six cosmological models are within 1σ. GL and MS GRBs

however follow a different Dainotti correlation than the ML GRBs. Given the similarity of the GL

and MS Dainotti correlation parameters, it is not unreasonable to use just three (not six) correlation

parameters in joint analyses of MS and GL data (with subscript “MS+GL” in the first line of Tables

12.4 and 12.5). In this case, the slope k ranges from a high of −1.363 ± 0.175 (non-flat XCDM)

to a low of −1.577 ± 0.155 (flat ΛCDM), the intercept b ranges from a high of 0.470+0.108
−0.206 (flat

XCDM) to a low of 0.337+0.110
−0.127 (non-flat ΛCDM), and the intrinsic scatter σint ranges from a high

of 0.412+0.052
−0.079 (flat ΛCDM) to a low of 0.357+0.046

−0.070 (non-flat ΛCDM), with central values of each

pair being 0.92σ, 0.57σ, and 0.60σ away from each other, respectively. In contrast to the GL case,

the MS + GL case tightens the constraints a little bit, with smaller error bars, and prefers lower

values of b and σint, and higher values of k. When we jointly analyze ML + GL and ML +MS, the

constraints on the Dainotti parameters follow the same pattern as that of MS + GL against GL.

The constraints on the cosmological parameters are very loose for all of these cases. In the flat

ΛCDM model, the highest 2σ lower limit of Ωm0 among these cases is Ωm0 > 0.294 of the ML +

GL data. In the non-flat ΛCDM model, the highest 2σ lower limit of Ωm0 is Ωm0 > 0.391 of the

MS + GL case, which is inconsistent with that of the H(z) + BAO case. The MS data favor open

hypersufaces while all other cases favor closed hypersufaces, with the favored spatial geometries

for GL, ML + GL, and MS + GL data being more than 1σ (or even 2σ) away from flat geometry.

In the flat XCDM parametrization, the highest 2σ lower limit of Ωm0 is Ωm0 > 0.192 for the MS +

7It is unclear if this is more than just a coincidence, as the plateau phases in the two cases are dominated by GW
emission (GL) and MD radiation (MS), respectively.
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Figure 12.2: One-dimensional likelihoods and 1σ, 2σ, and 3σ two-dimensional likelihood confi-
dence contours from MD-LGRB (blue), MD-SGRB (gray), MD-LGRB +MD-SGRB (pink), and
H(z) + BAO (red) data for all six models. The zero-acceleration lines are shown as black dashed
lines, which divide the parameter space into regions associated with currently-accelerating and
currently-decelerating cosmological expansion. In the non-flat XCDM and non-flat ϕCDM cases,
the zero-acceleration lines are computed for the third cosmological parameter set to the H(z) + BAO
data best-fitting values listed in Table 12.4. The crimson dash-dot lines represent flat hypersurfaces,
with closed spatial hypersurfaces either below or to the left. The magenta lines represent wX = −1,
i.e. flat or non-flat ΛCDM models. The α = 0 axes correspond to flat and non-flat ΛCDM models in
panels (e) and (f), respectively.
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Figure 12.3: One-dimensional likelihoods and 1σ, 2σ, and 3σ two-dimensional likelihood confi-
dence contours from MD-LGRB (blue), GW-LGRB (green), MD-LGRB + GW-LGRB (violet), and
H(z) + BAO (red) data for all six models. The zero-acceleration lines are shown as black dashed
lines, which divide the parameter space into regions associated with currently-accelerating and
currently-decelerating cosmological expansion. In the non-flat XCDM and non-flat ϕCDM cases,
the zero-acceleration lines are computed for the third cosmological parameter set to the H(z) + BAO
data best-fitting values listed in Table 12.4. The crimson dash-dot lines represent flat hypersurfaces,
with closed spatial hypersurfaces either below or to the left. The magenta lines represent wX = −1,
i.e. flat or non-flat ΛCDM models. The α = 0 axes correspond to flat and non-flat ΛCDM models in
panels (e) and (f), respectively.
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Figure 12.4: One-dimensional likelihoods and 1σ, 2σ, and 3σ two-dimensional likelihood confi-
dence contours from MD-SGRB (gray), GW-LGRB (green), MD-SGRB +GW-LGRB (orange), and
H(z) + BAO (red) data for all six models, without subscripts on σint, k, and b. The zero-acceleration
lines are shown as black dashed lines, which divide the parameter space into regions associated with
currently-accelerating and currently-decelerating cosmological expansion. In the non-flat XCDM
and non-flat ϕCDM cases, the zero-acceleration lines are computed for the third cosmological
parameter set to the H(z) + BAO data best-fitting values listed in Table 12.4. The crimson dash-dot
lines represent flat hypersurfaces, with closed spatial hypersurfaces either below or to the left. The
magenta lines represent wX = −1, i.e. flat or non-flat ΛCDM models. The α = 0 axes correspond to
flat and non-flat ΛCDM models in panels (e) and (f), respectively.
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GL data, and the constraints on the X-fluid equation of state parameter ωX are very loose, with the

highest 1σ upper limit being 0.111 for the ML case. In the non-flat XCDM parametrization, the

highest 2σ lower limit of Ωm0 is Ωm0 > 0.268 for the MS + GL data, and the constraints on ωX are

very loose, with the highest 1σ upper limit being 0.238 for the MS + GL data. The favored spatial

geometries for these cases follow the same pattern as that for non-flat ΛCDM, but with larger upper

limits of Ωk0 except for the MS data. In the flat ϕCDM model, the highest 2σ lower limit of Ωm0 is

Ωm0 > 0.235 for the ML + GL data. In the non-flat ϕCDM model, the highest 2σ lower limit of

Ωm0 is Ωm0 > 0.340 for the ML + GL case, which is inconsistent with that of the H(z) + BAO data.

Except for the MS case, closed spatial hypersurfaces are favored, but only in the ML + GL case is

flat geometry slightly more than 1σ away. There are no constraints on α from these GRB data.

In the ΛCDM and XCDM cases, all GRB data combinations more favor currently accelerating

cosmological expansion. They however more favor currently decelerating cosmological expansion

in the ϕCDM models, in the Ωm0 − α and Ωm0 −Ωk0 parameter subspaces.

From the AIC and BIC values we compute ∆AIC and ∆BIC values with respect to the flat

ΛCDM model. These are listed in the last two columns of Table 12.4. In the ML case, flat ΛCDM

is the most favored model but there is only weak or positive evidence against any other model. In

the MS case non-flat ΛCDM model is the most favored model and, except for non-flat XCDM (with

positive evidence against it), the other models are very strongly disfavored. In the GL case, non-flat

ΛCDM is again the most favored model, while the evidence against the others are mostly positive,

except for non-flat ϕCDM (with strong BIC evidence against it). In the MS + GL case, similar

to the MS case, non-flat ΛCDM is the most favored model and, except for non-flat XCDM (with

weak AIC and positive BIC evidence against it), the others are strongly disfavored. In the ML +

GL case, non-flat ΛCDM is the most favored model but, except for flat XCDM (with strong BIC

evidence against it), the evidence against the other models is either weak or positive. In the ML

+MS case, the best candidates are non-flat XCDM based on AIC and flat ΛCDM based on BIC,

while the evidence against the other models is either weak or positive.
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Table 12.6: MD-SGRB and GW-
LGRB data L0 − tb correlation pa-
rameters (and σint) differences.

Model ∆σint ∆k ∆b

Flat ΛCDM 0.48σ0.31σ0.80σ
Non-flat ΛCDM0.50σ0.31σ0.01σ
Flat XCDM 0.49σ0.79σ0.22σ
Non-flat XCDM0.55σ0.26σ0.07σ
Flat ϕCDM 0.37σ0.92σ0.59σ
Non-flat ϕCDM 0.36σ0.87σ0.36σ

12.4.2 Constraints from A118, A115 (and jointly with ML), and A115′ (and

jointly with GL) data

The A118 data set was previously studied by Khadka et al. (2021a). Here we analyze it along with

the truncated A115 and A115′ data sets, which are also used in joint analyses with the ML and

GL data sets. The constraints from these data sets on the GRB correlation parameters and on the

cosmological model parameters are presented in Tables 12.7 and 12.8. The corresponding posterior

1D probability distributions and 2D confidence regions of these parameters are shown in Figs. 12.5

and 12.6, in gray (A118), red (A115 and A115′), green (ML and GL), and purple (ML + A115 and

GL + A115′). Note that these analyses assume H0 = 70 km s−1 Mpc−1 and Ωb = 0.05.

The constraints from A115 data and from ML data, and from A115′ data and from GL data, are

not mutually inconsistent, so it is not unreasonable to examine joint ML + A115 and GL + A115′

constraints. The ML data have the smallest intrinsic dispersion, ∼ 0.30 − 0.31, with A115, A115′,

and GL having larger intrinsic dispersion, ∼ 0.40 − 0.43

The constraints on the Amati parameters are quite cosmological-model-independent for these

GRB data sets. In the A118 case, the slope β ranges from a high of 1.121 ± 0.091 (non-flat XCDM)

to a low of 1.106± 0.089 (flat XCDM), the intercept γ ranges from a high of 50.15+0.26
−0.30 (flat XCDM)

to a low of 50.01 ± 0.26 (non-flat ΛCDM), and the intrinsic scatter σint ranges from a high of

0.412+0.028
−0.034 (flat XCDM) to a low of 0.411+0.027

−0.033 (flat ϕCDM), with central values of each pair being

0.12σ, 0.35σ, and 0.02σ away from each other, respectively.

In the A115 case, the slope β ranges from a high of 1.124 ± 0.092 (non-flat ΛCDM) to a low of
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1.109 ± 0.092 (flat XCDM), the intercept γ ranges from a high of 50.14+0.27
−0.31 (flat XCDM) to a low

of 50.00 ± 0.27 (non-flat ΛCDM), and the intrinsic scatter σint ranges from a high of 0.418+0.028
−0.034

(non-flat XCDM) to a low of 0.416+0.028
−0.034 (flat ϕCDM), with central values of each pair being 0.12σ,

0.34σ, and 0.05σ away from each other, respectively.

In the A115′ case, the slope β ranges from a high of 1.117 ± 0.090 (non-flat ΛCDM) to a low of

1.103 ± 0.092 (flat XCDM), the intercept γ ranges from a high of 50.15+0.27
−0.30 (flat XCDM) to a low

of 50.02 ± 0.26 (non-flat ΛCDM), and the intrinsic scatter σint ranges from a high of 0.415+0.028
−0.034

(non-flat XCDM) to a low of 0.414+0.028
−0.034 (the others), with central values of each pair being 0.11σ,

0.33σ, and 0.02σ away from each other, respectively.

The lowest and highest values of β, γ, and σint from the A118, A115, and A115′ cases differ

from each other at 0.16σ, 0.37σ, and 0.16σ, respectively. This implies that excluding three GRBs

from A118 does not significantly affect the constraints on the Amati parameters.

In the joint analysis of ML and A115 (ML + A115) data, β ranges from a high of 1.113 ± 0.091

(non-flat ΛCDM) to a low of 1.106 ± 0.090 (non-flat ϕCDM), γ ranges from a high of 50.13+0.27
−0.30

(flat XCDM) to a low of 50.03 ± 0.25 (flat and non-flat ϕCDM), and σint ranges from a high of

0.417+0.028
−0.034 (flat XCDM) to a low of 0.416+0.027

−0.034 (flat ΛCDM, and flat and non-flat ϕCDM), with

central values of each pair being 0.05σ, 0.26σ, and 0.02σ away from each other, respectively; also

k ranges from a high of −1.012 ± 0.088 (flat XCDM) to a low of −1.019 ± 0.091 (non-flat ΛCDM),

b ranges from a high of 1.562+0.103
−0.220 (flat XCDM) to a low of 1.453+0.115

−0.139 (non-flat ϕCDM), and σint,ml

ranges from a high of 0.304+0.034
−0.052 (non-flat ΛCDM) to a low of 0.300+0.033

−0.051 (flat XCDM), with central

values of each pair being 0.06σ, 0.44σ, and 0.06σ away from each other, respectively. The lowest

and highest values of β, γ, and σint from the A115 and ML + A115 cases differ from each other at

0.14σ, 0.32σ, and 0.05σ, respectively; also those of k, b, and σint,ml differ from each other at 0.17σ,

0.53σ, and 0.09σ, respectively.

In the joint analysis of GL and A115′ (GL + A115′) data, β ranges from a high of 1.104 ± 0.089

(flat ΛCDM) to a low of 1.096 ± 0.089 (non-flat ϕCDM), γ ranges from a high of 50.14+0.26
−0.30 (flat

XCDM) to a low of 50.04 ± 0.25 (non-flat ϕCDM), and σint ranges from a high of 0.415+0.027
−0.033

(non-flat XCDM) to a low of 0.413+0.027
−0.034 (flat ΛCDM, flat XCDM, and non-flat ϕCDM), with central

values of each pair being 0.06σ, 0.26σ, and 0.05σ away from each other, respectively; also k ranges
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from a high of −1.682 ± 0.208 (non-flat XCDM) to a low of −1.705 ± 0.210 (flat ΛCDM), b ranges

from a high of 0.512+0.113
−0.210 (flat XCDM) to a low of 0.401+0.115

−0.128 (non-flat ϕCDM), and σint, gl ranges

from a high of 0.423+0.056
−0.090 (flat and non-flat ΛCDM) to a low of 0.416+0.055

−0.088 (non-flat XCDM), with

central values of each pair being 0.08σ, 0.46σ, and 0.07σ away from each other, respectively. The

lowest and highest values of β, γ, and σint from the A115′ and GL + A115′ cases differ from each

other at 0.17σ, 0.30σ, and 0.05σ, respectively; also those of k, b, and σint, gl differ from each other

at 0.52σ, 0.47σ, and 0.20σ, respectively.

Judging from the constraints on the parameters of the Amati and Dainotti correlations, those

from the joint analyses do not deviate much from the individual cases. We next focus on constraints

on cosmological model parameters.

Similar to GRB data from Sec. 12.4.1, these data more favor currently accelerating cosmological

expansion in the ΛCDM and XCDM cases, but also more favor currently decelerating cosmological

expansion in the ϕCDM models, in the Ωm0 − α and Ωm0 −Ωk0 parameter subspaces.

In the flat ΛCDM model, the A118, A115, and A115′ 2σ constraints on Ωm0 are mutually

consistent (A115 with Ωrmm0 > 0.241), but they favor higher values of Ωm0 than do ML and GL

while the joint ML + A115 and GL + A115′ cases favor even higher values of > 0.298 and > 0.339,

respectively. In fact, this is also true for the ML + GL case (Ωm0 > 0.294).

In the non-flat ΛCDM model, the A118, A115, and A115′ 2σ constraints on Ωm0 are also

mutually consistent, but they favor slightly higher values of Ωm0 than in the flat ΛCDM case, with

Ωm0 > 0.299 in the A115′ non-flat ΛCDM case. The joint ML + A115, GL + A115′, and ML + GL

cases favor higher Ωm0 2σ limits of > 0.346, > 0.381, and > 0.338, respectively. The A118, A115,

ML + A115, A115′, and GL + A115′ data mildly favor open hypersurfaces in the non-flat ΛCDM

model, being less than 1σ away from flatness.

In the flat and non-flat XCDM parametrizations, the 2σ constraints on Ωm0 are mutually

consistent in all cases, where in the flat XCDM parametrization, the 2σ limits are Ωm0 > 0.181

(A118), > 0.170 (A115), and > 0.185 (A115′). The constraints on ωX are very loose, and thus

affected by the ωX prior, and consistent with each other in all cases, and mildly favor phantom dark

energy (but Λ is less than 1σ away). In the non-flat XCDM parametrization, the A118, A115, ML +

A115, A115′, and GL + A115′ data also mildly favor open hypersurfaces, with flatness being less
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Figure 12.5: One-dimensional likelihoods and 1σ, 2σ, and 3σ two-dimensional likelihood confi-
dence contours from MD-LGRB (green), A118 (gray), A115 (red), and MD-LGRB + A115 (purple)
data for all six models. The zero-acceleration lines are shown as black dashed lines, which divide
the parameter space into regions associated with currently-accelerating and currently-decelerating
cosmological expansion. In the non-flat XCDM and non-flat ϕCDM cases, the zero-acceleration
lines are computed for the third cosmological parameter set to the H(z) + BAO data best-fitting
values listed in Table 12.7. The crimson dash-dot lines represent flat hypersurfaces, with closed
spatial hypersurfaces either below or to the left. The magenta lines represent wX = −1, i.e. flat or
non-flat ΛCDM models. The α = 0 axes correspond to flat and non-flat ΛCDM models in panels (e)
and (f), respectively.
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Figure 12.6: One-dimensional likelihoods and 1σ, 2σ, and 3σ two-dimensional likelihood con-
fidence contours from GW-LGRB (green), A118 (gray), A115′ (red), and GW-LGRB + A115′

(purple) data for all six models. The zero-acceleration lines are shown as black dashed lines,
which divide the parameter space into regions associated with currently-accelerating and currently-
decelerating cosmological expansion. In the non-flat XCDM and non-flat ϕCDM cases, the zero-
acceleration lines are computed for the third cosmological parameter set to the H(z) + BAO data
best-fitting values listed in Table 12.7. The crimson dash-dot lines represent flat hypersurfaces, with
closed spatial hypersurfaces either below or to the left. The magenta lines represent wX = −1, i.e.
flat or non-flat ΛCDM models. The α = 0 axes correspond to flat and non-flat ΛCDM models in
panels (e) and (f), respectively.
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than 1σ away.

In the flat ϕCDM model, the A118, A115, and A115′ constraints on Ωm0 are mutually consistent,

with 2σ limits of Ωm0 > 0.149 (A118), > 0.145 (A115), and > 0.159 (A115′), which are consistent

with the other cases. These GRB data do not provide constraints on α in the flat ϕCDM model,

while in the non-flat ϕCDM model, A118 and A115′ provide constraints of α = 5.203+3.808
−2.497 and

α = 5.215+3.853
−2.429, respectively. Note that α = 0 is still within 2σ for both cases. Similar trends hold

for non-flat ϕCDM Ωm0 constraints, but ML + A115 and GL + A115′ data constraints posterior

mean values are larger than for the individual data sets. The 2σ limits are Ωm0 > 0.183 (A118),

Ωm0 = 0.546+0.449
−0.384 (A115), Ωm0 > 0.198 (A115′), > 0.251 (ML + A115), and > 0.286 (GL + A115′).

Except for the A115 data, non-flat ϕCDM constraints favor closed hypersurfaces (unlike non-flat

ΛCDM and non-flat XCDM), but with flatness well within 1σ for all cases.

The ∆AIC and ∆BIC values with respect to the flat ΛCDM model are listed in the last two

columns of Table 12.7. In all cases (except for the GL case, which is discussed in Sec. 12.4.1 above),

the flat ΛCDM model is the most favored model but the evidence against the other models are either

weak or positive, except that, based on BIC, the evidence against non-flat XCDM and non-flat

ϕCDM are strong. For ML + A115 data the non-flat ϕCDM model is very strongly disfavored with

∆BIC = 10.03.

In summary, while the joint analyses do slightly tighten the constraints, the improvements

relative to those from A118 data alone are not significant.

12.5 Conclusion

We have used six different cosmological models in analyses of the three (ML, MS, and GL) Dainotti

(L0 − tb) correlation GRB data sets compiled by Wang et al. (2022a) and Hu et al. (2021). We

find for each data sets, as well as the MS + GL, ML + GL, and ML +MS combinations, that the

GRB correlation parameters are independent of cosmological model. Our results thus indicate that

these GRBs are standardizable through the Dainotti correlation and so can be used to constrain

cosmological parameters, justifying the assumption made by Wang et al. (2022a) and Hu et al.

(2021). These results also mean that the circularity problem does not affect cosmological parameter
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constraints derived from these GRB data.

In contrast to Wang et al. (2022a) and Hu et al. (2021) we do not use H(z) data to calibrate

these GRB data, instead we use these data to derive GRB only cosmological constraints. We find

that ML, MS, GL, MS + GL, ML + GL, and ML +MS GRBs provide only weak restrictions on

cosmological parameters.

We have also used the more-restrictive ML and GL Dainotti data sets in joint analyses with the

largest available reliable compilation of Amati (Ep−Eiso) correlation A118 GRB data (Khadka et al.,

2021a), but excluding three overlapping GRBs from the A118 data in the joint analyses. While the

joint analyses do result in slightly tighter constraints, typically with larger lower limits on Ωm0 than

those from the ML, GL, or A118 data alone, the improvements relative to the A118 data constraints

are not significant.

Current GRB data provide quite weak constraints on cosmological parameters but do favor

currently accelerated cosmological expansion in theΛCDM models and the XCDM parametrizations.

We hope that in the near future there will be more and better-quality GRB measurements that

will result in more restrictive GRB cosmological constraints. GRBs probe a very wide range of

cosmological redshift space, a significant part of which is as yet unprobed, so it is worth putting

effort into further developing GRB cosmological constraints.
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Summary & Future Work

In general, we have most often worked with astronomical data that are still in the developing phase

and not yet fully established for cosmological purposes. Also, in our research, we have constrained

cosmological models using the combination of better-established BAO and H(z) measurements

which give consistent results with those obtained from CMB data. The purpose of determining

cosmological constraints using BAO + H(z) data is to compare these BAO + H(z) results with the

cosmological constraints obtained using other data that we consider in our research to see whether

these results are consistent or not with the better-established BAO + H(z) ones. This provides

us with a qualitative idea of the consistency (inconsistency) between these developing phase data

results and those obtained using better-established cosmological probes which favor Ωm0 ∼ 0.3.

Since 2017 we have studied and used quasar X-ray and UV flux measurements to constrain

cosmological models. Current QSO-flux measurements span the redshift range 0.009 ≤ z ≤ 7.5413.

These are one of the few cosmological observations that can be used over such a large redshift range.

In our first paper (Khadka and Ratra, 2020a), we determined cosmological constraints using 2015

QSO data (Risaliti and Lusso, 2015) and those constraints are consistent with constraints obtained

from other well-established cosmological probes (Khadka and Ratra, 2020a). In 2019, Risaliti and

Lusso (2019) published updated QSO data (2019 QSO data) and claimed that these data are in more

than 4σ tension with the standard flat ΛCDM model. We analysed these 2019 QSO data and our

study shows that these data favor a relatively high current value of the non-relativistic matter density

parameter (Ωm0 ∼ 0.6) which leads to tension between the Hubble diagram of these quasars and

the standard spatially-flat ΛCDM model with Ωm0 = 0.3, but the tension was mild (not as much

as claimed in Risaliti and Lusso, 2019) (Khadka and Ratra, 2020b). Currently, more and updated
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QSO data are available (2020 QSO data) and for these data also there has been a claim of more than

3σ tension with the standard model (Lusso et al., 2020). We studied these data and found that this

recent QSO compilation has some issues (Khadka and Ratra, 2021). Our recent work shows that

there is a problem in standardizing these data using the LX − LUV relation. Parameters associated

with the LX − LUV relation for the QSO data of Lusso et al. (2020) show cosmological model

dependency as well as redshift dependency which indicate these quasars cannot be standardized

(Khadka and Ratra, 2021). Possibly because of these issues related to the correlation, these QSO

data strongly favor currently decelerating cosmological expansion, contradicting constraints from

most other cosmological probes. Only a significantly lower redshift, z ≲ 1.5 − 1.7, QSO subset of

the 2020 QSO compilation obey a model-independent LX − LUV relation and this subset can be used

to derive only lower-z cosmological constraints. Our more detailed study shows that SDSS-4XMM

QSOs (which is the largest sub-group in 2020 QSO data compilation) are responsible for the

cosmological-model-dependent LX − LUV relation parameters (Khadka and Ratra, 2022). If one

wants to develop these QSOs as a intermediate-redshift probe, one must resolve these issues. If we

succeed in resolving them, these quasars can be a very useful intermediate-redshift cosmological

probe.

We have also studied other QSO data (reverberation-mapped Mg II QSOs, Hβ QSOs), and

tried to standardize them using the radius-luminosity relation (Khadka et al., 2021b,c). The Mg

II QSO data contain only 78 sources and probe relatively lower redshift space (0.0033 ≤ z ≤

1.89). Our cosmological analyses of these data show that cosmological constraints obtained using

them are significantly weaker than but consistent with those obtained from other well-established

cosmological probes and that the Hubble diagram of these QSOs are in good agreement with the

standard flat ΛCDM model (Khadka et al., 2021c). On the other hand, Hβ QSOs which span the

0.0023 ≤ z ≤ 0.89 part of cosmological redshift space provide cosmological constraints which

are ∼ 2σ inconsistent with those obtained from a joint analysis of BAO observations and H(z)

measurements and also favor currently decelerated cosmological expansion of the universe. So the

Hβ situation is puzzling and we need to more carefully investigate these data.

Another main topic of this thesis is GRB research. We use Amati GRB data (A118), which

cover the 0.3399 ≤ z ≤ 8.2 part of redshift space and contain 118 sources, to test the above-
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mentioned dark energy models. (We compiled this Amati correlation data set, by including only

GRBs with better quality measurements, and so it has the lowest intrinsic dispersion of all Amati

correlation data sets, see Chapter 11 for the detailed description.) We found that cosmological

constraints obtained using these data are consistent with those obtained using other well-established

cosmological data and so consistent with the standard model (Khadka and Ratra, 2020c; Khadka

et al., 2021a). Currently these data provide weak constraints on cosmological parameters but, since

GRBs probe a largely unexplored part of cosmological redshift space, it is a worthwhile task to

acquire more and better-quality burst data that might provide valuable cosmological constraints. We

also use GRBs correlated through the Dainotti correlation which in total span 0.35 ≤ z ≤ 5.91 and

contain 60 sources. Cosmological constraints obtained from these data are consistent with those

obtained using the A118 data so we have used these data sets in conjunction with the A118 data.

The improvements in the results relative to the results from the A118 data set is not significant.

In summary, currently these data provide very weak constraints on dark energy model parameters

and are not in a position to compete with other well-established cosmological probes such as CMB,

BAO, H(z), and SNIa. In the future one can try to resolve underlying issues in QSO-flux data and

improve the compilation as well as augment this compilation by adding more quasars that will

be detected in the near future. This will help us test various dark energy models in this poorly

explored 2 ≲ z ≲ 7 redshift region. Similarly, another future direction could be to improve on the

current GRB data compilation and develop and use it as a cosmological probe to study the largely

unexplored z ∼ 2 − 10 part of the universe. The cosmology community is expecting detection of a

large number of GRBs from a mission like Theseus and I hope such a mission will help our work on

GRB cosmology. Reverberation-mapped QSOs are also promising astrophysical measurements that

could be a alternate cosmological probe and along with quasar X-ray and UV flux measurements

and GRB data could help us to achieve the cosmological goals described in Chapter 3. So it is

important to continue to keep track of reverberation-mapped QSOs and to try to develop them as an

alternate cosmological probe. Future detections of significant time-delays of the BLR emission of

Mg II QSOs will increase the number of sources over a larger redshift extent, which will further

constrain the Mg II QSO R − L relation. A large increase in the number of suitable sources is

expected from the Rubin Observatory Legacy Survey of Space and Time that will monitor about

282



10 million quasars in six photometric bands during its 10-year lifetime. We hope that such an

improved data set will soon provide tighter cosmological constraints and help to establish these

QSOs as a reliable cosmological probe. It could be that current observed correlations for QSO

(flux or time-delay) data and GRB (Amati, Combo, Dainotti) data can be improved on to more

successfully constrain cosmological parameters. This might be accomplished by keeping only better

quality data and so decreasing the currently large intrinsic dispersion of the observed correlation

or maybe these data require a more homogeneous analysis or data reduction method or maybe

we simply need more data. Future work in these areas could improve the situation. For this, it is

desirable to collaborate closely with experimental groups which are directly measuring these data.
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Naddaf, S. Panda, R. Prince, R. Przyluski, et al., Acta Physica Polonica A 139, 389 (2021),

2011.12375.
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Observational data sets used in this thesis

Table 9: Reverberation-mapped Mg II QSO samples. For each source, columns list: QSO name,
redshift, continuum flux density at 3000 Å, and measured rest-frame time delay. The first 68 sources
are from Martínez-Aldama et al. (2020), the source in boldface is from Zajaček et al. (2021), and
the last 9 sources are from Yu et al. (2021).

Object z log
(
F3000/erg s−1cm−2

)
τ (day)

018 0.848 −13.1412 ± 0.0009 125.9+6.8
−7.0

028 1.392 −12.4734 ± 0.0004 65.7+24.8
−14.2

038 1.383 −12.3664 ± 0.0003 120.7+27.9
−28.7

044 1.233 −13.04308 ± 0.0013 65.8+18.8
−4.8

102 0.861 −12.5575 ± 0.0005 86.9+16.2
−13.3

114 1.226 −11.8369 ± 0.0003 186.6+20.3
−15.4

118 0.715 −12.2592 ± 0.0006 102.2+27.0
−19.5

123 0.891 −12.8942 ± 0.0009 81.6+28.0
−26.6

135 1.315 −12.8122 ± 0.0005 93.0+9.6
−9.8

158 1.478 −13.2376 ± 0.0012 119.1+4.0
−11.8

159 1.587 −12.7139 ± 0.0006 324.2+25.3
−19.4

160 0.36 −12.8441 ± 0.0013 106.5+18.2
−16.6

170 1.163 −12.6802 ± 0.0005 98.5+6.7
−17.7

185 0.987 −12.8039 ± 0.0094 387.9+3.3
−3.0

191 0.442 −13.0544 ± 0.0012 93.9+24.3
−29.1

228 1.264 −13.2697 ± 0.0011 37.9+14.4
−9.1

308



Table 9: continued.

Object z log
(
F3000/erg s−1 cm−2

)
τ (day)

232 0.808 −13.1895 ± 0.0014 273.8+5.1
−4.1

240 0.762 −13.3270 ± 0.0021 17.2+3.5
−2.8

260 0.995 −12.4126 ± 0.0004 94.9+18.7
−17.2

280 1.366 −12.5531 ± 0.0003 99.1+3.3
−9.5

285 1.034 −13.2539 ± 0.0020 138.5+15.2
−21.1

291 0.532 −13.2471 ± 0.0016 39.7+4.2
−2.6

294 1.215 −12.4272 ± 0.0004 71.8+17.8
−9.5

301 0.548 −12.8782 ± 0.0011 136.3+17.0
−16.9

303 0.821 −13.3066 ± 0.0013 57.7+10.5
−8.3

329 0.721 −11.9680 ± 0.0007 87.5+23.8
−14.0

338 0.418 −12.9969 ± 0.0013 22.1+8.8
−6.2

419 1.272 −12.9765 ± 0.0011 95.5+15.2
−15.5

422 1.074 −13.0946 ± 0.0011 109.3+25.4
−29.6

440 0.754 −12.5157 ± 0.0004 114.6+7.4
−10.8

441 1.397 −12.5772 ± 0.0004 127.7+5.7
−7.3

449 1.218 −12.9299 ± 0.0013 119.8+14.7
−24.4

457 0.604 −13.4805 ± 0.0029 20.50+7.7
−5.3

459 1.156 −12.8737 ± 0.0011 122.8+5.1
−5.7

469 1.004 −12.1222 ± 0.0002 224.1+27.9
−74.3

492 0.964 −12.3786 ± 0.0004 92.0+16.3
−12.7

493 1.592 −12.2173 ± 0.0004 315.6+30.7
−35.7

501 1.155 −12.9728 ± 0.0009 44.9+11.7
−10.4

505 1.144 −13.0625 ± 0.0011 94.7+10.8
−16.7

522 1.384 −12.9671 ± 0.0006 115.8+11.3
−16.0
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Table 9: continued.

Object z log
(
F3000/erg s−1 cm−2

)
τ (day)

556 1.494 −12.6492 ± 0.0005 98.7+13.9
−10.8

588 0.998 −12.1158 ± 0.0002 74.3+23.0
−18.2

593 0.992 −12.7093 ± 0.0006 80.1+21.4
−20.8

622 0.572 −12.6232 ± 0.0005 61.7+6.0
−4.3

645 0.474 −12.7268 ± 0.0009 30.2+26.8
−8.9

649 0.85 −13.0437 ± 0.0013 165.5+22.2
−25.1

651 1.486 −12.9434 ± 0.0011 76.5+18.0
−15.6

675 0.919 −12.5273 ± 0.0005 139.8+12.0
−22.6

678 1.463 −12.8267 ± 0.0007 82.9+11.9
−10.2

709 1.251 −12.9586 ± 0.0010 85.4+17.7
−19.3

714 0.921 −12.8296 ± 0.0012 320.1+11.3
−11.2

756 0.852 −13.1462 ± 0.0023 315.3+20.5
−16.4

761 0.771 −12.6395 ± 0.0024 102.1+8.2
−7.4

771 1.492 −12.4477 ± 0.0004 31.3+8.1
−4.6

774 1.686 −12.5786 ± 0.0004 58.9+13.7
−10.1

792 0.526 −13.5353 ± 0.0030 111.4+29.5
−20.0

848 0.757 −13.3199 ± 0.0015 65.1+29.4
−16.3

J141214 0.4581 −12.2526 ± 0.00043 36.7+10.4
−4.8

J141018 0.4696 −13.1883 ± 0.00506 32.3+12.9
−5.3

J141417 0.6037 −13.4926 ± 0.0029 29.1+3.6
−8.8

J142049 0.751 −12.7205 ± 0.0009 34.0+6.7
−12.0

J141650 0.5266 −13.2586 ± 0.00198 25.1+2.0
−2.6

J141644 0.4253 −12.8667 ± 0.00105 17.2+2.7
−2.7

CTS252 1.89 −11.6068 ± 0.09142 190.0+59.0
−114.0
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Table 9: continued.

Object z log
(
F3000/erg s−1 cm−2

)
τ (day)

NGC4151 0.0033 −9.5484 ± 0.18206 6.8+1.7
−2.1

NGC4151 0.0033 −9.5484 ± 0.18206 5.3+1.9
−1.8

CTSC30 0.9005 −11.5825 ± 0.026 564.0+109.0
−71.0

HE0413-4031 1.3765 −11.3203 ± 0.0434 302.9+23.7
−19.1

HE0435-4312 1.2231 −11.5754 ± 0.036 296+13.0
−14.0

J025225.52+003405.90 1.62425 −12.6489 ± 0.05203 198.82+16.96
−19.03

J021612.83-044634.10 1.56043 −12.7064 ± 0.04075 51.46+14.37
−8.95

J033553.51-275044.70 1.57774 −12.3688 ± 0.04223 48.14+22.05
−8.82

J003710.86-444048.11 1.06703 −12.1225 ± 0.04395 191.76+27.62
−18.47

J003207.44-433049.00 1.53278 −12.5873 ± 0.02829 146.97+2.43
−0.87

J003015.00-430333.52 1.64984 −12.7328 ± 0.04608 185.55+14.55
−4.72

J003052.76-430301.08 1.42754 −12.5959 ± 0.03380 166.76+11.00
−10.88

J003234.33-431937.81 1.64058 −12.5643 ± 0.03011 248.82+18.10
−11.64

J003206.50-425325.22 1.7496 −12.7498 ± 0.09277 157.80+12.77
−4.95
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Table 11: A118 long GRB sample. For each source, columns list: GRB name, redshift, Ep, and
S bolo. The upper part of the table, above the horizontal dividing line, lists the 25 bursts from Fana
Dirirsa et al. (2019), whereas the lower part lists the updated 93 bursts from Wang et al. (2016).
Errors are 1σ confidence level.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

080916C 4.35 6953.87 ± 1188.77 10.40 ± 0.24

090323 3.57 2060.09 ± 138.07 15.76 ± 0.39

090328 0.736 1221.71 ± 81.87 7.99 ± 0.20

090424 0.544 236.91 ± 4.55 5.72 ± 0.09

090902B 1.822 2146.57 ± 21.71 39.05 ± 0.22

090926A 2.1062 868.63 ± 13.85 17.90 ± 0.13

091003A 0.8969 857.81 ± 33.08 4.43 ± 0.08

091127 0.49 60.32 ± 1.93 2.25 ± 0.04

091208B 1.063 202.63 ± 20.10 0.75 ± 0.04

100414A 1.368 1370.82 ± 27.68 11.88 ± 0.16

100728A 1.567 797.62 ± 18.05 11.74 ± 0.17

110721A 3.512 8675.78 ± 852.66 6.14 ± 0.09

120624B 2.2 1214.47 ± 26.24 20.49 ± 0.25

130427A 0.3399 294.25 ± 5.86 31.72 ± 0.20

130518A 2.49 1601.40 ± 32.19 11.40 ± 0.11

131108A 2.40 1163.20 ± 28.54 4.85 ± 0.05

131231A 0.6439 370.15 ± 4.97 17.42 ± 0.12

141028A 2.33 1320.18 ± 50.90 4.89 ± 0.06

150314A 1.758 985.66 ± 13.20 9.20 ± 0.12

150403A 2.06 2428.51 ± 160.80 8.10 ± 0.17

150514A 0.807 137.84 ± 14.93 0.71 ± 0.03
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Table 11: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

160509A 1.17 19334.10 ± 652.25 49.91 ± 1.36

160625B 1.406 1546.86 ± 37.25 83.54 ± 1.16

170214A 2.53 2119.788 ± 119.06 22.40 ± 0.29

170405A 3.51 1424.42 ± 35.24 9.24 ± 0.09

971214 3.42 685.0 ± 133.0 0.87 ± 0.11

990123 1.6 1724.0 ± 466.0 35.80 ± 5.80

990510 1.619 423.0 ± 42.0 2.60 ± 0.40

000131 4.5 987.0 ± 416.0 4.70 ± 0.80

000926 2.07 310.0 ± 20.0 2.60 ± 0.60

010222 1.48 766.00 ± 30.0 14.6 ± 1.50

011211 2.14 186.0 ± 24.0 0.50 ± 0.06

020124 3.2 448.0 ± 148.0 1.20 ± 0.10

021004 2.3 266.0 ± 117.0 0.27 ± 0.04

030226 1.98 289.0 ± 66.0 1.30 ± 0.10

030323 3.37 270.0 ± 113.0 0.12 ± 0.04

030328 1.52 328.00 ± 55.0 6.40 ± 0.60

030429 2.65 128.0 ± 26.0 0.14 ± 0.02

040912 1.563 44.00 ± 33.0 0.21 ± 0.06

050318 1.44 115.00 ± 25.0 0.42 ± 0.03

050401 2.9 467.0 ± 110.0 1.90 ± 0.40

050603 2.821 1333.0 ± 107.0 3.50 ± 0.20

050820 2.612 1325.0 ± 277.0 6.40 ± 0.50

050904 6.29 3178 ± 1094.0 2.00 ± 0.20
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Table 11: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

050922C 2.198 415.0 ± 111.0 0.47 ± 0.16

051109A 2.346 539.0 ± 200.0 0.51 ± 0.05

060115 3.53 285.0 ± 34.0 0.25 ± 0.04

060124 2.296 784.0 ± 285.0 3.40 ± 0.50

060206 4.048 394.0 ± 46.0 0.14 ± 0.03

060418 1.489 572.00 ± 143.0 2.30 ± 0.50

060526 3.21 105.0 ± 21.0 0.12 ± 0.06

060707 3.425 279.0 ± 28.0 0.23 ± 0.04

060908 2.43 514.0 ± 102.0 0.73 ± 0.07

060927 5.6 475.0 ± 47.0 0.27 ± 0.04

070125 1.547 934.00 ± 148.0 13.30 ± 1.30

071003 1.604 2077 ± 286 5.32 ± 0.590

071020 2.145 1013.0 ± 160.0 0.87 ± 0.40

080319C 1.95 906.0 ± 272.0 1.50 ± 0.30

080413 2.433 584.0 ± 180.0 0.56 ± 0.14

080514B 1.8 627.0 ± 65.0 2.027 ± 0.48

080603B 2.69 376.0 ± 100.0 0.64 ± 0.058

080605 1.6398 650.0 ± 55.0 3.40 ± 0.28

080607 3.036 1691.0 ± 226.0 8.96 ± 0.48

080721 2.591 1741.0 ± 227.0 7.86 ± 1.37

080810 3.35 1470.0 ± 180.0 1.82 ± 0.20

080913 6.695 710.0 ± 350.0 0.12 ± 0.035

081008 1.9685 261.0 ± 52.0 0.96 ± 0.09
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Table 11: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

081028 3.038 234.0 ± 93.0 0.81 ± 0.095

081118 2.58 147.0 ± 14.0 0.27 ± 0.057

081121 2.512 47.23 ± 1.08 1.71 ± 0.33

081222 2.77 505.0 ± 34.0 1.67 ± 0.17

090102 1.547 1149.00 ± 166.0 3.48 ± 0.63

090418 1.608 1567 ± 384 2.35 ± 0.59

090423 8.2 491.0 ± 200.0 0.12 ± 0.032

090516 4.109 971.0 ± 390.0 1.96 ± 0.38

090715B 3.0 536.0 ± 172.0 1.09 ± 0.17

090812 2.452 2000.0 ± 700.0 3.08 ± 0.53

091020 1.71 280.0 ± 190.0 0.11 ± 0.034

091029 2.752 230.0 ± 66.0 0.47 ± 0.044

100413 3.9 1783.60 ± 374.85 2.36 ± 0.77

100621 0.54 146.49 ± 23.9 5.75 ± 0.64

100704 3.6 809.60 ± 135.70 0.70 ± 0.07

100814 1.44 312.32 ± 48.8 1.39 ± 0.23

100906 1.73 387.23 ± 244.07 3.56 ± 0.55

110205 2.22 740.60 ± 322.0 3.32 ± 0.68

110213 1.46 223.86 ± 70.11 1.55 ± 0.23

110422 1.77 421.04 ± 13.85 9.32 ± 0.02

110503 1.61 572.25 ± 50.95 2.76 ± 0.21

110715 0.82 218.40 ± 20.93 2.73 ± 0.24

110731 2.83 1164.32 ± 49.79 2.51 ± 0.01
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Table 11: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

110818 3.36 1117.47 ± 241.11 1.05 ± 0.08

111008 5.0 894.00 ± 240.0 1.06 ± 0.11

111107 2.89 420.44 ± 124.58 0.18 ± 0.03

111209 0.68 519.87 ± 88.88 69.47 ± 8.72

120119 1.73 417.38 ± 54.56 4.62 ± 0.59

120326 1.8 129.97 ± 10.27 0.44 ± 0.02

120724 1.48 68.45 ± 18.60 0.15 ± 0.02

120802 3.8 274.33 ± 93.04 0.43 ± 0.07

120811C 2.67 157.49 ± 20.92 0.74 ± 0.07

120909 3.93 1651.55 ± 123.25 2.69 ± 0.23

120922 3.1 156.62 ± 0.04 1.59 ± 0.18

121128 2.2 243.20 ± 12.8 0.87 ± 0.07

130215 0.6 247.54 ± 100.61 4.84 ± 0.12

130408 3.76 1003.94 ± 137.98 0.99 ± 0.17

130420A 1.3 128.63 ± 6.89 1.73± 0.06

130505 2.27 2063.37 ± 101.37 4.56 ± 0.09

130514 3.6 496.80± 151.8 1.88 ± 0.25

130606 5.91 2031.54 ± 483.7 0.49 ± 0.09

130610 2.09 911.83 ± 132.65 0.82 ± 0.05

130612 2.01 186.07 ± 31.56 0.08 ± 0.01

130701A 1.16 191.80 ± 8.62 0.46 ± 0.04

130831A 0.48 81.35 ± 5.92 1.29 ± 0.07

130907A 1.24 881.77 ± 24.62 75.21 ± 4.76
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Table 11: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

131030A 1.29 405.86 ± 22.93 1.05 ± 0.10

131105A 1.69 547.68 ± 83.53 4.75 ± 0.16

131117A 4.04 221.85 ± 37.31 0.05 ± 0.01

140206A 2.73 447.60 ± 22.38 1.69 ± 0.03

140213A 1.21 176.61 ± 4.42 2.53 ± 0.04

Table 12: A102 long GRB sample. For each source, columns list: GRB name, redshift, Ep, and
S bolo. Errors are 1σ confidence level.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

180325A 2.24800 993.888 ± 146.16 2.143 ± 0.338

171222A 2.409 99.4746 ± 9.30657 0.324512 ± 0.0328681

171010A 0.3285 204.589 ± 1.3285 90.6418 ± 0.535392

170705A 2.01 301. ± 30.1 1.65024 ± 0.0603516

170607A 0.557 239.778 ± 20.241 1.11395 ± 0.0380721

170113A 1.968 217.554 ± 99.7248 0.089964 ± 0.018213

161129A 0.645 324.065 ± 34.545 0.904616 ± 0.044168

161117A 1.549 173.434 ± 6.78034 4.81252 ± 0.120027

161023A 2.708 604.404 ± 122.364 3.92222 ± 0.760559

161017A 2.013 899.38 ± 135.585 0.756934 ± 0.0487691

161014A 2.823 638.441 ± 57.345 0.558496 ± 0.0313038

160804A 0.736 128.464 ± 5.208 1.73849 ± 0.349881

160629A 3.332 1280.11 ± 83.6076 2.04994 ± 0.108957
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Table 12: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

160623A 0.367 768.254 ± 31.441 66.9602 ± 1.11025

160131A 0.972 1155.59 ± 510.748 19.325 ± 2.43849

151029A 1.423 82.1397 ± 16.7187 0.0540757 ± 0.0143314

151027A 0.81 615.4 ± 114.03 2.32559 ± 0.12751

151021A 2.33 566.1 ± 69.93 7.94444 ± 1.11551

150821A 0.755 565.11 ± 31.59 9.81472 ± 0.411068

150323A 0.593 151.335 ± 23.895 1.43267 ± 0.194236

150301B 1.5169 644.326 ± 80.5408 0.483594 ± 0.0247793

150206A 2.087 703.836 ± 111.132 4.85916 ± 0.69298

141225A 0.915 358.105 ± 55.535 1.02699 ± 0.0905728

141221A 1.452 373.685 ± 69.882 0.361238 ± 0.0431316

141220A 1.3195 440.705 ± 20.8755 0.537374 ± 0.015526

141109A 2.993 762.663 ± 239.58 1.61747 ± 0.281326

140907A 1.21 249.73 ± 15.47 0.595831 ± 0.0229987

140808A 3.29 494.208 ± 33.033 0.34203 ± 0.0227386

140801A 1.32 271.44 ± 6.96 0.146041 ± 0.00500141

140629A 2.275 281.65 ± 55.675 0.494905 ± 0.14436

140623A 1.92 1022. ± 467.2 0.838561 ± 0.0965842

140620A 2.04 234.08 ± 15.2 0.61385 ± 0.0276807

140518A 4.707 250.537 ± 43.3732 0.142946 ± 0.0323412

140515A 6.32 379.176 ± 161.04 0.0935811 ± 0.0232604

1404512A 0.725 1014.3 ± 144.9 5.65642 ± 0.276597

140508A 1.027 519.317 ± 23.9186 8.21352 ± 0.26113
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Table 12: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

7 140506A 0.889 266.349 ± 68.004 0.534147 ± 0.0487654

140423A 3.26 532.5 ± 38.34 2.59153 ± 0.144394

140419A 3.956 1452.11 ± 416.304 4.46832 ± 3.72535

131011A 1.874 632.28 ± 86.22 10.0183 ± 0.601191

120923A 7.8 391.6 ± 61.6 0.0395298 ± 0.0146089

120716A 2.486 457.088 ± 36.9619 0.417853 ± 0.0320048

120712A 4.1745 641.638 ± 134.537 0.578652 ± 0.0100193

120711A 1.405 2978.52 ± 120.191 15.4165 ± 0.280448

111228A 0.714 58.276 ± 6.856 3.05647 ± 0.309143

110128A 2.339 457.088 ± 156.978 0.0247106 ± 0.00466529

110106B 0.618 192.309 ± 25.3506 0.228205 ± 0.017397

101219B 0.55 108.5 ± 12.4 0.762773 ± 0.0857799

101213A 0.414 445.41 ± 58.3982 1.528 ± 0.0312484

100816A 0.8049 246.73 ± 8.53718 1.01651 ± 0.0352818

100728B 2.106 406.886 ± 46.59 0.251638 ± 0.0109019

091024 1.092 658.98 ± 79.496 14.4267 ± 3.59995

091018 0.971 55. ± 26. 0.325669 ± 0.0944063

090926B 1.24 212. ± 4.3 0.99881 ± 0.0164172

090618 0.54 250.092 ± 5.67073 21.9287 ± 0.376146

090205 4.6497 192.09 ± 84.7455 0.0282306 ± 0.0116172

081221 2.26 284. ± 2. 2.90175 ± 0.0143634

081203A 2.05 1516.15 ± 743.806 3.33424 ± 1.23259

081007 0.5295 61. ± 15. 0.244793 ± 0.0458312
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Table 12: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

080916A 0.689 208. ± 11. 0.744602 ± 0.0228566

080804 2.2045 810. ± 45. 1.0018 ± 0.0355362

080413B 1.1 140.7 ± 23.1 0.586515 ± 0.0718737

080411 1.03 525.77 ± 62.93 7.86509 ± 0.429758

080319B 0.937 1260.99 ± 27.118 57.8987 ± 1.44947

080207 2.0858 332.649 ± 223.721 1.03812 ± 0.251242

071117 1.331 648.018 ± 184.149 0.788892 ± 0.200225

071010B 0.947 86.5 ± 6.4 0.544996 ± 0.0435997

070521 2.0865 685.203 ± 74.076 1.97615 ± 0.211539

061222B 3.355 200. ± 28. 0.373567 ± 0.0797169

061222A 2.088 1000.51 ± 148.224 3.018 ± 0.505748

061126 1.1588 1337. ± 410. 3.22523 ± 0.44437

061121 1.314 1402.28 ± 187.434 6.13323 ± 0.441226

061007 1.261 902.139 ± 42.959 23.9543 ± 1.54192

060904B 0.703 135. ± 41. 0.222637 ± 0.0444387

060814 0.84 473. ± 155. 3.40967 ± 0.428571

060729 0.54 158.928 ± 59.29 0.812083 ± 0.111824

060714 2.711 234. ± 109. 0.757104 ± 0.256061

060607A 3.082 575. ± 200. 0.458219 ± 0.0814474

060306 1.559 179.13 ± 76.77 0.330587 ± 0.0783263

060218 0.0331 4.82458 ± 1.18806 1.69331 ± 0.476388

060210 3.91 575. ± 186. 1.19166 ± 0.707457

051109A 2.346 538.706 ± 274.372 0.519357 ± 0.269718
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Table 12: continued.

GRB z Ep S bolo

(keV) (10−5 erg/cm2)

051022 0.809 385.317 ± 32.562 34.364 ± 7.17341

050525 0.606 135.065 ± 2.7302 10.1047 ± 0.143371

041219 0.31 205.041 ± 87.9977 28.9945 ± 3.49148

041006 0.716 108. ± 22. 5.21576 ± 0.73614

030528 0.78 56.96 ± 8.9 1.37361 ± 0.192386

030329 0.1685 79. ± 3. 15.8982 ± 1.69327

021211 1.01 94. ± 19. 0.430575 ± 0.0751039

020819B 0.41 70. ± 21. 1.59176 ± 0.732597

020405 0.69 617. ± 171. 11.0108 ± 1.78407

010921 0.45 129. ± 26. 2.07651 ± 0.134953

000911 1.06 1856. ± 371. 20.6182 ± 2.16062

991216 1.02 642. ± 129. 24.2508 ± 3.37965

990712 0.433 93. ± 15. 1.72765 ± 0.176392

990705 0.843 348. ± 28. 13.3866 ± 1.67142

990506 1.3 653. ± 130. 24.6621 ± 3.21429

980703 0.966 499. ± 100. 2.88508 ± 0.290964

980613 1.096 194. ± 89. 0.189815 ± 0.0501064

970828 0.958 583. ± 117. 12.143 ± 1.98359

970508 0.835 145. ± 43. 0.44526 ± 0.0849239

970228 0.695 195. ± 64. 2.18643 ± 0.299176
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Table 13: C174 and C60 Combo GRBs and their Combo relation parameters (reproduced from
Muccino et al. (2021) with their kind permission, except for some Ep values we have updated here).
The first 60 sources are the C60 sample. The C60 sample and the following sources in boldface
form the C174 sample. For each source, columns list: GRB name, redshift, log Ep, log F0, log τ,
and α. Errors are 1σ confidence level.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

050401 2.8983 2.67+0.13
−0.11 −9.57+0.02

−0.02 2.90+0.06
−0.07 −1.75 ± 0.09

050922C 2.1995 2.62+0.13
−0.10 −8.79+0.05

−0.06 1.64+0.07
−0.09 −1.30 ± 0.03

051109A 2.346 2.73+0.13
−0.19 −9.86+0.07

−0.09 2.97+0.08
−0.10 −1.36 ± 0.03

060115 3.53 2.47+0.05
−0.05 −11.15+0.06

−0.06 3.99+0.13
−0.19 −2.64 ± 0.44

060418 1.489 2.76+0.10
−0.12 −9.22+0.07

−0.08 2.49+0.08
−0.10 −1.64 ± 0.06

060526 3.2213 2.02+0.08
−0.10 −11.31+0.04

−0.04 4.53+0.14
−0.21 −5.23 ± 1.40

060707 3.424 2.44+0.13
−0.08 −10.60+0.14

−0.21 2.87+0.19
−0.36 −1.07 ± 0.05

060729 0.54 1.89+0.12
−0.16 −10.54+0.01

−0.01 4.80+0.02
−0.02 −1.76 ± 0.03

060814 0.84 2.88+0.12
−0.17 −10.42+0.04

−0.04 3.88+0.06
−0.07 −1.56 ± 0.07

060908 1.8836 2.74+0.07
−0.09 −8.50+0.07

−0.08 1.65+0.10
−0.13 −1.37 ± 0.05

060927 5.467 2.44+0.10
−0.14 −10.80+0.06

−0.06 2.51+0.11
−0.15 −1.55 ± 0.17

061121 1.3145 3.11+0.05
−0.05 −9.52+0.01

−0.01 3.23+0.02
−0.02 −1.55 ± 0.02

071020 2.1462 3.01+0.06
−0.07 −8.50+0.06

−0.07 1.22+0.07
−0.09 −1.21 ± 0.02

080319B 0.9382 3.10+0.01
−0.01 −6.13+0.03

−0.03 1.29+0.03
−0.03 −1.67 ± 0.01

080413B 1.1014 2.21+0.05
−0.06 −9.15+0.04

−0.04 1.97+0.06
−0.07 −1.06 ± 0.02

080605 1.6403 2.88+0.04
−0.05 −8.45+0.02

−0.02 1.94+0.03
−0.03 −1.41 ± 0.02

080607 3.0368 3.23+0.05
−0.04 −9.72+0.08

−0.09 2.73+0.08
−0.10 −1.76 ± 0.07

080721 2.5914 3.24+0.06
−0.06 −8.11+0.01

−0.01 1.97+0.01
−0.01 −1.48 ± 0.01

080810 3.3604 3.17+0.05
−0.06 −9.71+0.13

−0.18 2.86+0.13
−0.19 −2.07 ± 0.15

080916A 0.689 2.32+0.04
−0.05 −10.32+0.06

−0.07 3.09+0.10
−0.12 −1.08 ± 0.04

080928 1.692 1.98+0.09
−0.12 −10.27+0.06

−0.07 3.60+0.09
−0.11 −2.66 ± 0.21

081007 0.5295 1.79+0.10
−0.12 −10.19+0.05

−0.05 3.20+0.07
−0.09 −1.15 ± 0.04
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Table 13: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

081008 1.9685 2.42+0.08
−0.10 −10.15+0.04

−0.04 3.23+0.07
−0.08 −1.93 ± 0.11

081222 2.77 2.80+0.04
−0.05 −8.52+0.03

−0.03 1.45+0.04
−0.04 −1.22 ± 0.01

090102 1.547 3.07+0.04
−0.05 −8.38+0.09

−0.11 1.93+0.09
−0.11 −1.45 ± 0.03

090418A 1.608 3.20+0.10
−0.12 −9.34+0.02

−0.02 2.78+0.04
−0.05 −1.68 ± 0.05

090423 8.2 2.65+0.05
−0.05 −11.25+0.06

−0.06 2.68+0.12
−0.17 −1.28 ± 0.14

090424 0.544 2.40+0.04
−0.05 −8.39+0.03

−0.03 2.39+0.03
−0.04 −1.21 ± 0.01

090516 4.109 2.99+0.18
−0.11 −10.49+0.05

−0.06 3.40+0.08
−0.09 −2.20 ± 0.14

090618 0.54 2.40+0.04
−0.05 −8.89+0.01

−0.01 3.06+0.02
−0.02 −1.44 ± 0.01

091018 0.971 1.74+0.13
−0.20 −9.03+0.02

−0.03 2.24+0.04
−0.05 −1.29 ± 0.02

091020 1.71 2.71+0.05
−0.06 −9.29+0.03

−0.03 2.40+0.04
−0.05 −1.34 ± 0.03

091029 2.752 2.36+0.11
−0.15 −10.85+0.02

−0.03 3.57+0.05
−0.06 −1.39 ± 0.05

091127 0.49 1.71+0.04
−0.05 −8.99+0.03

−0.03 3.33+0.03
−0.04 −1.52 ± 0.02

100621A 0.542 2.16+0.08
−0.06 −9.77+0.05

−0.06 3.62+0.08
−0.10 −1.08 ± 0.04

100814A 1.44 2.41+0.05
−0.06 −10.76+0.01

−0.02 4.85+0.05
−0.05 −2.77 ± 0.16

100906A 1.727 2.46+0.06
−0.08 −9.83+0.04

−0.04 3.40+0.05
−0.06 −2.27 ± 0.10

110213A 1.46 2.35+0.04
−0.04 −9.23+0.02

−0.02 3.39+0.04
−0.04 −2.48 ± 0.09

110422A 1.77 2.62+0.01
−0.01 −8.63+0.08

−0.10 2.13+0.09
−0.12 −1.33 ± 0.03

111228A 0.714 1.76+0.05
−0.06 −10.10+0.03

−0.03 3.68+0.05
−0.06 −1.42 ± 0.04

120119A 1.728 2.70+0.04
−0.05 −10.61+0.08

−0.10 3.69+0.13
−0.19 −1.99 ± 0.23

120811C 2.671 2.30+0.02
−0.02 −10.16+0.04

−0.04 3.12+0.12
−0.16 −1.57 ± 0.18

120907A 0.97 2.48+0.08
−0.10 −10.11+0.04

−0.05 2.75+0.07
−0.09 −1.17 ± 0.04

120922A 3.1 2.19+0.04
−0.04 −9.81+0.09

−0.11 2.26+0.11
−0.15 −1.14 ± 0.04

121128A 2.2 2.39+0.02
−0.02 −9.16+0.03

−0.04 2.84+0.07
−0.08 −2.27 ± 0.14

121211A 1.023 2.29+0.05
−0.06 −10.57+0.08

−0.09 3.41+0.14
−0.20 −1.27 ± 0.11
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Ep/keV
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log (τ/s) α

130408A 3.757 3.00+0.06
−0.07 −9.96+0.05

−0.05 2.81+0.08
−0.10 −1.66 ± 0.12

130420A 1.297 2.11+0.02
−0.02 −10.25+0.06

−0.07 2.76+0.10
−0.13 −1.05 ± 0.03

130427A 0.3399 3.06+0.01
−0.01 −7.63+0.02

−0.02 2.79+0.03
−0.03 −1.37 ± 0.01

130505A 2.27 3.31+0.02
−0.02 −9.30+0.04

−0.04 3.24+0.04
−0.05 −1.65 ± 0.03

130610A 2.092 2.96+0.06
−0.07 −9.71+0.24

−0.56 1.81+0.20
−0.37 −1.23 ± 0.12

130612A 2.006 2.27+0.07
−0.08 −10.89+0.25

−0.65 2.80+0.22
−0.48 −1.22 ± 0.42

130701A 1.155 2.28+0.02
−0.02 −8.60+0.10

−0.12 1.65+0.12
−0.16 −1.26 ± 0.03

130702A 0.145 1.17+0.06
−0.07 −10.44+0.05

−0.06 4.82+0.06
−0.08 −1.37 ± 0.03

130831A 0.4791 1.91+0.03
−0.03 −9.62+0.05

−0.06 3.25+0.06
−0.07 −1.74 ± 0.07

131030A 1.295 2.61+0.02
−0.02 −9.12+0.03

−0.03 2.60+0.05
−0.06 −1.30 ± 0.02

131105A 1.686 2.62+0.09
−0.12 −10.42+0.03

−0.04 3.15+0.08
−0.10 −1.28 ± 0.08

131117A 4.042 2.35+0.07
−0.08 −10.61+0.08

−0.10 2.39+0.13
−0.19 −1.30 ± 0.09

140206 2.73 2.65+0.02
−0.02 −9.37+0.02

−0.02 2.91+0.03
−0.03 −1.44 ± 0.02

140213 1.2076 2.25+0.01
−0.01 −9.76+0.04

−0.05 3.40+0.06
−0.07 −1.48 ± 0.05

050215B 2.62 1.80+0.13
−0.07 −11.79+0.15

−0.24 3.47+0.23
−0.52 −1.40 ± 0.28

050315 1.95 1.95+0.08
−0.10 −11.05+0.02

−0.03 4.45+0.08
−0.10 −1.78 ± 0.17

050318 1.4436 2.06+0.09
−0.11 −10.05+0.09

−0.11 3.31+0.12
−0.16 −2.07 ± 0.18

050505 4.27 2.79+0.13
−0.18 −10.53+0.03

−0.03 3.52+0.06
−0.07 −1.99 ± 0.10

050525A 0.606 2.11+0.04
−0.05 −9.26+0.05

−0.06 2.78+0.06
−0.07 −1.54 ± 0.05

050819A 2.5043 1.89+0.30
−0.64 −11.94+0.14

−0.21 3.62+0.26
−0.71 −1.32 ± 0.29

050820A 2.6147 3.12+0.08
−0.10 −9.71+0.02

−0.02 3.05+0.03
−0.03 −1.28 ± 0.02

051008 2.77 3.06+0.13
−0.18 −10.60+0.03

−0.03 4.22+0.12
−0.16 −6.02 ± 1.32

051022 0.809 2.88+0.13
−0.18 −9.70+0.07

−0.08 4.12+0.07
−0.09 −2.35 ± 0.11

060111A 2.32 2.39+0.10
−0.06 −11.27+0.12

−0.17 3.22+0.19
−0.33 −1.04 ± 0.07
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GRB z log
(
Ep/keV
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log

(
F0/erg/cm2s

)
log (τ/s) α

060124 2.296 2.89+0.13
−0.20 −9.99+0.03

−0.04 3.49+0.05
−0.05 −1.49 ± 0.04

060204B 2.3393 2.54+0.13
−0.08 −10.50+0.11

−0.15 3.21+0.16
−0.24 −1.64 ± 0.14

060206 4.0559 2.61+0.16
−0.26 −10.32+0.07

−0.08 3.33+0.09
−0.11 −1.50 ± 0.05

060210 3.9122 2.76+0.12
−0.17 −10.29+0.04

−0.04 3.39+0.06
−0.07 −1.59 ± 0.06

060306 1.5591 2.25+0.15
−0.24 −10.35+0.04

−0.04 3.10+0.07
−0.09 −1.23 ± 0.05

060319 1.172 1.79+0.11
−0.15 −10.01+0.09

−0.12 2.41+0.12
−0.17 −1.03 ± 0.02

060502A 1.51 2.67+0.18
−0.31 −10.69+0.04

−0.04 3.61+0.08
−0.10 −1.35 ± 0.06

060512 2.1 1.85+0.25
−0.19 −10.90+0.20

−0.40 2.98+0.24
−0.56 −1.45 ± 0.17

060522 5.11 2.69+0.20
−0.07 −9.71+0.08

−0.10 1.85+0.13
−0.19 −1.57 ± 0.10

060604 2.1357 2.10+0.05
−0.06 −11.13+0.06

−0.07 3.62+0.11
−0.14 −1.39 ± 0.09

060605 3.773 2.69+0.18
−0.33 −10.61+0.04

−0.04 3.93+0.16
−0.25 −5.82 ± 1.79

060607A 3.0749 2.68+0.10
−0.12 −9.74+0.04

−0.05 3.05+0.10
−0.14 −2.42 ± 0.21

060708 1.92 2.47+0.32
−0.06 −10.36+0.08

−0.10 2.76+0.10
−0.12 −1.27 ± 0.04

060714 2.7108 2.37+0.16
−0.27 −10.40+0.04

−0.04 3.01+0.07
−0.09 −1.47 ± 0.06

060904A 2.55 2.76+0.08
−0.09 −10.56+0.06

−0.08 3.01+0.16
−0.26 −1.37 ± 0.11

061126 1.159 3.13+0.12
−0.16 −8.50+0.10

−0.14 2.19+0.10
−0.12 −1.37 ± 0.02

061222A 2.088 2.94+0.07
−0.08 −9.49+0.03

−0.03 3.00+0.04
−0.04 −1.38 ± 0.02

070125 1.547 2.97+0.06
−0.07 −11.11+0.08

−0.09 4.62+0.12
−0.17 −2.65 ± 0.33

070328 2.0627 3.18+0.13
−0.12 −8.37+0.01

−0.01 2.15+0.02
−0.02 −1.61 ± 0.02

070508 0.82 2.53+0.02
−0.02 −8.52+0.01

−0.01 2.42+0.02
−0.02 −1.46 ± 0.02

070521 2.0865 2.84+0.05
−0.04 −9.49+0.04

−0.05 2.70+0.07
−0.09 −1.55 ± 0.09

071003 1.6044 3.31+0.04
−0.04 −10.53+0.13

−0.18 3.94+0.15
−0.22 −2.18 ± 0.19

071031 2.6918 1.95+0.11
−0.15 −11.61+0.13

−0.20 3.67+0.22
−0.46 −1.68 ± 0.33

071117 1.331 2.05+0.18
−0.30 −10.64+0.11

−0.15 3.40+0.20
−0.38 −1.62 ± 0.29
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080319C 1.95 2.96+0.11
−0.16 −8.61+0.04

−0.04 2.68+0.07
−0.08 −1.68 ± 0.06

080411 1.0301 2.72+0.06
−0.05 −9.19+0.04

−0.05 3.30+0.04
−0.05 −1.41 ± 0.01

081028 3.038 2.37+0.15
−0.22 −12.01+0.19

−0.35 4.33+0.26
−0.79 −1.83 ± 0.49

081109 0.9787 2.68+0.10
−0.12 −9.31+0.09

−0.12 2.27+0.11
−0.15 −1.17 ± 0.03

081121 2.512 2.78+0.04
−0.05 −8.88+0.16

−0.24 2.41+0.14
−0.20 −1.50 ± 0.03

081203A 2.05 3.19+0.25
−0.15 −9.15+0.03

−0.03 2.52+0.05
−0.05 −1.85 ± 0.06

081221 2.26 2.45+0.04
−0.05 −8.47+0.15

−0.24 1.77+0.17
−0.29 −1.32 ± 0.05

090205 4.6497 2.33+0.13
−0.18 −10.97+0.03

−0.04 3.31+0.10
−0.13 −2.63 ± 0.33

090429B 9.4 2.64+0.05
−0.06 −10.89+0.06

−0.07 2.51+0.15
−0.23 −1.46 ± 0.20

090715B 3.0 2.73+0.12
−0.17 −10.11+0.20

−0.40 2.56+0.21
−0.40 −1.33 ± 0.05

090926A 2.1062 2.95+0.04
−0.05 −10.47+0.26

−0.77 3.71+0.24
−0.61 −1.66 ± 0.12

091003 0.8969 2.91+0.08
−0.09 −10.69+0.25

−0.62 4.06+0.25
−0.66 −1.56 ± 0.14

091208B 1.063 2.39+0.04
−0.05 −9.63+0.05

−0.05 2.49+0.07
−0.09 −1.14 ± 0.03

100728A 1.567 2.92+0.04
−0.05 −8.96+0.04

−0.04 2.78+0.05
−0.06 −1.56 ± 0.04

100728B 2.106 2.51+0.06
−0.07 −9.34+0.11

−0.14 1.58+0.17
−0.29 −1.17 ± 0.07

101213A 0.414 2.64+0.15
−0.23 −10.23+0.05

−0.06 4.04+0.11
−0.14 −1.47 ± 0.11

101219B 0.5519 2.03+0.05
−0.05 −11.94+0.08

−0.09 4.48+0.19
−0.34 −1.06 ± 0.17

110106B 0.618 2.29+0.03
−0.02 −10.23+0.04

−0.04 3.41+0.08
−0.09 −1.39 ± 0.06

110205A 2.22 2.85+0.12
−0.18 −9.24+0.24

−0.55 2.43+0.19
−0.36 −1.67 ± 0.06

110503A 1.613 2.74+0.04
−0.05 −8.38+0.05

−0.06 1.50+0.06
−0.07 −1.18 ± 0.01

110715A 0.82 2.34+0.04
−0.05 −8.57+0.03

−0.03 2.10+0.05
−0.06 −1.23 ± 0.03

110801A 1.858 2.60+0.13
−0.19 −10.41+0.06

−0.06 3.62+0.10
−0.12 −2.38 ± 0.24

111008A 4.9898 2.95+0.10
−0.14 −10.19+0.03

−0.04 3.14+0.05
−0.05 −1.72 ± 0.05

111209A 0.677 2.72+0.07
−0.08 −10.96+0.19

−0.34 4.32+0.23
−0.54 −1.44 ± 0.16
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120422A 0.283 1.52+0.34
−0.34 −12.35+0.06

−0.07 4.89+0.23
−0.51 −1.05 ± 0.26

120712A 4.1745 2.81+0.08
−0.10 −9.70+0.05

−0.06 1.97+0.10
−0.13 −1.33 ± 0.07

120729A 0.8 2.32+0.66
−0.16 −9.32+0.11

−0.15 3.13+0.06
−0.07 −2.63 ± 0.15

120909A 3.93 3.11+0.14
−0.21 −10.27+0.09

−0.11 3.09+0.13
−0.18 −1.46 ± 0.12

120923A 8.5 2.58+0.09
−0.12 −11.34+0.10

−0.13 2.00+0.19
−0.36 −1.61 ± 0.21

121027A 1.773 2.12+0.21
−0.19 −11.01+0.06

−0.07 4.48+0.11
−0.15 −1.45 ± 0.11

130514A 3.6 2.70+0.11
−0.15 −10.68+0.10

−0.12 3.31+0.17
−0.28 −1.40 ± 0.16

130528A 1.25 2.47+0.02
−0.02 −9.91+0.06

−0.08 2.76+0.10
−0.13 −1.11 ± 0.05

130606A 5.913 3.31+0.12
−0.08 −10.92+0.05

−0.06 3.49+0.11
−0.15 −2.49 ± 0.33

130907A 1.238 2.94+0.01
−0.01 −7.72+0.01

−0.01 2.53+0.01
−0.01 −1.66 ± 0.01

130925A 0.347 2.39+0.02
−0.02 −10.33+0.03

−0.03 4.59+0.04
−0.05 −1.31 ± 0.03

131108A 2.4 3.06+0.01
−0.01 −10.61+0.08

−0.10 3.44+0.11
−0.15 −1.89 ± 0.15

140304A 5.283 3.07+0.08
−0.09 −9.21+0.05

−0.06 2.48+0.12
−0.16 −1.93 ± 0.22

140419A 3.956 3.16+0.11
−0.15 −9.27+0.03

−0.03 2.39+0.04
−0.05 −1.43 ± 0.03

140423A 3.26 2.73+0.03
−0.03 −10.25+0.07

−0.09 2.97+0.11
−0.15 −1.45 ± 0.09

140506A 0.889 2.43+0.10
−0.13 −9.59+0.07

−0.08 2.79+0.09
−0.11 −1.13 ± 0.03

140512A 0.725 3.01+0.06
−0.07 −8.84+0.02

−0.02 2.80+0.04
−0.04 −1.29 ± 0.02

140518A 4.707 2.40+0.07
−0.08 −10.61+0.05

−0.06 2.89+0.17
−0.28 −2.19 ± 0.56

140629A 2.275 2.45+0.08
−0.10 −9.53+0.02

−0.02 2.47+0.05
−0.06 −1.63 ± 0.06

140703A 3.14 2.86+0.03
−0.04 −9.83+0.07

−0.08 2.64+0.15
−0.22 −1.73 ± 0.27

140907A 1.21 2.40+0.03
−0.03 −9.05+0.15

−0.22 1.64+0.19
−0.34 −1.07 ± 0.04

141220A 1.3195 2.62+0.02
−0.02 −8.54+0.19

−0.34 1.34+0.21
−0.41 −1.37 ± 0.07

141221A 1.452 2.57+0.07
−0.09 −9.58+0.12

−0.17 2.24+0.15
−0.23 −1.18 ± 0.06

150120B 3.5 2.77+0.33
−0.21 −10.19+0.12

−0.16 2.21+0.18
−0.31 −1.32 ± 0.13
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150206A 2.087 2.85+0.07
−0.07 −10.89+0.06

−0.07 4.34+0.09
−0.12 −1.87 ± 0.12

150314A 1.758 2.93+0.01
−0.01 −8.03+0.02

−0.02 1.73+0.02
−0.02 −1.38 ± 0.01

150323A 0.593 1.99+0.06
−0.07 −10.98+0.07

−0.08 3.80+0.16
−0.26 −1.48 ± 0.19

150403A 2.06 3.06+0.07
−0.06 −8.32+0.01

−0.01 2.42+0.01
−0.01 −1.40 ± 0.01

150821A 0.755 2.75+0.02
−0.02 −10.00+0.23

−0.54 3.28+0.30
−1.86 −1.27 ± 0.18

151021A 2.33 2.75+0.06
−0.05 −9.19+0.14

−0.20 2.36+0.14
−0.21 −1.41 ± 0.05

151027A 0.81 2.79+0.07
−0.09 −9.17+0.01

−0.01 3.65+0.03
−0.04 −2.32 ± 0.09

151111A 3.5 2.68+0.03
−0.03 −10.59+0.09

−0.12 2.75+0.16
−0.27 −1.63 ± 0.21

160227A 2.38 2.35+0.10
−0.12 −11.42+0.04

−0.04 4.91+0.10
−0.13 −2.53 ± 0.32

160509A 1.17 2.90+0.01
−0.01 −10.03+0.03

−0.03 4.28+0.06
−0.07 −1.74 ± 0.08

160625B 1.406 3.20+0.01
−0.01 −9.09+0.11

−0.16 3.25+0.11
−0.14 −1.46 ± 0.03

160804A 0.736 2.11+0.02
−0.02 −11.07+0.05

−0.06 3.79+0.12
−0.17 −1.07 ± 0.08

161017A 2.0127 2.95+0.06
−0.07 −10.37+0.04

−0.04 3.69+0.06
−0.07 −2.12 ± 0.11

161117A 1.549 2.24+0.02
−0.02 −10.26+0.05

−0.06 3.33+0.08
−0.10 −1.26 ± 0.06

161219B 0.1475 2.02+0.09
−0.11 −9.63+0.02

−0.02 3.52+0.03
−0.04 −1.01 ± 0.01

170113A 1.968 2.34+0.16
−0.27 −9.89+0.04

−0.04 2.79+0.06
−0.07 −1.36 ± 0.05

170202A 3.645 3.06+0.22
−0.19 −10.38+0.07

−0.08 2.77+0.12
−0.17 −1.08 ± 0.09

170405A 3.51 3.20+0.01
−0.01 −9.80+0.05

−0.06 2.54+0.11
−0.15 −1.53 ± 0.14

170604A 1.329 2.71+0.12
−0.11 −10.08+0.08

−0.09 3.29+0.12
−0.16 −1.54 ± 0.10

170607A 0.557 2.38+0.04
−0.04 −10.50+0.03

−0.03 4.06+0.06
−0.06 −1.20 ± 0.04

170705A 2.01 2.67+0.08
−0.07 −10.17+0.02

−0.03 3.43+0.04
−0.04 −1.27 ± 0.02

171010A 0.3285 2.31+0.01
−0.01 −10.30+0.07

−0.08 4.59+0.10
−0.13 −1.93 ± 0.13

171205A 0.0368 2.10+0.28
−0.13 −11.86+0.05

−0.06 5.30+0.13
−0.19 −1.00 ± 0.09

180205A 1.409 2.31+0.07
−0.08 −9.63+0.19

−0.33 2.03+0.22
−0.49 −1.08 ± 0.06
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Table 13: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

180325A 2.248 2.30+0.07
−0.06 −9.17+0.03

−0.03 3.11+0.05
−0.05 −3.02 ± 0.17

180329B 1.998 2.16+0.07
−0.09 −10.61+0.03

−0.03 3.46+0.07
−0.09 −1.81 ± 0.15

180620B 1.1175 2.50+0.03
−0.03 −10.35+0.04

−0.04 3.97+0.08
−0.10 −1.48 ± 0.09

180720B 0.654 3.02+0.01
−0.01 −8.21+0.01

−0.01 3.06+0.02
−0.02 −1.47 ± 0.01

180728A 0.117 1.95+0.01
−0.01 −8.68+0.01

−0.01 3.33+0.02
−0.02 −1.30 ± 0.01

181010A 1.39 2.83+0.11
−0.15 −9.63+0.04

−0.05 2.48+0.07
−0.08 −1.25 ± 0.04

181020A 2.938 3.16+0.02
−0.02 −8.51+0.03

−0.03 1.91+0.03
−0.04 −1.69 ± 0.03

181110A 1.505 2.08+0.11
−0.36 −10.05+0.05

−0.06 3.13+0.08
−0.10 −1.67 ± 0.12

Table 14: The C101 sample. For each source, columns list: GRB name, redshift, log Ep, log F0,
log τ, and α. Errors are 1σ confidence level.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

050401 2.8983 2.67+0.13
−0.11 −9.57+0.02

−0.02 2.90+0.06
−0.07 −1.75 ± 0.09

050922C 2.1995 2.62+0.13
−0.10 −8.79+0.05

−0.06 1.64+0.07
−0.09 −1.30 ± 0.03

051109A 2.346 2.73+0.13
−0.19 −9.86+0.07

−0.09 2.97+0.08
−0.10 −1.36 ± 0.03

060115 3.53 2.47+0.05
−0.05 −11.15+0.06

−0.06 3.99+0.13
−0.19 −2.64 ± 0.44

060418 1.489 2.76+0.10
−0.12 −9.22+0.07

−0.08 2.49+0.08
−0.10 −1.64 ± 0.06

060526 3.2213 2.02+0.08
−0.10 −11.31+0.04

−0.04 4.53+0.14
−0.21 −5.23 ± 1.40

060707 3.424 2.44+0.13
−0.08 −10.60+0.14

−0.21 2.87+0.19
−0.36 −1.07 ± 0.05

060729 0.54 1.89+0.12
−0.16 −10.54+0.01

−0.01 4.80+0.02
−0.02 −1.76 ± 0.03

060814 0.84 2.88+0.12
−0.17 −10.42+0.04

−0.04 3.88+0.06
−0.07 −1.56 ± 0.07

060908 1.8836 2.74+0.07
−0.09 −8.50+0.07

−0.08 1.65+0.10
−0.13 −1.37 ± 0.05

060927 5.467 2.44+0.10
−0.14 −10.80+0.06

−0.06 2.51+0.11
−0.15 −1.55 ± 0.17

061121 1.3145 3.11+0.05
−0.05 −9.52+0.01

−0.01 3.23+0.02
−0.02 −1.55 ± 0.02
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Table 14: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

071020 2.1462 3.01+0.06
−0.07 −8.50+0.06

−0.07 1.22+0.07
−0.09 −1.21 ± 0.02

080319B 0.9382 3.10+0.01
−0.01 −6.13+0.03

−0.03 1.29+0.03
−0.03 −1.67 ± 0.01

080413B 1.1014 2.21+0.05
−0.06 −9.15+0.04

−0.04 1.97+0.06
−0.07 −1.06 ± 0.02

080605 1.6403 2.88+0.04
−0.05 −8.45+0.02

−0.02 1.94+0.03
−0.03 −1.41 ± 0.02

080607 3.0368 3.23+0.05
−0.04 −9.72+0.08

−0.09 2.73+0.08
−0.10 −1.76 ± 0.07

080721 2.5914 3.24+0.06
−0.06 −8.11+0.01

−0.01 1.97+0.01
−0.01 −1.48 ± 0.01

080810 3.3604 3.17+0.05
−0.06 −9.71+0.13

−0.18 2.86+0.13
−0.19 −2.07 ± 0.15

080916A 0.689 2.32+0.04
−0.05 −10.32+0.06

−0.07 3.09+0.10
−0.12 −1.08 ± 0.04

081007 0.5295 1.79+0.10
−0.12 −10.19+0.05

−0.05 3.20+0.07
−0.09 −1.15 ± 0.04

081008 1.9685 2.42+0.08
−0.10 −10.15+0.04

−0.04 3.23+0.07
−0.08 −1.93 ± 0.11

081222 2.77 2.80+0.04
−0.05 −8.52+0.03

−0.03 1.45+0.04
−0.04 −1.22 ± 0.01

090102 1.547 3.07+0.04
−0.05 −8.38+0.09

−0.11 1.93+0.09
−0.11 −1.45 ± 0.03

090418A 1.608 3.20+0.10
−0.12 −9.34+0.02

−0.02 2.78+0.04
−0.05 −1.68 ± 0.05

090423 8.2 2.65+0.05
−0.05 −11.25+0.06

−0.06 2.68+0.12
−0.17 −1.28 ± 0.14

090424 0.544 2.40+0.04
−0.05 −8.39+0.03

−0.03 2.39+0.03
−0.04 −1.21 ± 0.01

090516 4.109 2.99+0.18
−0.11 −10.49+0.05

−0.06 3.40+0.08
−0.09 −2.20 ± 0.14

090618 0.54 2.40+0.04
−0.05 −8.89+0.01

−0.01 3.06+0.02
−0.02 −1.44 ± 0.01

091018 0.971 1.74+0.13
−0.20 −9.03+0.02

−0.03 2.24+0.04
−0.05 −1.29 ± 0.02

091020 1.71 2.71+0.05
−0.06 −9.29+0.03

−0.03 2.40+0.04
−0.05 −1.34 ± 0.03

091029 2.752 2.36+0.11
−0.15 −10.85+0.02

−0.03 3.57+0.05
−0.06 −1.39 ± 0.05

091127 0.49 1.71+0.04
−0.05 −8.99+0.03

−0.03 3.33+0.03
−0.04 −1.52 ± 0.02

110213A 1.46 2.35+0.04
−0.04 −9.23+0.02

−0.02 3.39+0.04
−0.04 −2.48 ± 0.09

111228A 0.714 1.76+0.05
−0.06 −10.10+0.03

−0.03 3.68+0.05
−0.06 −1.42 ± 0.04

120811C 2.671 2.30+0.02
−0.02 −10.16+0.04

−0.04 3.12+0.12
−0.16 −1.57 ± 0.18
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Table 14: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

130420A 1.297 2.11+0.02
−0.02 −10.25+0.06

−0.07 2.76+0.10
−0.13 −1.05 ± 0.03

130427A 0.3399 3.06+0.01
−0.01 −7.63+0.02

−0.02 2.79+0.03
−0.03 −1.37 ± 0.01

130701A 1.155 2.28+0.02
−0.02 −8.60+0.10

−0.12 1.65+0.12
−0.16 −1.26 ± 0.03

130831A 0.4791 1.91+0.03
−0.03 −9.62+0.05

−0.06 3.25+0.06
−0.07 −1.74 ± 0.07

131030A 1.295 2.61+0.02
−0.02 −9.12+0.03

−0.03 2.60+0.05
−0.06 −1.30 ± 0.02

131105A 1.686 2.62+0.09
−0.12 −10.42+0.03

−0.04 3.15+0.08
−0.10 −1.28 ± 0.08

131117A 4.042 2.35+0.07
−0.08 −10.61+0.08

−0.10 2.39+0.13
−0.19 −1.30 ± 0.09

050318 1.4436 2.06+0.09
−0.11 −10.05+0.09

−0.11 3.31+0.12
−0.16 −2.07 ± 0.18

51022 0.809 2.88+0.13
−0.18 −9.70+0.07

−0.08 4.12+0.07
−0.09 −2.35 ± 0.11

060124 2.296 2.89+0.13
−0.20 −9.99+0.03

−0.04 3.49+0.05
−0.05 −1.49 ± 0.04

060206 4.0559 2.61+0.16
−0.26 −10.32+0.07

−0.08 3.33+0.09
−0.11 −1.50 ± 0.05

060210 3.9122 2.76+0.12
−0.17 −10.29+0.04

−0.04 3.39+0.06
−0.07 −1.59 ± 0.06

060306 1.5591 2.25+0.15
−0.24 −10.35+0.04

−0.04 3.10+0.07
−0.09 −1.23 ± 0.05

060607A 3.0749 2.68+0.10
−0.12 −9.74+0.04

−0.05 3.05+0.10
−0.14 −2.42 ± 0.21

060714 2.7108 2.37+0.16
−0.27 −10.40+0.04

−0.04 3.01+0.07
−0.09 −1.47 ± 0.06

061222A 2.088 2.94+0.07
−0.08 −9.49+0.03

−0.03 3.00+0.04
−0.04 −1.38 ± 0.02

070125 1.547 2.97+0.06
−0.07 −11.11+0.08

−0.09 4.62+0.12
−0.17 −2.65 ± 0.33

070521 2.0865 2.84+0.05
−0.04 −9.49+0.04

−0.05 2.70+0.07
−0.09 −1.55 ± 0.09

071003 1.6044 3.31+0.04
−0.04 −10.53+0.13

−0.18 3.94+0.15
−0.22 −2.18 ± 0.19

071117 1.331 2.05+0.18
−0.30 −10.64+0.11

−0.15 3.40+0.20
−0.38 −1.62 ± 0.29

080319C 1.95 2.96+0.11
−0.16 −8.61+0.04

−0.04 2.68+0.07
−0.08 −1.68 ± 0.06

080411 1.0301 2.72+0.06
−0.05 −9.19+0.04

−0.05 3.30+0.04
−0.05 −1.41 ± 0.01

081028 3.038 2.37+0.15
−0.22 −12.01+0.19

−0.35 4.33+0.26
−0.79 −1.83 ± 0.49

081121 2.512 2.78+0.04
−0.05 −8.88+0.16

−0.24 2.41+0.14
−0.20 −1.50 ± 0.03
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Table 14: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

081203A 2.05 3.19+0.25
−0.15 −9.15+0.03

−0.03 2.52+0.05
−0.05 −1.85 ± 0.06

081221 2.26 2.45+0.04
−0.05 −8.47+0.15

−0.24 1.77+0.17
−0.29 −1.32 ± 0.05

090205 4.6497 2.33+0.13
−0.18 −10.97+0.03

−0.04 3.31+0.10
−0.13 −2.63 ± 0.33

090715B 3.0 2.73+0.12
−0.17 −10.11+0.20

−0.40 2.56+0.21
−0.40 −1.33 ± 0.05

090926A 2.1062 2.95+0.04
−0.05 −10.47+0.26

−0.77 3.71+0.24
−0.61 −1.66 ± 0.12

091208B 1.063 2.39+0.04
−0.05 −9.63+0.05

−0.05 2.49+0.07
−0.09 −1.14 ± 0.03

100728A 1.567 2.92+0.04
−0.05 −8.96+0.04

−0.04 2.78+0.05
−0.06 −1.56 ± 0.04

100728B 2.106 2.51+0.06
−0.07 −9.34+0.11

−0.14 1.58+0.17
−0.29 −1.17 ± 0.07

101213A 0.414 2.64+0.15
−0.23 −10.23+0.05

−0.06 4.04+0.11
−0.14 −1.47 ± 0.11

101219B 0.5519 2.03+0.05
−0.05 −11.94+0.08

−0.09 4.48+0.19
−0.34 −1.06 ± 0.17

110106B 0.618 2.29+0.03
−0.02 −10.23+0.04

−0.04 3.41+0.08
−0.09 −1.39 ± 0.06

120712A 4.1745 2.81+0.08
−0.10 −9.70+0.05

−0.06 1.97+0.10
−0.13 −1.33 ± 0.07

120923A 8.5 2.58+0.09
−0.12 −11.34+0.10

−0.13 2.00+0.19
−0.36 −1.61 ± 0.21

130907A 1.238 2.94+0.01
−0.01 −7.72+0.01

−0.01 2.53+0.01
−0.01 −1.66 ± 0.01

131108A 2.4 3.06+0.01
−0.01 −10.61+0.08

−0.10 3.44+0.11
−0.15 −1.89 ± 0.15

140419A 3.956 3.16+0.11
−0.15 −9.27+0.03

−0.03 2.39+0.04
−0.05 −1.43 ± 0.03

140423A 3.26 2.73+0.03
−0.03 −10.25+0.07

−0.09 2.97+0.11
−0.15 −1.45 ± 0.09

140506A 0.889 2.43+0.10
−0.13 −9.59+0.07

−0.08 2.79+0.09
−0.11 −1.13 ± 0.03

140518A 4.707 2.40+0.07
−0.08 −10.61+0.05

−0.06 2.89+0.17
−0.28 −2.19 ± 0.56

140629A 2.275 2.45+0.08
−0.10 −9.53+0.02

−0.02 2.47+0.05
−0.06 −1.63 ± 0.06

140907A 1.21 2.40+0.03
−0.03 −9.05+0.15

−0.22 1.64+0.19
−0.34 −1.07 ± 0.04

141220A 1.3195 2.62+0.02
−0.02 −8.54+0.19

−0.34 1.34+0.21
−0.41 −1.37 ± 0.07

141221A 1.452 2.57+0.07
−0.09 −9.58+0.12

−0.17 2.24+0.15
−0.23 −1.18 ± 0.06

150206A 2.087 2.85+0.07
−0.07 −10.89+0.06

−0.07 4.34+0.09
−0.12 −1.87 ± 0.12
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Table 14: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

150314A 1.758 2.93+0.01
−0.01 −8.03+0.02

−0.02 1.73+0.02
−0.02 −1.38 ± 0.01

150323A 0.593 1.99+0.06
−0.07 −10.98+0.07

−0.08 3.80+0.16
−0.26 −1.48 ± 0.19

150403A 2.06 3.06+0.07
−0.06 −8.32+0.01

−0.01 2.42+0.01
−0.01 −1.40 ± 0.01

150821A 0.755 2.75+0.02
−0.02 −10.00+0.23

−0.54 3.28+0.30
−1.86 −1.27 ± 0.18

151021A 2.33 2.75+0.06
−0.05 −9.19+0.14

−0.20 2.36+0.14
−0.21 −1.41 ± 0.05

151027A 0.81 2.79+0.07
−0.09 −9.17+0.01

−0.01 3.65+0.03
−0.04 −2.32 ± 0.09

160509A 1.17 2.90+0.01
−0.01 −10.03+0.03

−0.03 4.28+0.06
−0.07 −1.74 ± 0.08

160625B 1.406 3.20+0.01
−0.01 −9.09+0.11

−0.16 3.25+0.11
−0.14 −1.46 ± 0.03

160804A 0.736 2.11+0.02
−0.02 −11.07+0.05

−0.06 3.79+0.12
−0.17 −1.07 ± 0.08

161017A 2.0127 2.95+0.06
−0.07 −10.37+0.04

−0.04 3.69+0.06
−0.07 −2.12 ± 0.11

161117A 1.549 2.24+0.02
−0.02 −10.26+0.05

−0.06 3.33+0.08
−0.10 −1.26 ± 0.06

170113A 1.968 2.34+0.16
−0.27 −9.89+0.04

−0.04 2.79+0.06
−0.07 −1.36 ± 0.05

170405A 3.51 3.20+0.01
−0.01 −9.80+0.05

−0.06 2.54+0.11
−0.15 −1.53 ± 0.14

170607A 0.557 2.38+0.04
−0.04 −10.50+0.03

−0.03 4.06+0.06
−0.06 −1.20 ± 0.04

170705A 2.01 2.67+0.08
−0.07 −10.17+0.02

−0.03 3.43+0.04
−0.04 −1.27 ± 0.02

171010A 0.3285 2.31+0.01
−0.01 −10.30+0.07

−0.08 4.59+0.10
−0.13 −1.93 ± 0.13

180325A 2.248 2.30+0.07
−0.06 −9.17+0.03

−0.03 3.11+0.05
−0.05 −3.02 ± 0.17

Table 15: The C51 sample. For each source, columns list: GRB name, redshift, log Ep, log F0,
log τ, and α. Errors are 1σ confidence level.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

050401 2.8983 2.67+0.13
−0.11 −9.57+0.02

−0.02 2.90+0.06
−0.07 −1.75 ± 0.09

050922C 2.1995 2.62+0.13
−0.10 −8.79+0.05

−0.06 1.64+0.07
−0.09 −1.30 ± 0.03

060115 3.53 2.47+0.05
−0.05 −11.15+0.06

−0.06 3.99+0.13
−0.19 −2.64 ± 0.44
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Table 15: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

060418 1.489 2.76+0.10
−0.12 −9.22+0.07

−0.08 2.49+0.08
−0.10 −1.64 ± 0.06

060526 3.2213 2.02+0.08
−0.10 −11.31+0.04

−0.04 4.53+0.14
−0.21 −5.23 ± 1.40

060707 3.424 2.44+0.13
−0.08 −10.60+0.14

−0.21 2.87+0.19
−0.36 −1.07 ± 0.05

060908 1.8836 2.74+0.07
−0.09 −8.50+0.07

−0.08 1.65+0.10
−0.13 −1.37 ± 0.05

060927 5.467 2.44+0.10
−0.14 −10.80+0.06

−0.06 2.51+0.11
−0.15 −1.55 ± 0.17

071020 2.1462 3.01+0.06
−0.07 −8.50+0.06

−0.07 1.22+0.07
−0.09 −1.21 ± 0.02

080605 1.6403 2.88+0.04
−0.05 −8.45+0.02

−0.02 1.94+0.03
−0.03 −1.41 ± 0.02

080607 3.0368 3.23+0.05
−0.04 −9.72+0.08

−0.09 2.73+0.08
−0.10 −1.76 ± 0.07

080721 2.5914 3.24+0.06
−0.06 −8.11+0.01

−0.01 1.97+0.01
−0.01 −1.48 ± 0.01

080810 3.3604 3.17+0.05
−0.06 −9.71+0.13

−0.18 2.86+0.13
−0.19 −2.07 ± 0.15

081008 1.9685 2.42+0.08
−0.10 −10.15+0.04

−0.04 3.23+0.07
−0.08 −1.93 ± 0.11

081222 2.77 2.80+0.04
−0.05 −8.52+0.03

−0.03 1.45+0.04
−0.04 −1.22 ± 0.01

090102 1.547 3.07+0.04
−0.05 −8.38+0.09

−0.11 1.93+0.09
−0.11 −1.45 ± 0.03

090418A 1.608 3.20+0.10
−0.12 −9.34+0.02

−0.02 2.78+0.04
−0.05 −1.68 ± 0.05

090423 8.2 2.65+0.05
−0.05 −11.25+0.06

−0.06 2.68+0.12
−0.17 −1.28 ± 0.14

090424 0.544 2.40+0.04
−0.05 −8.39+0.03

−0.03 2.39+0.03
−0.04 −1.21 ± 0.01

090516 4.109 2.99+0.18
−0.11 −10.49+0.05

−0.06 3.40+0.08
−0.09 −2.20 ± 0.14

091020 1.71 2.71+0.05
−0.06 −9.29+0.03

−0.03 2.40+0.04
−0.05 −1.34 ± 0.03

091029 2.752 2.36+0.11
−0.15 −10.85+0.02

−0.03 3.57+0.05
−0.06 −1.39 ± 0.05

091127 0.49 1.71+0.04
−0.05 −8.99+0.03

−0.03 3.33+0.03
−0.04 −1.52 ± 0.02

110213A 1.46 2.35+0.04
−0.04 −9.23+0.02

−0.02 3.39+0.04
−0.04 −2.48 ± 0.09

120811C 2.671 2.30+0.02
−0.02 −10.16+0.04

−0.04 3.12+0.12
−0.16 −1.57 ± 0.18

130420A 1.297 2.11+0.02
−0.02 −10.25+0.06

−0.07 2.76+0.10
−0.13 −1.05 ± 0.03

130427A 0.3399 3.06+0.01
−0.01 −7.63+0.02

−0.02 2.79+0.03
−0.03 −1.37 ± 0.01
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Table 15: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

130701A 1.155 2.28+0.02
−0.02 −8.60+0.10

−0.12 1.65+0.12
−0.16 −1.26 ± 0.03

130831A 0.4791 1.91+0.03
−0.03 −9.62+0.05

−0.06 3.25+0.06
−0.07 −1.74 ± 0.07

131030A 1.295 2.61+0.02
−0.02 −9.12+0.03

−0.03 2.60+0.05
−0.06 −1.30 ± 0.02

131105A 1.686 2.62+0.09
−0.12 −10.42+0.03

−0.04 3.15+0.08
−0.10 −1.28 ± 0.08

GRB131117A 4.042 2.35+0.07
−0.08 −10.61+0.08

−0.10 2.39+0.13
−0.19 −1.30 ± 0.09

050318 1.4436 2.06+0.09
−0.11 −10.05+0.09

−0.11 3.31+0.12
−0.16 −2.07 ± 0.18

060124 2.296 2.89+0.13
−0.20 −9.99+0.03

−0.04 3.49+0.05
−0.05 −1.49 ± 0.04

060206 4.0559 2.61+0.16
−0.26 −10.32+0.07

−0.08 3.33+0.09
−0.11 −1.50 ± 0.05

070125 1.547 2.97+0.06
−0.07 −11.11+0.08

−0.09 4.62+0.12
−0.17 −2.65 ± 0.33

071003 1.6044 3.31+0.04
−0.04 −10.53+0.13

−0.18 3.94+0.15
−0.22 −2.18 ± 0.19

080319C 1.95 2.96+0.11
−0.16 −8.61+0.04

−0.04 2.68+0.07
−0.08 −1.68 ± 0.06

081028 3.038 2.37+0.15
−0.22 −12.01+0.19

−0.35 4.33+0.26
−0.79 −1.83 ± 0.49

081121 2.512 2.78+0.04
−0.05 −8.88+0.16

−0.24 2.41+0.14
−0.20 −1.50 ± 0.03

090715B 3.0 2.73+0.12
−0.17 −10.11+0.20

−0.40 2.56+0.21
−0.40 −1.33 ± 0.05

090926A 2.1062 2.95+0.04
−0.05 −10.47+0.26

−0.77 3.71+0.24
−0.61 −1.66 ± 0.12

091208B 1.063 2.39+0.04
−0.05 −9.63+0.05

−0.05 2.49+0.07
−0.09 −1.14 ± 0.03

100728A 1.567 2.92+0.04
−0.05 −8.96+0.04

−0.04 2.78+0.05
−0.06 −1.56 ± 0.04

130907A 1.238 2.94+0.01
−0.01 −7.72+0.01

−0.01 2.53+0.01
−0.01 −1.66 ± 0.01

131108A 2.4 3.06+0.01
−0.01 −10.61+0.08

−0.10 3.44+0.11
−0.15 −1.89 ± 0.15

150314A 1.758 2.93+0.01
−0.01 −8.03+0.02

−0.02 1.73+0.02
−0.02 −1.38 ± 0.01

150403A 2.06 3.06+0.07
−0.06 −8.32+0.01

−0.01 2.42+0.01
−0.01 −1.40 ± 0.01

160509A 1.17 2.90+0.01
−0.01 −10.03+0.03

−0.03 4.28+0.06
−0.07 −1.74 ± 0.08

160625B 1.406 3.20+0.01
−0.01 −9.09+0.11

−0.16 3.25+0.11
−0.14 −1.46 ± 0.03

170405A 3.51 3.20+0.01
−0.01 −9.80+0.05

−0.06 2.54+0.11
−0.15 −1.53 ± 0.14

344



Table 16: The C79 sample. For each source, columns list: GRB name, redshift, log Ep, log F0,
log τ, and α. Errors are 1σ confidence level.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

050401 2.8983 2.67+0.13
−0.11 −9.57+0.02

−0.02 2.90+0.06
−0.07 −1.75 ± 0.09

050922C 2.1995 2.62+0.13
−0.10 −8.79+0.05

−0.06 1.64+0.07
−0.09 −1.30 ± 0.03

051109A 2.346 2.73+0.13
−0.19 −9.86+0.07

−0.09 2.97+0.08
−0.10 −1.36 ± 0.03

060115 3.53 2.47+0.05
−0.05 −11.15+0.06

−0.06 3.99+0.13
−0.19 −2.64 ± 0.44

060418 1.489 2.76+0.10
−0.12 −9.22+0.07

−0.08 2.49+0.08
−0.10 −1.64 ± 0.06

060526 3.2213 2.02+0.08
−0.10 −11.31+0.04

−0.04 4.53+0.14
−0.21 −5.23 ± 1.40

060707 3.424 2.44+0.13
−0.08 −10.60+0.14

−0.21 2.87+0.19
−0.36 −1.07 ± 0.05

060729 0.54 1.89+0.12
−0.16 −10.54+0.01

−0.01 4.80+0.02
−0.02 −1.76 ± 0.03

060814 0.84 2.88+0.12
−0.17 −10.42+0.04

−0.04 3.88+0.06
−0.07 −1.56 ± 0.07

060908 1.8836 2.74+0.07
−0.09 −8.50+0.07

−0.08 1.65+0.10
−0.13 −1.37 ± 0.05

060927 5.467 2.44+0.10
−0.14 −10.80+0.06

−0.06 2.51+0.11
−0.15 −1.55 ± 0.17

061121 1.3145 3.11+0.05
−0.05 −9.52+0.01

−0.01 3.23+0.02
−0.02 −1.55 ± 0.02

071020 2.1462 3.01+0.06
−0.07 −8.50+0.06

−0.07 1.22+0.07
−0.09 −1.21 ± 0.02

080319B 0.9382 3.10+0.01
−0.01 −6.13+0.03

−0.03 1.29+0.03
−0.03 −1.67 ± 0.01

080413B 1.1014 2.21+0.05
−0.06 −9.15+0.04

−0.04 1.97+0.06
−0.07 −1.06 ± 0.02

080605 1.6403 2.88+0.04
−0.05 −8.45+0.02

−0.02 1.94+0.03
−0.03 −1.41 ± 0.02

080607 3.0368 3.23+0.05
−0.04 −9.72+0.08

−0.09 2.73+0.08
−0.10 −1.76 ± 0.07

080721 2.5914 3.24+0.06
−0.06 −8.11+0.01

−0.01 1.97+0.01
−0.01 −1.48 ± 0.01

080810 3.3604 3.17+0.05
−0.06 −9.71+0.13

−0.18 2.86+0.13
−0.19 −2.07 ± 0.15

080916A 0.689 2.32+0.04
−0.05 −10.32+0.06

−0.07 3.09+0.10
−0.12 −1.08 ± 0.04

080928 1.692 1.98+0.09
−0.12 −10.27+0.06

−0.07 3.60+0.09
−0.11 −2.66 ± 0.21

081007 0.5295 1.79+0.10
−0.12 −10.19+0.05

−0.05 3.20+0.07
−0.09 −1.15 ± 0.04

081008 1.9685 2.42+0.08
−0.10 −10.15+0.04

−0.04 3.23+0.07
−0.08 −1.93 ± 0.11

081222 2.77 2.80+0.04
−0.05 −8.52+0.03

−0.03 1.45+0.04
−0.04 −1.22 ± 0.01
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Table 16: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

090102 1.547 3.07+0.04
−0.05 −8.38+0.09

−0.11 1.93+0.09
−0.11 −1.45 ± 0.03

090418A 1.608 3.20+0.10
−0.12 −9.34+0.02

−0.02 2.78+0.04
−0.05 −1.68 ± 0.05

090423 8.2 2.65+0.05
−0.05 −11.25+0.06

−0.06 2.68+0.12
−0.17 −1.28 ± 0.14

090424 0.544 2.40+0.04
−0.05 −8.39+0.03

−0.03 2.39+0.03
−0.04 −1.21 ± 0.01

090516 4.109 2.99+0.18
−0.11 −10.49+0.05

−0.06 3.40+0.08
−0.09 −2.20 ± 0.14

090618 0.54 2.40+0.04
−0.05 −8.89+0.01

−0.01 3.06+0.02
−0.02 −1.44 ± 0.01

091018 0.971 1.74+0.13
−0.20 −9.03+0.02

−0.03 2.24+0.04
−0.05 −1.29 ± 0.02

091020 1.71 2.71+0.05
−0.06 −9.29+0.03

−0.03 2.40+0.04
−0.05 −1.34 ± 0.03

091029 2.752 2.36+0.11
−0.15 −10.85+0.02

−0.03 3.57+0.05
−0.06 −1.39 ± 0.05

091127 0.49 1.71+0.04
−0.05 −8.99+0.03

−0.03 3.33+0.03
−0.04 −1.52 ± 0.02

100621A 0.542 2.16+0.08
−0.06 −9.77+0.05

−0.06 3.62+0.08
−0.10 −1.08 ± 0.04

100814A 1.44 2.41+0.05
−0.06 −10.76+0.01

−0.02 4.85+0.05
−0.05 −2.77 ± 0.16

100906A 1.727 2.46+0.06
−0.08 −9.83+0.04

−0.04 3.40+0.05
−0.06 −2.27 ± 0.10

110213A 1.46 2.35+0.04
−0.04 −9.23+0.02

−0.02 3.39+0.04
−0.04 −2.48 ± 0.09

110422A 1.77 2.62+0.01
−0.01 −8.63+0.08

−0.10 2.13+0.09
−0.12 −1.33 ± 0.03

111228A 0.714 1.76+0.05
−0.06 −10.10+0.03

−0.03 3.68+0.05
−0.06 −1.42 ± 0.04

120119A 1.728 2.70+0.04
−0.05 −10.61+0.08

−0.10 3.69+0.13
−0.19 −1.99 ± 0.23

120811C 2.671 2.30+0.02
−0.02 −10.16+0.04

−0.04 3.12+0.12
−0.16 −1.57 ± 0.18

120907A 0.97 2.48+0.08
−0.10 −10.11+0.04

−0.05 2.75+0.07
−0.09 −1.17 ± 0.04

120922A 3.1 2.19+0.04
−0.04 −9.81+0.09

−0.11 2.26+0.11
−0.15 −1.14 ± 0.04

121128A 2.2 2.39+0.02
−0.02 −9.16+0.03

−0.04 2.84+0.07
−0.08 −2.27 ± 0.14

121211A 1.023 2.29+0.05
−0.06 −10.57+0.08

−0.09 3.41+0.14
−0.20 −1.27 ± 0.11

130408A 3.757 3.00+0.06
−0.07 −9.96+0.05

−0.05 2.81+0.08
−0.10 −1.66 ± 0.12

130420A 1.297 2.11+0.02
−0.02 −10.25+0.06

−0.07 2.76+0.10
−0.13 −1.05 ± 0.03
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Table 16: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

130427A 0.3399 3.06+0.01
−0.01 −7.63+0.02

−0.02 2.79+0.03
−0.03 −1.37 ± 0.01

130505A 2.27 3.31+0.02
−0.02 −9.30+0.04

−0.04 3.24+0.04
−0.05 −1.65 ± 0.03

130610A 2.092 2.96+0.06
−0.07 −9.71+0.24

−0.56 1.81+0.20
−0.37 −1.23 ± 0.12

130612A 2.006 2.27+0.07
−0.08 −10.89+0.25

−0.65 2.80+0.22
−0.48 −1.22 ± 0.42

130701A 1.155 2.28+0.02
−0.02 −8.60+0.10

−0.12 1.65+0.12
−0.16 −1.26 ± 0.03

130702A 0.145 1.17+0.06
−0.07 −10.44+0.05

−0.06 4.82+0.06
−0.08 −1.37 ± 0.03

130831A 0.4791 1.91+0.03
−0.03 −9.62+0.05

−0.06 3.25+0.06
−0.07 −1.74 ± 0.07

131030A 1.295 2.61+0.02
−0.02 −9.12+0.03

−0.03 2.60+0.05
−0.06 −1.30 ± 0.02

131105A 1.686 2.62+0.09
−0.12 −10.42+0.03

−0.04 3.15+0.08
−0.10 −1.28 ± 0.08

131117A 4.042 2.35+0.07
−0.08 −10.61+0.08

−0.10 2.39+0.13
−0.19 −1.30 ± 0.09

140206 2.73 2.65+0.02
−0.02 −9.37+0.02

−0.02 2.91+0.03
−0.03 −1.44 ± 0.02

140213 1.2076 2.25+0.01
−0.01 −9.76+0.04

−0.05 3.40+0.06
−0.07 −1.48 ± 0.05

050318 1.4436 2.06+0.09
−0.11 −10.05+0.09

−0.11 3.31+0.12
−0.16 −2.07 ± 0.18

060124 2.296 2.89+0.13
−0.20 −9.99+0.03

−0.04 3.49+0.05
−0.05 −1.49 ± 0.04

060206 4.0559 2.61+0.16
−0.26 −10.32+0.07

−0.08 3.33+0.09
−0.11 −1.50 ± 0.05

070125 1.547 2.97+0.06
−0.07 −11.11+0.08

−0.09 4.62+0.12
−0.17 −2.65 ± 0.33

071003 1.6044 3.31+0.04
−0.04 −10.53+0.13

−0.18 3.94+0.15
−0.22 −2.18 ± 0.19

080319C 1.95 2.96+0.11
−0.16 −8.61+0.04

−0.04 2.68+0.07
−0.08 −1.68 ± 0.06

081028 3.038 2.37+0.15
−0.22 −12.01+0.19

−0.35 4.33+0.26
−0.79 −1.83 ± 0.49

081121 2.512 2.78+0.04
−0.05 −8.88+0.16

−0.24 2.41+0.14
−0.20 −1.50 ± 0.03

090715B 3.0 2.73+0.12
−0.17 −10.11+0.20

−0.40 2.56+0.21
−0.40 −1.33 ± 0.05

090926A 2.1062 2.95+0.04
−0.05 −10.47+0.26

−0.77 3.71+0.24
−0.61 −1.66 ± 0.12

091208B 1.063 2.39+0.04
−0.05 −9.63+0.05

−0.05 2.49+0.07
−0.09 −1.14 ± 0.03

100728A 1.567 2.92+0.04
−0.05 −8.96+0.04

−0.04 2.78+0.05
−0.06 −1.56 ± 0.04
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Table 16: continued.

GRB z log
(
Ep/keV

)
log

(
F0/erg/cm2s

)
log (τ/s) α

130907A 1.238 2.94+0.01
−0.01 −7.72+0.01

−0.01 2.53+0.01
−0.01 −1.66 ± 0.01

131108A 2.4 3.06+0.01
−0.01 −10.61+0.08

−0.10 3.44+0.11
−0.15 −1.89 ± 0.15

150314A 1.758 2.93+0.01
−0.01 −8.03+0.02

−0.02 1.73+0.02
−0.02 −1.38 ± 0.01

150403A 2.06 3.06+0.07
−0.06 −8.32+0.01

−0.01 2.42+0.01
−0.01 −1.40 ± 0.01

160509A 1.17 2.90+0.01
−0.01 −10.03+0.03

−0.03 4.28+0.06
−0.07 −1.74 ± 0.08

160625B 1.406 3.20+0.01
−0.01 −9.09+0.11

−0.16 3.25+0.11
−0.14 −1.46 ± 0.03

170405A 3.51 3.20+0.01
−0.01 −9.80+0.05

−0.06 2.54+0.11
−0.15 −1.53 ± 0.14
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